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ABSTRACT. Let R be a commutative ring with identity and M be
an R-module. In this paper, we introduce and investigate the sec-
ond submodule intersection graph SSI(M) of M with vertices that
are non-zero proper submodules of M and two distinct vertices N
and K are adjacent if and only if NN K is a second submodule of M.
Also, we introduce and consider the prime submodule sum graph
PSS(M) of M with vertices that are non-zero proper submodules
of M and two distinct vertices N and K are adjacent if and only if
N + K is a prime submodule of M.

Keywords: Graph, prime ideal, prime submodule, second sub-
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1. INTRODUCTION

Throughout this paper, R will denote a commutative ring with identity
and Z will denote the ring of of integers. Also, ”C” will denote the strict
inclusion.

A graph G is defined as the pair (V(G), E(G)), where V(G) is the
set of vertices of G and E(G) is the set of edges of G. For two distinct
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vertices a and b of V(G), the notation a — b means that a and b are
adjacent. A graph G is said to be complete if a — b for all distinct
a,b € V(G), and G is said to be empty if E(G) = (. Note by this
definition that a graph may be empty even if V(G) # (. An empty
graph could also be described as totally disconnected. If |V(G)| > 2, a
path from a to b is a series of adjacent vertices a — vy — vy — ... — v, — b.
The length of a path is the number of edges it contains. A graph G is
connected if for every pair of distinct vertices a,b € V(G), there exists
a path from a to b. If there is a path from a to b with a,b € V(G),
then the distance from a to b is the length of the shortest path from a
to b and is denoted by d(a,b). If there is not a path between a and b,
d(a,b) = oo. The diameter of G is diam(G) = Sup{d(a,b)|a,b € V(G)}.
A cycle is a path that begins and ends at the same vertex in which no
edge is repeated, and all vertices other than the starting and ending
vertex are distinct. If a graph G has a cycle, the girth of G (notated
gr(@)) is defined as the length of the shortest cycle of G; otherwise,
gr(G) = co. A graph without any cycles is an acyclic graph. A vertex
that is adjacent to every other vertices is said to be auniversal vertex
whereas a vertex with degree zero is called an isolated vertex.

A proper submodule P of an R-module M is said to be prime if for
any r € R and m € M with rm € P, we have m € Porr € (P :g M)
[12, 9]. A non-zero submodule S of an R-module M is said to be second
if for every element r of R we have either rS =0 or S = S [1§]. Also,
an ideal I of R is said to be a second ideal if I is a second submodule of
the R-module R.

In [17], the authors introduced and investigate the definition of the
prime ideal sum graph of R, denoted by PIS(R), which is a graph whose
vertices are non-zero proper ideals of R and two distinct vertices I and
J are adjacent if and only if I+ J is a prime ideal of R. Also, in [L1], the
present author defined and studied the second ideal intersection graph
of R, denoted by SII(R), which is a graph whose vertices are non-zero
proper ideals of R and two distinct vertices I and J are adjacent if and
only if I N J is a second ideal of R.

Let M be an R-module. Motivated by previous studies on the prime
ideal sum graph and second ideal intersection graph of the ring R, in this
paper, we introduce and investigate the second submodule intersection
graph SST(M) of M with vertices are non-zero proper submodules of
M and two distinct vertices N and K are adjacent if and only if NN K
is a second submodule of M. Also, we introduce and consider the prime
submodule sum graph PSS(M) of M with vertices are non-zero proper
submodules of M and two distinct vertices N and K are adjacent if and
only if N + K is a prime submodule of M.
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2. SECOND SUBMODULE INTERSECTION GRAPH OF A MODULE

Definition 2.1. Let M be an R-module. The second submodule inter-
section graph of M, denoted by SSI(M), is an undirected simple graph
whose vertices are non-zero proper submodules of M and two distinct

vertices N and K are adjacent if and only if NNK is a second submodule
of M.

Theorem 2.2. Let M be an R-module such that every submodule con-
tains a minimal submodule. Then SSI(M) has a universal vertex if and
only if one of the two statements hold:

(a) M has exactly one minimal submodule.

(b) M has ezactly two minimal submodules My and My such that
M+ Ms is a maximal submodule and that there is no non-second
submodule that properly contained in My + Ms.

Proof. Let (a) hold and K be the minimal submodule of M. Then
for each submodule N of M, we have N N K = K, which is a second
submodule and hence N is adjacent to K. Thus, K is a universal vertex.

Let (b) hold and set N := M; + My. Assume that H is a non-trivial
submodule other than N and without loss of generality, let M; C H.
Since by assumption, IV is a maximal submodule, we have M7 C NNH C
N. Now, by assumption, N N H is a second submodule of M and so IV
is a universal vertex.

Conversely, let SSI(M) have a universal vertex, say N. If M has a
unique minimal submodule, the proof is done. Now, assume that M has
at least three minimal submodules, say M, M> and Ms. Note that N
cannot be a minimal submodule as two distinct minimal submodules are
not adjacent. Since N is not a minimal submodule, then it is contains
a minimal submodule, say M;. If possible, let Ms ¢ N. Then by the
minimality of Ms, we have N N My = 0. Thus N is not adjacent to Mo,
a contradiction. Hence, M7 + My + M3 C N. Now, one of the following
two cases holds.

Case 1. Let N # M; + My + Ms. Since N N (M; + My + Ms) =
Mi; + My + M3 and N is a universal vertex in SSI(M), we get that
My + My + Mj is a second submodule of M. Thus M7 + My + M3 C
(0 :pr Annp(Mi)Anng(Mz)Anng(Ms)) implies that My = My = Ms,
which is a contradiction.

Case 2. Let N = M1+ Mo+ Ms. Set T = My + M. Since sum of two
minimal submodules cannot be a second submodule, N NT =T is not a
second submodule, i.e. N is not adjacent to 7', which contradicts with
our assumption that IV is a universal vertex. Therefore, M has exactly
two minimal submodules, say M; and M>. By the same argument as
above, we conclude that N = M; + Ms. Now, we show that N is a
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maximal submodule. If possible, let there exists a non-trivial submodule
K of M such that M;+ My = N C K. Then, as N is a universal vertex,
KNN = N = M; + M, is a second submodule of M, which is a
contradiction. Thus, N is a maximal submodule. If possible, let K be
a non-second submodule such that M; ¢ K C N = M; + M, where
i =1 or 2. But, it follows that N N K = K, a non-second submodule
and hence N is not adjacent to K, a contradiction. Thus, there does
not exist such submodule K and the proof is completed. O

An R-module M is said to be coreduced if rM = r?>M for each r € R
B, Theorem 2.13].

For a submodule N of an R-module M, the second radical (or second
socle) of N is defined as the sum of all second submodules of M, con-
tained in N, and it is denoted by sec(N) (or soc(N)). In case N does
not contain any second submodule, the second radical of IV is defined to
be (0) [7, 2]. If sec(M) = M, then M is coreduced [3, Proposition 2.22].

Remark 2.3. Let M be an R-module such that every submodule of M
contains a minimal submodule and M is not a coreduced module. Then
sec(M) is adjacent to each second submodule of M.

Proof. Since every submodule of M contains a minimal submodule, we
have sec(M) is a non-zero submodule of M. Since M is not a coreduced
module, sec(M) is a proper submodule of M by [3, Proposition 2.22].
For each second submodule S of M, we have SNsec(M) = S is a second
submodule of M. Hence, sec(M) is adjacent to each second submodule
of M. O

Corollary 2.4. Let M be an R-module such that every submodule of
M contains a minimal submodule and M is not a coreduced module.
Then sec(M) is the only minimal submodule of M if and only if sec(M)
is a universal vertex of SSI(M).

Proof. This follows from Theorem @ O

Theorem 2.5. Let M be an R-module such that every submodule of
M contains a minimal submodule. A submodule N of M is an isolated
vertez in SST(M) if and only if N is a minimal and mazimal submodule

of M.

Proof. Let N be an isolated vertex in SSI(M). If N is not a minimal
submodule, then it is properly contains a minimal submodule, say K and
NNK = K. Thus N is adjacent to K in SSI(M), a contradiction, and
so N is a minimal submodule. If N is not a maximal submodule, then
there exists a submodule T of M such that N C T C M and NNT = N,
which is a second submodule since every minimal submodule of M is a
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second submodule of M. Hence N is adjacent to 7', a contradiction, and
so N is a maximal submodule of M.

Conversely, let N be a minimal and maximal submodule of M. If
possible, assume that N is not isolated in SSI(M). Then there exists
a non-zero proper submodule T" of M other than N such that N 7T is
a second submodule. If N € T', then as N is minimal submodule of M,
we have N 0T = 0, which is not a second submodule. On the other
hand if N C T, then by maximality of N, we have T =M or N =T, a
contradiction. Thus such a submodule T' does not exist and hence N is
an isolated vertex in SST(M). O

Theorem 2.6. Let M be an R-module such that every submodule of M
contains a minimal submodule. Then we have the following.

(a) If SSI(M) is a complete graph, then M has exactly one min-
imal submodule and every mon-zero non-second submodule is a
mazimal submodule.

(b) If M has exactly one minimal submodule, then SSI(M) is a
complete graph.

Proof. (a) Let SSI(M) be a complete graph. Then by Theorem @,
SSI(M) has a universal vertex and hence either one of the two condi-
tions holds. Since two distinct minimal submodules cannot be adjacent,
part (a) of Theorem @ holds. Let N be a non-zero proper submodule
of M which is not second. If possible, there exists a submodule T of
M such that N C T'C M, then N NT = N. Since N is not a second
submodule, N is not adjacent to T', a contradiction to the completeness
of SSI(M). Thus every non-zero non-second submodule is a maximal
submodule.

(b) Conversely, let M has exactly one minimal submodule, say K.
Since by assumption, every submodule of M contains a minimal sub-
module, we have K is contained in every non-zero submodule of M.
Now, as every minimal submodule of M is a second submodule of M,
we have SSI(M) is a complete graph. O

An R-module M is said to be a comultiplication module if for every

submodule N of M there exists an ideal I of R such that N = (0 :ps I)
[4]-
Proposition 2.7. Let M be a comultiplication R-module. Then two
distinct non-trivial submodules N and K of M with Anng(N NK) =
Anng(N) 4+ Anng(K) are adjacent in SST(M) if and only if Anng(N)
and Anng(K) are adjacent in PIS(R).

Proof. This follows from the fact that in the comultiplication R-module
M, we have S is a second submodule of M if and only if Anng(S) be a
prime ideal of R [4, Theorem 196 (a)]. O
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Example 2.8. For each prime number p the Z-module Z,~ is a star
graph with center vertex (1/p + Z)Zpoo.

Theorem 2.9. Let M be an R-module such that every submodule of M
contains a minimal submodule. Then SSI(M) is connected if and only
if M is not a direct sum of two of its minimal submodules. If SSI(M)
is connected, then diam(SSI(M)) < 2.

Proof. Let N1, Ny be two non-trivial submodules of M. If Ny N Ny is a
second submodule, then N; — Ny in SST(M). Otherwise, assume that
N1N N3 is not a second submodule. By assumption, both submodules N;
and N, are contain a minimal submodules of M. If they are contain the
same minimal submodule, say K, then we have N — K — N5, as minimal
submodules are second and hence d(Ny, N2) = 2. Thus, we assume that
they are not contain the same minimal submodules, K1 C Ny, K3 C No
and K; # Ky are two minimal submodules of M. First assume that
Ky + Ko # M. By the minimality of K5, we have Ko N N; = 0. Then
Nlﬂ(Kl—FKQ) =N NKi+N NKy = Ky and so N1 — K7 + Ks.
Similarly, K1 + Ko — Na. Thus we have a path of length 2 given by
N; — K1 + K2 — N and so d(Ny, Na) < 2. Hence, diam(SSI(M)) < 2.
If Ki + Ko = M, then since K7 and K5 are minimal submodules, the
sum is directed.

Conversely, if M is direct sum of two minimal submodules K7 and Ko,
then K1 = M/Ks and Ky = M/K;. Thus K; and K3 are also maximal
submodules of M. This in turn implies that SSI(M) have two isolated
vertices K and K. Thus SSI(M) is not connected. O

Corollary 2.10. Let M be a comultiplication R-module such that M is
not a direct sum of two of its minimal submodules. Then diam(SSI(M)) <
2.

Proof. Since every submodule of M contains a minimal submodule by
M, Theorem 7], the result follows from Theorem P.9. O

Corollary 2.11. Let M be an R-module such that every submodule
of M contains a minimal submodule. If SSI(M) is a connected graph,
then the intersection of any two maximal submodules of M is non-zero.

Proof. Let SSI(M) be a connected graph. Assume contrary that K
and K5 are two maximal submodules of M such that K1 N Ky = 0.
Since every submodule of M contains a minimal submodule, there is a
minimal submodule S of M such that S; C K. Since K1 N Ky = 0,
S1 € Ks. Thus as Ky is maximal, Ky + .S = M. Hence

K1:KlﬁM:Klﬂ(Sl—FKg):Klﬂsl-l-KlﬂKz:Sl.

Thus K is a maximal and minimal submodule of M. Hence by Theorem
, K1 is an isolated vertex, which is a contradiction. O
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Theorem 2.12. Let M be an R-module such that M have two non-
comparable submodules which are adjacent in SSI(M). Then gr(SSI(M)) =
3.

Proof. Let N1 and N, be two non-comparable submodules which are
adjacent in SSI(M). Then N1 N Ny is a second submodule of M. Since
N7 and Ny are non-comparable, then Ny, No, and N; N Ny forms a
triangle in SSI(M), i.e. gr(SSI(M)) = 3. O

Corollary 2.13. If SSI(M) is acyclic or gr(SSI(M)) > 3, then no two
non-comparable submodules of M are adjacent in SSI(M) and adja-
cency occurs only in case of comparable submodules, i.e. for any edge
in SSI(M), one of the terminal vertices is a second submodule of M.

Theorem 2.14. Let M be an R-module such that gr(SSI(M)) = n.
Then there exist at least |n/2] distinct second submodules in M.

Proof. By Theorem , if two non-comparable submodules are adja-
cent in SSI(M), then gr(SSI(M) = 3 and the intersection of those two
non-comparable submodules forms a second submodule, and hence M
contains at least [3/2| = 1 second _submodule. Thus, we assume that
gr(SSI(M)) > 3, i.e. by Corollary R.13, adjacency occurs only in case of
comparable submodules. Let Ny — No — N3 —---— N, — Ny be a cycle of
length n. First, we observe that neither Ny C No C N3 C---C N, C N
nor Ny D No D N3 D --- O N, O Np can hold, as in both the cases all
the submodules will be equal. Thus, without loss of generality, we have
Ny C Ny, N3 and Ny is a second submodule of M. Hence, we have the
following two cases:

Case I. Let Ny C Ny, N3 and Ny C N3. Then, we have Ny, N4 to be
second submodules.

Case II. Let No C Ny, N3 and N3 C Ny. Then, we have Ny, N3 to
be second submodules. In any case, we get at least 2 submodules to be
second in M among Ni, No, N3 and N4. Continuing in this manner till
N, we get at least [n/2] submodules which are second in M. O

Corollary 2.15. If an R-module M has k second submodules, then
SSI(M) is either acyclic or gr(SSI(M)) < 2k.

A submodule N of an R-module M is called large submodule in M
if for every non-zero submodule K of M we have N N K # 0 [l]. An
R-module M is called uniform module if every non-zero submodule of
M is large submodule in M [14].

Proposition 2.16. Let M be a uniform R-module such that every non-
zero submodule of M is second. Then SSI(M) is a complete garph.

Proof. This is straightforward O
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Definition 2.17. We defined the subgraph PSS(M) of the graph PIS(R)
whose vertices are (N :p M) for all submodules N of M such that
(N :g M) is a non-trivial ideal of R and two distinct vertices (N :gp M)
and (K :p M) are adjacent if and only if (N :g M)+ (K :g M) is a
prime ideal of R.

An R-module M satisfies the double annihilator conditions (DAC for
short) if for each ideal I of R we have I = Anng((0:p I)). An R-module
M is said to be a strong comultiplication module if M is a comultiplica-
tion R-module and satisfies the DAC conditions [4].

Theorem 2.18. Let M be an R-module. If M is a strong comultiplica-

tion R-module such that SSI(M) is a complete graph, then PSS(M) is
a complete graph.

Proof. Let M be a strong comultiplication R-module and SSI(M) be a
complete graph. Assume that N and K are two submodules of M such
that (N :gp M) and (K :p M) are two non-trivial ideals of R. Then
(0:p (VN :g M)) and (0 :ps (K :gp M)) are two non-trivial submodules
of M. So (0 :p (N :g M))N (0 :pr (K :g M)) is a second submodule
of M. Hence Anngr((0 :pr (N :g M))N (0 :pr (K :g M))) = (N g
M)+ (K :g M) is a prime ideal of R. O

Let G be a graph. A non-empty subset D of the vertex set V(G)
is called a dominating set if every vertex V(G \ D) is adjacent to at
least one vertex of D. The domination number v(G) is the minimum
cardinality among the dominating sets of G.

Theorem 2.19. Let M be an R-module such that every submodule of
M contains a minimal submodule and let M be the set of all minimal
submodules of R. Then M is a minimal dominating set of SSI(M) and
v(SSI(M)) < |M|. Moreover, v(SSI(M)) = 1 if and only if M has
exactly one minimal submodule or M has exactly two minimal submod-
ules N1 and No such that N1 + Na is a non-trivial mazimal submodule
of M such that there is no non-second submodule properly contained in
Ny + No. Moreover, if M has exactly two minimal submodules which
does not satisfy the above condition, then y(SSI(M)) = 2.

Proof. Since any submodule N of M is contains some element S of M
and N NS =S, which is a second submodule, M dominates SSI(M).
Let S € M. It is to be observed that M \ {S} does not dominate S
and so fails to dominate SSI(M). Thus M is a minimal dominating set
of SSI(M) and ~n(SSI(M)) < |M)|. The second and third parts follow
from Theorem . O
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3. PRIME SUBMODULE SUM GRAPH OF A MODULE

Definition 3.1. Let M be an R-module. The prime submodule sum
graph of M, denoted by PSS(M), is an undirected simple graph whose
vertices are non-zero proper submodules of M and two distinct vertices
N and K are adjacent if and only if N 4+ K is a prime submodule of M.

Example 3.2. Consider the Z-module Zi5. Then the non-zero proper
submodules of Zis are 2Zis, 3Z12, 4712, and 6Zq>. In the following
figures we can see the graphs SSI(Z12) and PSS (Z12).

(A) SII(Zlg) (B) PSS(Zlg)

/

6212 6Z12

3Z12 4Z12 2Z12 3Z12

/

An R-module M is said to be a multiplication module if for every
submodule N of M there exists an ideal I of R such that N = IM [5].

VAP

2Z12

Proposition 3.3. Let M be a multiplication R-module. Then two
distinct non-trivial submodules N and K of M are adjacent in PSS (M)
if and only if (N :g M) and (K :r M) are adjacent in PIS(R).

Proof. This follows from the fact that in the multiplication R-module
M, we have P is a_prime submodule of M if and only if (P :g M) be a
prime ideal of R [10, Corollary 2.11]. O

Theorem 3.4. Let M be an R-module such that every submodule of M
is contained in a mazimal submodule. Then PSS(M) has a universal
vertex if and only if one of the two statements hold:

(a) M has exactly one maximal submodule.

(b) M has ezxactly two mazimal submodules K; and Ko such that
K1 N Ky is a minimal submodule and that there is no non-prime
submodule that properly containing in K N K.

Proof. Let (a) hold and K be the maximal submodule of M. Then
for each submodule N of M, we have N + K = K, which is a prime
submodule and hence N is adjacent to K. Thus, M is a universal vertex.

Let (b) hold and set N := K; N Ky. Assume that 7' is a non-trivial
submodule other than N and without loss of generality, let T C Kj.
Since by assumption, N is a minimal submodule, we have N C N +T C
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K;. Now, by assumption, N + K is a prime submodule of M and so N
is a universal vertex.

Conversely, let PSS(M) have a universal vertex, say N. If M has a
unique maximal submodule, the proof is done. Now, assume that M has
at least three maximal submodules, say K, Ko and K3. Note that NV
cannot be a maximal submodule as two distinct maximal submodules are
not adjacent. Since IV is not a maximal submodule, then it is contained
in a maximal submodule, say Ki. If possible, let N € Ks5. Then by
maximality of Ko, we have N + K9 = M. Thus N is not adjacent to
K>, a contradiction. Therefore, N C K7 N Ko N K3. Now, one of the
following two cases holds.

Case 1. Let N # Ki1 N Ko N Ks. Since N + (Kl N Ky N Kg) =
Ky N KyN K3 and N is a universal vertex in PSS(M), we get that
KiNKyNKjs is a prime submodule of M. Thus K1 Ko K3 C K1NKoNK;3
implies that Ky = Ky = K3, which is a contradiction.

Case 2. Let N = K1 NKyNKs. Set T = K1 N Ky. Since the
intersection of two maximal submodules cannot be a prime submodule,
N +T =T is not a prime submodule, i.e. N is not adjacent to T', which
contradicts with our assumption that N is a universal vertex. Therefore,
M has exactly two maximal submodules, say K7 and K5. By the same
argument as above, we conclude that N = K; N K. Now, we show
that IV is a minimal submodule. If possible, let there exists a non-trivial
submodule K of M such that K ¢ K1 N Ky = N. Then, as N is a
universal vertex, K + N = N = K; N Ky is a prime submodule of M,
which is a contradiction. Thus, N is a minimal submodule. If possible,
let K be a non-prime submodule such that N = K1 N Ky C K C K,
where ¢ = 1 or 2. But, it follows that N + K = K, a non-prime
submodule and hence N is not adjacent to K, a contradiction. Thus,
there does not exist such submodule K and the proof is completed. [

Recall that a submodule N of an R-module M is said to be small in
M if N+ L # M for every proper submodule L of M [l]. Also, M is
said to be a hollow module if every proper submodule of M is small [13].

Proposition 3.5. Let M be an R-module. If M is a hollow R-module
such that every proper submodule of M is prime, then PSS(M) is a
complete graph.

Proof. This is straightforward O

—_——

Definition 3.6. We defined the subgraph SSI(M) of the graph PIS(R)
whose vertices are Anng(N) for all submodules N of M with Anng(N)
is a non-trivial ideal of R and two distinct vertices Anngr(N) and Anng(K)
are adjacent if and only if Anng(N)+ Anng(K) is a prime ideal of R.
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Theorem 3.7. Let M be an R-module. If M is a faithful finitely gen-
erated multiplication R-module such that PSS(M) is a complete garph,

then SST(M) is a complete graph.

Proof. Let M be a finitely generated multiplication R-module with P.SS(M)
is a complete graph. Assume that N and K are two submodules of M
such that Anngr(N) and Anng(K) are non-trivial ideals of R. Then we
get that Anng(N)M and Anng(K)M are two non-trivial submodules
of M. So Anng(N)M + Anng(N)M is a prime submodule of M. Hence
(Annp(N)M + Anng(N)M :p M) = Anng(N) + Anng(K) is a prime
ideal of R. O

An R-module M is said to be a reduced module if rm = 0 implies that
rM N Rm =0, where r € R and m € M [15].

The intersection of all prime submodules of an R-module M is said
to be the prime radical of M and denote by rad(M). In case M does
not contains any prime submodule, the prime radical of M is defined to
be M [16].

Remark 3.8. Let M be a non-reduced R-module such that every sub-
module of M is contained in a maximal submodule of M. Then rad(M)
is adjacent to each prime submodule of M.

Proof. Since M be a non-reduced R-module such that every submodule
of M is contained in a maximal submodule of M, we get that rad(M) is
a non-zero proper submodule of M. For each prime submodule P of M,
we have P + rad(M) = P is a prime submodule of M. Hence, rad(M)
is adjacent to each prime submodule of M. O

Corollary 3.9. Let M be a non-reduced R-module such that every
submodule of M is contained in a maximal submodule of M. Then
rad(M) is the only maximal submodule of M if and only if rad(M) is a
universal vertex of PSS(M).

Proof. This follows from Theorem @ U

Theorem 3.10. Let M be an R-module such that every submodule of
M is contained in a mazximal submodule of M. Then a submodule N of
M is an isolated vertex in PSS(M) if and only if N is a mazximal as
well as minimal submodule of M.

Proof. Let N be an isolated vertex in PSS(M). If N is not a maximal
submodule, then it is contained in a maximal submodule, say K and
N+ K = K. Thus N is adjacent to K in PSS(M), a contradiction, and
so NN is a maximal submodule. If N is not a minimal submodule, then
there exists a submodule T of M such that 0T C N and N4+T = N,
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which is a prime submodule. Hence N is adjacent to T', a contradiction,
and so N is a minimal submodule of M.

Conversely, let N be a maximal as well as minimal submodule of M.
If possible, assume that IV is not isolated in PSS(M). Then there exists
a non-zero proper submodule T of M other than N such that N + T is
a prime submodule. If T'Z N, then as N is maximal submodule of M,
we have N +T = M, which is not a prime submodule. On the other
hand if 7' C N, then by minimality of N, we have T =0or N =T, a
contradiction. Thus such a submodule T" does not exist and hence N is
an isolated vertex in PSS(M). O

Theorem 3.11. Let M be an R-module such that every submodule of M
s contained in a mazximal submodule of M. Then we have the following.

(a) If PSS(M) is a complete graph, then M has exactly one mazximal
submodule and every proper non-prime submodule is a minimal
submodule.

(b) If M has exactly one mazimal submodule, then PSS(M) is a
complete graph.

Proof. (a) Let PSS(M) be a complete graph. Then by Theorem @,
PSS(M) has a universal vertex and hence either one of the two condi-
tions holds. Since two distinct maximal submodules cannot be adjacent
M cannot have two maximal submodules. Hence part (a) of Theorem
holds. Let IV be a non-zero proper submodule of M which is not prime.
If possible, there exists a submodule T of M such that 0 £ 7T C N, then
N +T = N. Since N is not a prime submodule, N is not adjacent to
T, a contradiction to the completeness of PSS(M). Thus every proper
non-prime submodule is a minimal submodule.

(b) Conversely, let M has exactly one maximal submodule, say K.
Since by assumption, every submodule of M is contained in a maximal
submodule, we have K is contains every proper submodule of M. Now,
as every maximal submodule of M is a prime submodule of M, we have
PSS(M) is a complete graph. O

Theorem 3.12. Let M be an R-module such that every submodule of M
is contained in a mazimal submodule of M. Then PSS(M) is connected

if and only if M is not a direct sum of two of its maximal submodules.
If PSS(M) is connected, then diam(PSS(M)) < 2.

Proof. Let N1, Ny be two non-zero submodules of M. If N; + N is a
prime submodule, then Ny — Ny in PSS(M). Otherwise, assume that
Nj + N» is not a prime submodule. By assumption, both submodules
N1 and Ny are contained in a maximal submodules of M. If they are
contained in the same maximal submodule, say K, then we have N — K —
Ny, as maximal submodules are prime and hence d(Ny, Na) = 2. Thus,
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we assume that they are not contained in the same maximal submodules,
N1 C Ky, Ny C K9 and K1 # K are two maximal submodules of M.
First assume that K1 N Ky # 0. By the maximality of K5, we have
Ko+ Ny = M. Then

K =KinM = Klﬁ(Kg—i-Nl) = (NlﬁKl)—l-(KlﬂKz) = Nl—i-(KlﬂKg)

and so N1 — K1 N Ky. Similarly, K1 N K5 — No. Thus we have a path
of length 2 given by Ny — K7 N Ky — Ny and so d(Ny, N2) < 2. Hence,
diam(PSS(M)) < 2. If K1N Ky = 0, then since K; and Ky are maximal
submodules, we have M = K ¢ K.

Conversely, if M is direct sum of two maximal submodules K; and
Ky, then K1 =2 M/Ks and Ko = M/K;. Thus K; and Ky are also
minimal submodules of M. This in turn implies that P.SS(M) have two
isolated vertices K1 and K. Thus PSS(M) is not connected. O

Corollary 3.13. Let M be a multiplication R-module such that M is
not a direct sum of two of its maximal submodules. Then diam(PSS(M)) <
2.

Proof. Since every submodule of M is contained in a maximal submodule
by [L0, Theorem 2.5], the result follows from Theorem . O

Corollary 3.14. Let M be an R-module such that every submodule of
M is contained a maximal submodule. If PSS(M) is a connected graph,
then the sum of any two minimal submodules of M is equal to M.

Proof. Let PSS(M) be a connected graph. Assume contrary that K
and K5 are two minimal submodules of M such that K7+ K9 = M. Since
every submodule of M is contained in a maximal submodule, there is a
maximal submodule P; of M such that K7 C P;. Since K1 + Ko = M,
Ko & P;. Thus as Ko is minimal, Ko N P; = 0. Hence

Kl:Kl—l-OZKl—l-(KQﬂPl):(Kl-l-Pl)ﬁ(Kl—’-Kg):Pl.

Thus K7 is a maximal and minimal submodule of M. Hence by Theorem
.10, K1 is an isolated vertex, which is a contradiction. O

Theorem 3.15. Let M be an R-module such that M have two non-
comparable submodules which are adjacent in PSS(M). Thengr(PSS(M) =
3.

Proof. Let N1 and Ny be two non-comparable submodules which are
adjacent in PSS(M). Then Nj + N is a prime submodule of M. Since
N7 and Ny are non-comparable, then Ny, Ny, and Ni + Ny forms a
triangle in PSS(M), i.e. gr(PSS(M)) = 3. O

Corollary 3.16. If (M) is acyclic or gr(PSS(M)) > 3, then no two non-
comparable submodules of M are adjacent in PSS(M) and adjacency
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occurs only in case of comparable submodules, i.e. for any edge in
PSS(M), one of the terminal vertices is a prime submodule of M.

Corollary 3.17. If (M) is acyclic or gr(PSS(M)) > 3, then no two non-
comparable submodules of M are adjacent in PSS(M) and adjacency
occurs only in case of comparable submodules, i.e. for any edge in
PSS(M), one of the terminal vertices is a prime submodule of M.

Theorem 3.18. Let M be an R-module such that gr(PSS(M)) = n.
Then there exist at least |n/2| distinct prime submodules in M.

Proof. By Theorem , if two non-comparable submodules are ad-
jacent in PSS(M), then gr(PSS(M) = 3 and the sum of those two
non-comparable submodules forms a prime submodule, and hence M
contains at least [3/2] = 1 prime submodule. Thus, we assume that
gr(PSS(M)) > 3, i.e. by Corollary B.17, adjacency occurs only in case
of comparable submodules. Let Ny —No— N3—---—N,,— N be a cycle of
length n. First, we observe that neither Ny C No C N3 C---C N, C N
nor Ny D No D N3 D --- O N, DO Nj can hold, as in both the cases all
the submodules will be equal. Thus, without loss of generality, we have
N1, N3 € Ny and Ns is a prime submodule of M. Hence, we have the
following two cases:

Case I. Let N1, N3 C Ny and N3 C Ny. Then, we have Ny, N4 to be
prime submodules.

Case II. Let N, N3 C No and Ngs C N3. Then, we have Ny, N3 to
be prime submodules. In any case, we get at least 2 submodules to be
prime in M among Ny, No, N3 and Ny. Continuing in this manner till
N, we get at least [n/2] submodules which is prime in M. O

Corollary 3.19. Let M have k prime submodules. Then PSS(M) is
either acyclic or gr(PSS(M)) < 2k.

Theorem 3.20. Let M be an R-module such that every submodule of M
is contained a maximal submodule and let M be the set of all mazximal
submodules of R. Then M is a minimal dominating set of PSS(M) and
Y(PSS(M)) < |M|. Moreover, v(PSS(M)) = 1 if and only if M has
exactly one maximal submodule or M has exactly two mazximal submod-
ules N1 and No such that N1 N Ns is a non-trivial minimal submodule of
M such that there is no non-prime submodule properly contains N1 N Ny.
Moreover, if M has exactly two maximal submodules which does not sat-
isfy the above condition, then v(PSS(M)) = 2.

Proof. Since any submodule N of M is contained in some element P
of M and N + PS = P, which is a prime submodule, M dominates
PSS(M). Let P € M. It is to be observed that M \ {P} does not
dominate P and so fails to dominate PSS(M). Thus M is a minimal
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dominating set of PSS(M) and ~(PSS(M)) < |M]|. The second and
third parts follow from Theorem

1]

Faranak Farshadifar
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