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1. INTRODUCTION

Many authors were interested in given a novel different representa-
tions methods for Cantor ternary set (C.7T.S) such as: Cantor-like sets
(C.L.S!s) ([1, [2], [B], 4], [B]) Cx- Cantor sets (0 < A < 1), ([1], [6],
[7), the generalization of Smith-Volterra Cantor set (G.S.V.C.S) and
Smith-Volterra Cantor sets (S.V.C' (n € N,n > 3)), ([8], [9], [10]).

In ([4], [9]) used a sequence of positive numbers {u¢}Z, such that

ZZO:() u<2C =u,0 < u < 1, to construct C.L.S’s. Another construction
of C.L.S’s was based on the term homogeneous perfect set, [11]. In
their paper, they introduced the notion of homogeneous perfect sets as
a generalization of Cantor type sets with some results for computing
the dimension of Cantor type sets. Also, Besicovitch and Taylor in [4],
studied the generalization of C.L.S’s construction. Their construction
can be explained based on a closed set P contained in real closed interval
[0,1] and A = (0,1), then A — P is an open interval and composed of
an enumerable sequence of open intervals. The length of these intervals
are a sequence of positive numbers, {wé}cgir If

o0
ch =1
¢=1

then P has zero measure. Finally, [5] C.L.S’s can be defined by using
two sequences {d¢}’Z, and {qc}’Z,, where, {dc}Z, be a sequence of
positive integers such that d. > 2 for each (,{ € N, and {qC}zil be a
sequence of positive integers satisfy the relation:

0< d¢q< < q¢-1

Wlth 1
— ).V,

The above relation used to construct Cantor ternary set (C.7T.5), C\-
Cantor sets (0 < A < 1), the generalization of Smith-Volterra Cantor set
( G.S.V.C.S.) and Smith-Voltera Cantor sets ( S.V.C. (n € N, n > 3))
as follow:

C.T.S.

V=

dc = 2,(]0 - 17
and 1
4= 52 1V =1,V = 2.37V¢ > 1.



334 First Author , First Author

C\— Cantor sets:
de =2,q0=1,qc = 27%(1 — (1 — (2/3)°)\), Vo = 1,

and

Ve=2"((1 =X +2(2/3)°)\), V¢ > 1.

G.S.V.C.S.:
de =2,q0 =1,
and -
_ _ 1—(29)""
=2 - gt

where,

0<g<l,0<e<]l,0<e<1—2g,

_ & _ _
Ve=2 4(1—6)—13729(2 H—(1-9)g° %), V¢, ¢ > 1.

SV.C.(neN,n>3):
de =2,q0 =1,
and

1—(29)¢"
ﬁ)aVC,C > 1.

In this construct, their Cantor-Lebesgue function was determined in

g =2"(1—e)—2ge(

[5).

Note that k— adic-type Cantor-Like sets are another variation and
generalization of Cantor set. Tsang, [12] was introduced the generaliza-
tion of the k— adic-type Cantor-Like sets called rescaling Cantor sets
(R.C.Ss).

In this paper, because of k— adic-type Cantor-Like sets construction
are not necessary to include in the C.L.S.s construction, [5], even in their
Cantor-Lebesgue function, we will propose another method to construct
R.C.S’s of type 2k— adic-type Cantor-Like sets with their 2k— adic-type
Cantor functions.

2. k—ADpIC-TYPE CANTOR-LIKE SETS

A generalization of the k— adic-type Cantor-Like sets, was given in
the following construction: let n € N, withn > 2, h€ N,1 < h < n and
begin with the unite interval My= [0,1]. Dividing My into sub intervals
of equal length and remove fi-open intervals of the division leaving us
the first and last intervals obtaining M7. Next, dividing each of the
remaining n — h sub intervals in M7 into n—divisions of equal length
and remove the same h- open intervals of the division corresponding
to the intervals removed in the first iteration obtaining Mj. Continue
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dividing each sub interval in n— sub interval and removing A of them in
the same method. Then

o0
M= (M
=1
M™ is called k— adic-type Cantor-Like sets. Also, M"™ can be defined
directly from the k— adic expansion of the real numbers in [0,1]:
M ={wel0,1]:w=>77, 7 € {00,01,09,. .. ,on}}, and
{o0,01,09,...,01} €{0,1,2,....n—1},01 =0, 0, =n— 1.
All n—adic-type Cantor-like sets had measure zero, because of for
j > 1, the measure u(Mj') = ("—_h)ﬂ and

n

B = lim p(M}) = 0.
—00

3. MAIN RESULT

In [13], it is introduced a new form representation of Cantor set and
used them to design a complete orthonormal system on [0,1] which is
equivalent to the Walsh system. In this section, we will extend this form
to include 2k— adic-type Cantor-Like sets and 2k— adic-type Cantor
functions.

Let k € N ={1,2,3,...} and the set of all even natural numbers can
be written as: A = {2k, k € N}, then the 2k— adic-type Cantor-Like
sets can be generated by:

For each k : k > 2, and for each v € NUO, construct the closed intervals:

% — 1)z (2k— 1)z +1
2k 7 (2k)
where, z =32 % (Qk)l , and z; being the dyadic coefficients of r in bi-

nary system:r =Y ;7 r2!,r; € {0,1}. Then the 2k—adic-type Cantor-
like sets are:

M, = ( 0<r<?2Y

2k 271 32k
M :m:ozo UT‘ZO szer,'”OST < 2'7
The removed middle open intervals in the above generating are defined

as follows:
2k 271 2k
9 - U:OZO UT‘:O 9

2d—14p
where,
93571“ _ <(2k)((2§k_)“lf)z+17 (2k)(2kz21]3)zj-(2k—1)> 0<r<2l1<d<
v

In the non-stationary Moran setting, the Hausdorff dimension is given
by:
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where, G; is the number of intervals retained at step i, and ¢; is the
construction ratio at step ¢. In the special self-similar case, when G; = G
and &; = €, this reduces to:

dim (M%) InG

In (1)

Theorem 3.1. An element y € [0,1] belongs to the 2k— adic-type
Cantor-Like sets if it has a sequence (y;),i € N, where y; € {0,2k — 1},

Vk>2. Thatisy =7 .2, (2%2, where, y; # 1,Vi.

Proof. By construction of the 2k— adic-type Cantor-Like sets, observe
that removing middle third (2k7 2’g;l)corresponds to removing all num-
bers in [0,1] with unique 2k— adic-type Cantor-Like sets presentation

1 2k—1
(2Kk)*7 (2k)”
sponds to removing all numbers in [0,1] with unique 2k— adic-type
Cantor-Like sets presentation (y1,y2,...),y1 = 0,y2 = 1. By the same

as for the middle third <(2(];):);2, (2(2)];?1), we remove those real in [0,1],

where, 2k— adic-type Cantor-Like sets representation have y; = 2k —
1,540 = 1, and also on the many steps, removing middle third corre-
sponds to removing all numbers in [0,1] with the unique 2k— adic-type
Cantor-Like sets representation y; = 0,2k — 1,4 € N. O

(y1,Y2,-..),y1 = 1, thus removing middle third ( ) corre-

Ilustrative: consider the first iteration of 8-adic-type Cantor-like sets:

First iteration: [0, 8] U [g, 1]

Second iteration: [0, g;] U [&5, 8] U [L, 25 U [83,1]
Third iteration: [0, 512] 5? ,i4] [14 57]u[55i %]U[%,%]U[%,E—Z]

U188, 28] U [24.1].

We must convert each of these end points to base 8:

0 = (0.0)g,1/8 = (0.07),7/8 = (0.7)s,1/64 = (0.007)s,7/64 = (0.07)s,
57/64 = (0,707)63/64 = (0.77)s,1/512 = (0.0007)s, 7/512 = (0.007)s,
57/512 = (0.0707)s,63/512 = (0.077)s,449/512 = (0.7007)s,455/512 =
(0.707)s, 505/512 = (0.7707)s,511/512 = (0.777)s.

Theorem(1) may be viewed as generalization of the Cantor set rep-
resentation theorem stated in [15]. It should be emphasized that the
proof presented in this paper follows a different approach and employs
a distinct methodology from that adopted in [15], while still building on
the same underlying idea.

Note that 2k—adic-type Cantor-like sets can be included with a mono-
tone non decreasing continuous function called the 2k—adic-type Cantor-
Lebesgue function and introduced by the following processing: for each
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closed interval I'. Let

Br(t) = |;| /0 o (z)dz

Xr(x):{o 2 ¢ T

where,

1 ze€l

xr and |I'| denotes the characteristic function and the length of the
interval T', respectively. For each v € N U0, let

27-1

1
2k _ 2k
B =57 2 Hifgs, (@)
r=0
where,
_ _ ¥ -
Hily 0= | g =7 [ o
0, T < (2(1;;)17),2
(2k)Y — (2k — 1)z, =€ M3,
17 T > (2]6(;]3:’;’4’1
In general, F2¥(z) = 2, x € [0,1] and for v € N
2k _
PP (x) =
277((2k) z — 2k — L)z +7) we M, 0<r<2
274(2r 4 1), x € 935,1+T,0§r< 20=1 1 < d < ~.

ka’ is called the 2k—adic-type Cantor-Lebesgue functions.

Theorem 3.2. Any real valued functions:Fi(z), F{(x), Fy(z), Fi(z) on
Mg that satisfies:
Fy(z) =z, € M}
2z, r € M3
Flz)={1/2, r €0}
20 —1, x€Mj

4z, x € Mj
1/4, T €03
dr —1/2, x€Mi
4o —5/2, x € Mg
3/4, T €03
4 — 3, x € M2

;
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8, x € M
1/8, z €0}
1/4(322 — 1), € Mg
1/4(32z —5), =€ Mj,
3/8, T € 0F
1/2(16x —3), =€ M},
1/2(162 — 11), = € M,
5/8, z €64
1/4(32x —23), =€ M,
1/4(32x — 27), =€ Mj,
7/8, T € 02
(1/2(162 — 14), =z € Mj;

are the 4—adic-type Cantor-Lebesque functions.

Proof. 1t is clear that from construction of the 2k— adic-type Cantor-
like sets, the closed and open intervals of the 4— adic-type Cantor-like
sets can be evaluated by:

For v =0, M} = [0,1];

while if v = 1, we have:
0<r<2:r={0,1}:
r=0="m2 =3 ,0.2
=59 ,0.(4)" =0, then Mj = [0,1/4]

r=1=y72m2 =31 1.2t = (1), this implies that z = 37°, 2 (2k)!
=59 ,1.(4)" =1, then M} = [3/4,1],

if v =2, we get:

0<r<4:r=4{0,1,2,3}:

r=0=37m2 =31 0.2 = (0), this implies that z = Y7°, 2 (2k)’
=59 ,0.(4)! =0, then M} = [0,1/16]

r=1=y7m2 =3 1.2t = (1), this implies that z = $7°, 2 (2k)’
=59 ,1.(4)" =1, then M} = [3/16,1/4],

r=2=3m2 =31, 1.2t = (1,0), this implies thatz = >5° 2 (2k)"
=Sz (4! =4, then M} = [12/16,13/16],

r=3=3m2 = 31_,0.2! = (1,1), this implies thatz = 35° 2 (2k)"
=Sz (4! =5, then M} = [15/16,1]

if v =3, we get:

0<r<8:r=1{0,1,2,3,4,5,6,7}:

r=0=32m2 =39 0.2 = (0), this implies thatz = 37°, 2 (2k)"
=59 ,0.(4)! =0, then M} = [0,1/64]

r=1=32m2 =3 1.2t = (1), this implies thatz = 372, 2 (2k)!

(0), this implies that z = > ;2 z (2k)"

= |l

[
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=59 ,1.(4)! =1, then M} = [3/64,1/16],
r=2= Zl 0 r2! = Zl 0 O 2! = (1,0), this implies that z = Y1, 2 (2k)"
=50 ,0.(4) =4, then M, = [12/64,13/64]
r=3= El 0 r2t =30 1.28 = (1,1), this implies that 2 = 3°7°, 2 (2k)"
- Zl:() ( ) - 57 then Milll - [15/647 1/4]7
r=4= Y22 = Z}:O 1.28 = (1,0,0), this implies that z =
Z?"o ‘i 2k)! = 27 o z1. (4)) = 16, then Mi, = [3/4,49/64],

= Zl 20 rlQZ = 37,02 = (1,0,1), this implies that z =
Z[;Q 2 (2k) =327 2. (4)" = 17, then M4 = [51/64,52/64]
r=6= Y22 = 37,02 = (1,1,0), this implies that z =
S0 2 (2k) = 322, 0. (4)! = 20, then M? = [60,/64, 61,/64]

= Yeom2t = 37,028 = (1,1,1), this implies that z =
S0 2 (2k) = 327 0. (4)! = 21, then Mi; = [63/64, 1].
Corresponding the open interval of the 4—adic-type Cantor-like sets can
be evaluated by:
Ify=1,thend=1and 0 <r <1:7r={0}:
r=0=32,m2 =39 ,0.2! = (0), this implies that z = 35° 2 (2k)’
=59 ,0.(4)! =0, then 6} = (1/4,3/4).
While, if y =2, thend=2and 0 <r < 2:7r=1{0,1}:
r=0=32,m2 =39 0.2! = (0), this implies that z = 35° 2 (2k)’
=59 ,0.(4)! =0, then 65 = (1/16,3/16)
r=1=32m2 =39 1.2 = (1), this implies that z = 372, 2 (2k)’
=59 ,1.(4)! =1, then 64 = (13/16,15/16) .
If v =3, thend—3and0<r<4:r:{0,1,2,3}:
r=0=>%,° = r2l =30, 0.2) = (0), this implies that z = Y7°, 2 (2k)"
=59 ,0.(4) =0, then 6} = (1/64,3/64)
r=1=37m2 =3 1.2t = (1), this implies that z = 37°, 2 (2k)’
=59 ,1.(4)! =1, then 62 = (13/64,15/64)
r=2=3m2 =3 1.2" = (1,0), this implies thatz = >7° 2 (2k)"
=50 1. (4) =4, then 6} = (49/64,51/64)
r=3=3m2 =% 1.2t = (1,1), this implies thatz = 35° 2 (2k)’
=39 ,1.(4)! =5, then 62 = (61/64,63/64) .
Now, we evaluateFﬁ(x),V'y vy =0,1,2,3:
When, v = 0, we obtain

H4 ( ) ‘]\fﬂ/ XM‘ll(t)dt:/O XM%(t)dt:/O ldt==x

F2F = z,0 € 0,1].

W
/—\
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If v =1, then, we have:

1 . . 0, x<0
Hi/[%(w) = / XM%(t)dt—4/ X (D)dt = ¢ 4w, € M;
| M3 Jo 0
1, x>1/4
) - - 0, x<3/4
4
Hyu(z) = / Xt (t)dt = 4/ X (D)dt = 4z — 3, = € Mj
3 ‘]Wg’ 0 3 3/4 3
1, z>1
2z, r € M
FFz)y =422 -1, ze M
1/2, z € 0].
When v = 2, then, we get:
0, z <0
wai(:c) = @ Jo xam(®)dt =16 [ xpp(t)dt = { 162, @ € Mj
1, x>1/16
0, x < 3/16
wag (z) = @ Jo xan()dt =16 [ xpn(t)dt = { 162 -3, =€ M
1, x>1/4
0, z < 3/4
H@%(x) = @ Jo xap(D)dt =16 [5, xpp(t)dt = { 162 — 12, = € My
1, x> 13/16
0, x < 15/16
H%(:U) = @ Jo xan(@)dt =16 [{7 s xpp(t)dt = § 160 - 15, = € My
1, x> 1.
Then we have
4z, r € M
1/4, T €05
4z —1/2 M3
Fia)= {10 2 r e
4r —5/2, =€ Mg
3/4, z €03
4z — 3, x € M.
By using the same processing above, we obtain Fy(z). O

Recently, we used 4—adic-type Cantor-like sets to generate a system
of orthogonal functions with respect to the measure on 4—adic-type
Cantor-like sets and applied them on transforms information over com-
munication channel which were used as carrier signals, [14].
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F,?k (x) can be constructions in the iterative construction for the 2k—adic-
type Cantor-Lebesgue functions. This is shown in the bellow theorem.

Theorem 3.3. Define the functions F2F, F2k F2k .. [0,1] — R re-
cursively: let F28(x) =z for x € [0,1] and for v € N define
1/2F2F | (2kz), ifz €[0,1/2k]
Fi(z) = ¢ 1/2, ifr € (1/2k, (2k —1)/2k)

1/2F2%, (2kx — 2k + 1) +1/2, ifx € [(2k — 1)/2k,1].
Then the following results are true: (1) The sequence of functions
{ng}:ozo converges uniformly to a limit F?* :[0,1] — R. The limit
F?k(z), known as the 2k—adic-type Cantor-Lebesgue functions.
(2)F?F are continuous increasing functions on [0,1], with FW%(O) =
O,Fv%(l) = 1. That satisﬁes%F%(:n) = 0, VY, in the open set [0,1]/
M2,
(8) The sequence of functions{ka}:O:O defined above converges uni-
formly to the Devil’s staircase:

HF,?IC—DH —0 as v — o0.
o

Note that D is the Dewvil’s staircase.

(4) The 2k—adic-type Cantor-Lebesque functions satisfy:F2 (M%) =
[0, 1].

Proof. (1): Vx € [O, 1] and v € N. Note that |FZ*(z) — Fg*| < 1 and
|F3F(x) — F2F| < } Vo € [0,1]. Assume, fory > 2, that ‘Fv%(a:) - ka‘ <
=, z € [0,1]. NOW consider the expression | v+1( x) — szk‘ We will
apply the three-part piecewise recursive definition of Fﬁk to prove the

induction step.
Case(1): If 0 < x < 5=, then

|F3§1 — F2F(x)| = |3F2%(2kax) — 5F2F | (2ka)|
’F% ka) F% (ka)’ < 2W1+1
Case( ) If 5- <o < 22k , then
1
’Fﬁl — F(y ‘_ “F2R(z) - F2F (2)| =0 < T
Case(3): If % <z <1, then
|F24, () - F2(a)| =
|3 F2F(2kx — (2k — 1)) + 3) — [3F2*,(2kz — (2k — 1)) + 3)]| =
1
= ‘F% — (2k — 1)) — F25, (2ka — (2k — 1))‘ T
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For all v € N, let 1 < s < ~. Then

(@) — P2 ()| =

|(F2(2) — F2,(2)) + (F2, () — F2y(@) + ..+ (F24, (2) — F2(2)| <
2(a) — 2 (o) + (P2 (@) = F2ia(a))|+. o+ | P2y (@) = F2 ()| <

1 1 1
T T ez T T3y

1 1

1
<7+28ﬁ+...:¥.

25+1

Thus, given any € > 0, we can find w such that 55 < e. Also for every
v > s > w, then by the previous calculation, we get

F2k(z) — F,?k(m)‘ <—<-—<e

By Cauchy’s sense for uniform convergence, the sequence {Fﬁk}:ozo of
continuous functions converges uniformly to a limit function.

(2)Since each F,Y% is continuous and sequence <F3k> — F?F uniformly,
it follows that F2* is continuous. Because Fﬁk(()) =0, ng(l) =1V,
we have F2¥(0) = 0, and F?¢(1) = 1. Let 0 < 8 < a < 1. Since
ng are increasing, ng(ﬁ) < F2?*(a). By using the order limit theorem
F?¢(3) < F?*(a), and also F?* are increasing. Because F?* are constant
on each open intervals whose union form [0,1]/M?*. Then

d
d—F%(x) = 0, Vz,in the open set[0, 1]/ M2
x
(3): Let
Hng-lf—l F2kH = SUPgze0,1] ‘ ’y—i—l ) - Fsk(x)‘ =
2k _ 2k
2k 2k — 1 Pel0] ‘F — Bl ‘ 2k:— 1 H FW*HOO
Thus,
2k 2k 2k 2k
L e L IR 1 i
_ 1
4k (2k - 1)

Next, given a a sequence {AW}:O:O in a metric space (X, d), if there exists
a sequence {¢}°2 C [0,00), satisfying the two conditions:

(i) d(Ay, A\y41) < eyfor eachy > 0, and

(ii)>-720 < oo, then the sequence {A,}72 is a Cauchy sequence.

. 00
In our work, such sequence exists {e,}72, = (0, 0], and

-1
2k(2k—1)7F1 <
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v=0
Q—Ik < 1). Thus the sequence of functions {FW%}:O:O is a Cauchy sequence

> 0Ey = 35 2o W < oo(since geometric series with ratio

therefore it is convergent.
(4):First, we compute

F2R([0,1]) = F2* (M%) U F2k ([o, 1] /M%) .

Since F2* ([0,1]/M?*) is countable (taking the values 27¢(2r + 1)), then
it’s measure is zero.

U (F2k: (MQk) U F2k: ([0’ 1]/M21c)) < L (FQk (MQk))+M (F2k: ([0’ 1]/M2k:))
and p (F? ([0,1])) = 1, therefore pu (F?* (M%)) > 1. Because

(F% (M%)) cl0,1] = pu <F2k([0, 1])) < u([0,1]) =

therefore u (F 2k (MQk)) = 1. Since M** are compact and F?* are con-
tinuous, we get (F% (M%)) are compact (every continuous image of

compact set is compact also it is closed and bounded) = (F 2k (M%))
are closed and bounded. We proceed via contraction and since

(0,1)/ (F2* (M%) # .

Then because (0,1)/ (F?* (M%)) is open, it follow that there exist x €
(0,1)/ (F? (M?*)) and an open interval (p,o), = € (p,0), satisfy z €
(p,o) C (0,1)/ (F?* (M?*)). Therefore, we have

F (M) U (p,0) = u (% (M) + (o)) =1+p =0 (3.1)

since (p,0) N F2 (M%) = 4.

On other hand F2* (M%) U (p,0) C [0,1], yields: u (F?* (M%) U
(p,o) < p([0,1]) = 1, which contradicts eq.(3.1). We have shown that
pw (F2* (MP%)) = o, 1], and since F?¥(0) = 0, F?*(1) = 1,{0,1} c M?*,
we conclude that F2* (M%) = [0, 1]. O

Theorem 3.4. The 2k— adic-type Cantor-Lebesque functions F?* are
an increasing continuous functions:F2* : [0,1] — [0,1]. It’s derivative
exists on the open set 625 0<r<2¢11<d<~and (F%(x)) =

2k
0, for each x € 055 e

2d— T4y
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