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ABSTRACT. Our current investigation is primarily motivated by the ap-
plication of special polynomials in Geometric Function Theory (GFT).
This paper aims to utilize (M, N)-Lucas polynomials to estimate the ini-
tial coefficient bounds |az| and |as| for a subclass of bi-univalent func-
tions GBS (x) consisting of analytic functions normalized by the condition
f(0) = f/(0) — 1 = 0. We then derive the famous Fekete-Szegd inequality
estimate. We also establish connections between our results and those ex-
amined in previous investigations.
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1. INTRODUCTION

Let A represent the class of analytic functions f defined on the unit disk,
U ={z:2€C, |z|]| <1}, and normalized such that f(0) = f/(0) —1 = 0.
Consequently, each function f € A can be expressed by a Taylor-Maclaurin
series expansion in the form:

f2) =24 anz". (1.1)
n=2

Furthermore, consider the class of all functions in A that are univalent in U,
denoted by S.

For any two analytic functions fi, fo in U, f; is subordinate to fs, denoted
by f1 < fa, if there exist an analytic function ¢ such that ¢(0) = 0, |¢(2)| < 1,
and f1(z) = f2(¢(z)), z € U. Notably, when fo is univalent in U, we arrive

fi = fo, (Z S [U) = fl(O) = fQ(O) and fl([U) C fz(U).
Two significant and extensively studied subclasses of S are $*(«), the class of

starlike functions of order v in U, and K(«), the class of convex functions of
order « in U. According to their definitions, we have

S*(a) == {f: fes and &e{zﬁg)

}>a} (zeU;0<a<1)
and
K(a) := {f: fes and ére{uz]{,zg)

It is clear from the above definitions that K(a) C S*(«) and
f € K(a) if and only if zf" € S(«),

}>a} (zeU;0<a<).

f € 8*(«) if and only if /Z fit)dt = F(z) € K(«).
0

By familiar Koebe one-quater theorem, we know that the image of U under
every function f € S contains a disk of radius i. Hence, every function f € S
possesses an inverse f~!, defined by

FHfz) =2 (2€U)

and
Frte) = (el <l = 7).
where
gw) = fFHw) = w — asw? + (203 — az)w® — (5a3 — Bagaz + ag)w + - - - .

A function f € A is considered bi-univalent in U if both f and its inverse f~!
are univalent in U. The class of such bi-univalent functions in U is denoted
by ¥ as defined in (EI) The work of Srivastava et al. (refer to [2§]) is a
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significant contribution to this field, providing valuable examples of functions
belonging to the class 3. Let us recall some well known examples:
z 1 1+2
. log(l—2), =1 ( )
Tz lsll=2), gle(3
A function f € A belongs to the class MY, where v € R, if and only if

Zf”(Z)>" (Zf’(2)>1'/
Re< (1+ > 0, zeU.
{ () (s
According to [10], it was demonstrated that M" is a subset of S*.

A function f € A is said to be Bazilevi¢ function of order x, denoted by
B(k) which is a subclass of S (see [25]) , if and only if

/
Re G Loy Lew
Fz)

The research in [19] shows that B(x) is the broadest subclass of univalent
functions, containing many of the familiar subclasses of S. In [13], Fitri and
Thomas introduced and studied the class B(k,v) an analogue of M". A func-
tion f € A, with f(z) #0, f'(z) # 0 is said to be in class B(k,v), if

1-v
/ 2f"(z 2f'(z Y /

ére{ ( ke + S () () - 1)) [ffi((j}zn] } >0,
where v > 0, k > 0 and z € U. In [13, Theorem 1, p. 3], it was proved that
the functions in B(k, v) are univalent in U. For more information on Bazilevi¢
function, one can refer to [9, 12, 13, 15, 21, 22, 27, 23, 24, 26] and [29].

Another prominent issue in GFT is the Fekete-Szegd estimate |ag — pa3|
for functions f € &. This problem originates from the refutation of the
Littlewood-Paley conjecture by Fekete and Szegd (see [11]), which proposed
that the coefficients of odd univalent functions should be bounded by one. The
estimate has since attracted considerable interest, particularly in the analysis
of various subclasses of univalent functions.

Modern science places significant interest in the theory and applications
of special polynomials like Dickson polynomials, Chebyshev polynomials, Fi-
bonacci polynomials, Lucas polynomials, and Lucas-Lehmer polynomials. These
polynomials are fundamental in Mathematics and have numerous applications
in Combinatorics, Number theory, Numerical analysis, GFT and more.

Lucas polynomials exhibit symmetry similar to Fibonacci polynomials, due
to the recurrence relation. This symmetry may also play a role in certain geo-
metric applications within GFT, where symmetric polynomials provide bal-

anced mappings between symmetric domains.
In 1970, Bicknell [§] studied Lucas polynomial £, (x) and defined it by

Ln(x) = xLyp-1(2) + Ln—2(z) (n€{2,3,4,--}),
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with initial condition Lo(xz) = 2 and L£i(z) = x. This Lucas polynomial was
extended by Lee and Asc [16]. Let M (x) and N(x) be polynomials with real
coefficients. The (M, N)- Lucas polynomials Ly nn(x) or simply L,(x) is
defined by the recurrence relation

Ln(x) =M(x)Ly—1(x) + N(x)Lp—2(x) (ne€{2,3,4,---}) (1.2)
with
ﬁo(l’) = 2,
Li(x) = M (),
ﬁg(%‘) = M2

and so on. The Lucas polynomials £, (z) are described by their generating
function, as shown in [17]:

> 2—M(z)z
Gr, 0)(2) =) Ly(x)z" = .
£n(@) 7;) 1— M(x)z— N(z)2?2

Univalence in U is significant in GFT as it implies the function behaves well
geometrically, without folding or overlapping over itself. Whether or not £, (x)
is univalent in z € U would depend on the degree n, as higher-degree polyno-
mials tend to introduce more complex behavior like critical points where the
derivative vanishes. For low degrees, it is possible that the Lucas polynomials
exhibit univalence in certain subdomains U.

Remark 1.1. Depending on the chosen values of M (x) and N(z), the (M, N)-
Lucas polynomial £, (x) can correspond to various polynomials. Below are
some examples:

TABLE 1. Polynomials and their corresponding generating functions

M(z) | N(z) Polynomials
x 1 Lucas polynomials £, (x)
2z 1 Pell-Lucas polynomials @Q,,(z)
1 2z Jacobsthal-Lucas polynomials j,(x)
3x —2 Fermat-Lucas polynomials f,(x)
2z —1 | Chebyshev polynomials T},(z) of the first kind

In recent mathematical literature, researchers have found coeflicient esti-
mates for functions in ¥, analogously to the work by Srivastava et al. [2§].
Numerous articles have provided estimates regarding the initial coefficients
|az| and |as| in the Taylor Maclaurin series expansion of the form ([l.1)) using
special polynomials (see [3, 4, B, 6, 14, 20, B0, B1, B2]). The general coefficient
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bounds |a,| for n € N with n > 3 for functions f € ¥ have not been fully
addressed for many subclass of ¥. It is worth mentioning that Altinkaya and
Yalcin (See [1]) was the first to introduce a subclass of bi-univalent functions
through the use of Lucas polynomials. This methodology aims to connect GFT
and the Theory of Special Functions. Motivated by the works of Altinkaya
and Yalcmn [1] and N. Magesh et al. [1§], in this paper we describe a subclass
of ¥ denoted by GB;”(z) as given in the Definition [I.2 which gives a bridge
between many new subclasses of §* and K in connection with (p,¢)-Lucas
polynomial. We first derive the coefficient estimates |ag| and |as| and Fekete
and Szegd inequalities for functions belonging to these classes.

Definition 1.2. For v > 0, k > 0, a function f € X belongs to the class
GB%Y (x), under the condition that the following requirements are satisfied:

v 1-v
z2f'(z) Zf”(Z) Zf/(Z) zf'(2)
_fl‘J;(Z)Z“ T o n( ) 1)] [fl—];(Z)z“] < Gr@(2) — 1,

and

v 1—v
e (o wa'(w wf(w wg' (w
tie+ 2 e )| oetie] G-

T )

for all z,w € U.
For particular values of k and v, we state the following remarks:

Remark 1.3. QB%O(J}) = S5 (x) was defined by [1]. A function f € 3, of the
form (@) belongs to the class S5 () if:

2f'(2)
f(2)

<Gr,(2) =1 2z€lU

and
wg'(w)
g(w)

< Gcn(x)(w) -1, wel.

Remark 1.4. Q’B%l(x) = Kyx(x) was introduced by [1]. A function f € X, of
the form (EI) belongs to the class Kx(x) if:

2f"(2)
1+ <Gr n(z)—1, ze€lU
7(2) La(@)(2)
and
wg"(9)
1+ <Gp (n(w)—1; wel.
) G



336 Nagamangala Sathyananda Tejas

Remark 1.5. GBY (x) = M%(z) was established by [18]. A function f € ¥, of
the form ([L.1]) belongs to the class M¥%(z) if:

1—v v
Zf/(z) Zf”(z) L
[ f(2) ] 1+ 7(2) <Gr,)(2) =1 z€U
and
wg' (w) . wg” (w) Y
[ g(w) ] L+ f!(w) = Gﬁn(x)(w) -1, wel.

Remark 1.6. ng’O({E = B{(x) was introduced and studied by [2]. A function
f € %, of the form ([L.1)) belongs to the class BS(x) if:

zf'(2)
o \E —1:
fl_"“(z) e =< Gﬁn(x)(Z) ; z2e€U
and
W@ G )1 weU
glfn(w) W Ln(z) ) :

Remark 1.7. gBé’O(a:) = Ry (z) was studied by [2]. A function f € ¥, of the
form (@) belongs to the the class Ry (z) if:

fl(2) = Gew)(2)—1; z€U
and
g (W) <Grmyw)—1; wel.
2. COEFFICIENT ESTIMATE

In this section, we obtain coefficient estimates for the function belonging to
the class GB3" ().

Theorem 2.1. Let k> 0 and v > 0. If f € GBS (z) and is of the form (@),

then
las| < | M (2)|y/2|M ()|
2l = \/|[(52—1-2/6—&-1)1/2—#(552+8n+3)u+52+n]M2(w)+4(1+n)2(1+1/)2N(:c)\
and

M ()] M?(x)

|ag] < Grmara) 1+ r)2(L+0)2

Proof. Assume f € GBy"(x). Then there are analytical functions u and v
such that

u(0) =0, v(0) =0, |u(z)]<1, and Jv(w)| <1 (z,wel).
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Next, by Definition @, we can write

v 1-v
2f'(z) | 2f"(2) 2z 2f'(2)
Fla) = frr(z)zs - f'(2) e 1)< J]:(i)) B 1)] [fl”(z)»z]
= Gﬁn(x)(u(z)) -1
and
v 1—v
o = ;22 ) v v )| [
= Gﬁn(x)(v<w)) - L
Equivalently,
F(2) = =1+ Lo(x) + L1(2)u(z) + La(x)[u(2)]> 4 - (2.1)
and
G(w) = =14 Lo(z) + L1 (z)v(w) + Lo(@)[v(W))> + - - - . (2.2)
From (@) and (@), we obtain
F(2) =14 Li(x)urz + [L1(x)ug + Lo(z)ud]z* + - - (2.3)
and
G(w) =1+ Li(z)viw + [L1(x)ve + Lo(x)v?|w® + - . (2.4)

In the view of (El), it can be computed that
F(z) =1+1+k)(1+v)azz
(2.5)

+<[Pu2+2QV+R

a%+<n+2><2u+1>a3>z2+---,

where P = k%2 +2k+1, Q = —k? —4rx — 7Tand R = K% + k — 2. For G(w), it
can be computed that

Gw) =1—(14+k)(1+v)aw

52 4 Oy P (2.6)
+<[7DV‘|‘2QV‘|‘ CL% _ (/{_‘_2)(21/_‘_ 1)(13)&)2“—"' ,
Where75:,‘£2+2/<;+1, Q: —k2+4k+9and R = k2 + 5k + 6.
Comparing the corresponding coefficients in (@), (@L), (@) and (@), we

have

(L+£)(1+v)az = Li(2)u, (2.7)
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(%) a% + (k+2)2v+ 1)asz = Li(x)ug + Eg(m)u%, (2.8)
—(1+r)(L+v)az = Li(z)v1, (2.9)
(M) a3 — (k+2)(2v + 1)as = L1(z)ve + Lo(x)v]. (2.10)
From (@) and (@)7 we can see that
uy = -y,
201 +k)* (1 +v)%a3 = [L1(z)]*(ud +0d).

Adding (@) and (), we get
[<7>+75>u2 +(Q+Qr+ (R+R)
2

|43 = £1(@) 2 + v2) + £22) (0 + o).
(2.11)
Substituting (2.11) in (), we get
[£1()]? (ug + v2)

a% - (011/2 + o9V + Ug)[ﬁl(x)]2 _ 2£2($)(1 n 5)2(1 T 1/)27 (2.12)

where

2

o1=r>+25+1, oo=1-r> and o3=~r>+3K+2. (2.13)

oo oo
It is well known that, if u(z) = > u,2" and v(w) = > v,w™ then

n=1 n=1
lun| <1 and |v,| < 1. (2.14)
In the view of (@), () and (), we have
< M () |/ |

~ V(o1 + ogv + 03) M2(z) — 2(M2(z) + 2N (2))(1 + k)2(1 + v)?|
Subtracting () from (@), we get
Li(x)(ug —va) o

B o ror 1) T (2.15)

From () and (2.11), we have
_ Li(@)(uz —va) | [La(@)]P(uf +0F)
3= 5 ) (1 20) T 21 )P (2.16)
In the view of (E), () and (), we have
| M ()] |M?(x))|
24+ k) 1+2v)  (1+4+rK)2(1+v)%

las| <
(

For particular values of x and v, we state the following results:
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Corollary 2.2. If f € §3(x) and is of the form as in (@), then

[ M ()]
2|N ()|

M
las| < |M(z)] and |as| < 'éxﬂ + M2(x).

This result coincides with the findings studied by [1].
Corollary 2.3. If f € Kx(x) and is of the form as in (@), then

la )l and |as| < +

M) | M)

1= ¢21M2 +4N< ) S
This result coincides with the findings studied by [1].
Corollary 2.4. If f € MY (x) and is of the form as in (@), then

)| V2| M ()|

= A T3 @) + 40+ PN )]

and
| M ()] M?(x)
] < 502 Y A

Corollary 2.5. If f € B&(x) and is of the form as in (@), then

)|y 2|M

|ag| < \/1+K |/-;M2 )+4(1+%)N($)|

and
|M(z)] | M*(z)
~ 2+k  (1+k)?%

The above result coincide with [2, Theorem 2.1, p. 137].
Corollary 2.6. If f € Rx(x) and is of the form as in (@), then
|M(z)| | M?*(z)

)V IM las| < N

a9 an
| “wMQ +8N< >| 3 1

The above results coincides with the findings studied by [2].

3. FEKETE-SZEGO ESTIMATE

339

This section outlines the Fekete-Szegd estimate for functions categorized

under the class GB3Y ().
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Theorem 3.1. Let k >0, v >0 and p € R. If f € GBLY (), then

| M ()]
(2+k)(1+2v)’

|'u — 1‘ < [(o1v2+0oov+03) M2 (2)—2(M? (x)4+2N (x))(14+k)2 (14v)?|
N 2M2(z)(2+r) (1+2v)

2
|lag — paz| <
2|M () |p—1|
[[(k24+2k+1) 2+ (52 +8Kk+3)v+KrZ+K]M2(z)+4(1+k)2(1+v)2N (z)]’

| — 1| > Won2toav+os) M2 (@) ~2(M*(2)+2N (@) (1+r)* (1+0)%|
B 2M?2(x)(2+k)(1+2v)

where o1, o9 and o3 are same as stated in ()
Proof. From () and for 1 € R, we can write

Ly (x)(ug — vo)
2(k+2)2v+1)

From () and (@), we have

L1(x)(ug—v
as —pa3 = FAEE

ag — pa = (1 - p)al. (3.1)

+ (A=) L1 (@)]? (ug+va)
(12 402v+03)[L1(2)]2—2L2(z) (1+K)2 (1+0)?

= Ly() (Q("% v, 1) + W)W + (Q(/‘% v, 1) — m)wl )

where

Q) — (1= )21 (2)P
) G ¥ oar + 03)[L1(2)]2 — 2L2(2) (1 + #)2(1 + )2

Hence, we can conclude that
L1 ()] 1
0<|Q <
2+r)(1+2v) < [k, vy )] < 22+ (1 +2)
2L (@), v, ), [k, v, 1) 2 5

las — paj| <

(2+k)(1+4+2v)

In the view of (@), it is evident that the proof of the Theorem @ has been

completed. O
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Corollary 3.2. If f € S3(x) and p € R, then

| M ()| ; N [N ()]
a3 —padl <4 2 S VA0
2IN(z)| 7 ~ M (x)

The above result coincides with the findings studied by [1].
Corollary 3.3. If f € Kx(z) and p € R, then

M) o1 < M@ N )
jas—padl <35 e

PEN M@ 1 M)+ AN )
2[M2(z) + 4N (z)|’ =80 ()

The above results coincides with the findings studied by [[L].

Corollary 3.4. If f € MY (z) and p € R, then
(_|M(2)]
21 + 2v)
it ju—1<
2|M (@) |1 — 1]
|(v? + 3v)M?(z) + 4(1 + v)2N(z)|’
> h—1]> |(v? + 3v)M?%(z) + 4(1 + v)2N(z)|
pii= AM2(z)(1 + 2v)
Corollary 3.5. If f € B(x) and € R, then
(| M ()]
2+ kK’
if |p—1]<
2
jas — paz| < 2 M (@) P 1
(14 K)|xM2(x) +4(1 + k)N (x)|’
1> (1+ k)|kM?(x) + (1 + k)N ()|
- 2(2 + k) M?(x) '
The above result coincide with [2, Theorem 3.1, p. 139].

Corollary 3.6. If f € Ry(x) and p € R, then

|(v2 + 3v)M?%(z) + 4(1 + v)2N(z)|
AM?(z)(1 + 2v)

las — paj| <

(14 K)|kM?(x) +4(1 + &)N(z)|
2(2 4 k) M?(x)

|M ()] . |M?(z) + 8N (z)|
w—padl<d 3 s )
HE) @R M) 8N G)
IM2(z) + 8N (z)]’ Y VeI

The above results coincides with the findings studied by [2].
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4. CONCLUSION

In this paper, we have focused on obtaining coefficient estimates for func-
tions belonging to the class GB%”(x). Our analysis has provided new insights
into the behavior of these functions, particularly concerning their coefficients.

The findings presented in this paper open avenues for further research.
Future investigations could build on these estimates by exploring their appli-
cations in different contexts, examining other function classes, or performing
computational studies to validate and expand upon our theoretical results.

The Lucas polynomial has interesting geometric properties related to its
image domain, potential univalence, and critical points, all of which can be
explored in the context of GFT. Investigating these properties further, partic-
ularly their behavior in the unit disc, could offer significant contributions to
conformal mappings and other areas of GFT.
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