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ABSTRACT. We consider the existence of positive solutions of sin-
gular nonlinear semipositone problem of the form

—div(|z| 7P |VulP 2 Vu)
= ||~ PHB (Pt — " — f(u) — %), z e,

u =0, x € 09,

where Q is a bounded domain in RY with smooth boundary 6,
1<p<N,0<a< %,r >p—1,7€(0,1), a,b,c, B are positive
parameters, and f : [0,+00) — R is a continuous function . This
model arises in the studies of population biology of one species with
u representing the concentration of the species. We obtain our re-
sults via the method of sub and supersolutions.
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1. INTRODUCTION

We study the existence of positive solutions to the singular infinite semi-
positone problem

—div(|z| =P |Vu|P~2Vu)
= |z| =@ FDPHB (quP—t — bu" — f(u) — &) T EQ, (1.1)
u =0, x € 01,

where  is a bounded smooth domain of RY with 0 € Q, 1 < p < N,
0<ac< ?,r >p—1,v € (0,1), a,b,c,[B are positive parameters ,
and f : [0,400) — R is a continuous function . We make the following
assumptions:
(Hy) There exist A > 0 and [ > p — 1 such that f(s) < As!, for all
s > 0.
(Hs) There exist a constant S > 0 such that au?~! —bu" < f(u)+ S for
all uw > 0.
Elliptic problems involving more general operator, such as the degener-
ate quasilinear elliptic operator given by —div(|z|~*P|Vul[P~2Vu), were
motivated by the following Caffarelli, Kohn and Nirenberg’s inequality
(see [, 2]). The study of this type of problem is motivated by its vari-
ous applications, for example, in fluid mechanics, in newtonian fluids, in
flow through porous media and in glaciology (see [3, 4]). More recently,
reaction-diffusion models have been used to describe spatiotemporal phe-
nomena in disciplines other than ecology, such as physics, chemistry, and
biology ( see[b, 6, 7] ). In addition, most ecological systems have some
form of predation or harvesting of the population, for example, hunting
or fishing is often used as an effective means of wildlife management.
This model describes the dynamics of the fish population with preda-
tion. In such cases u denotes the population density and the term -£
corresponds to predation. So, the study of positive solutions of @)
has more practical meanings. In [13], the authors have studied the equa-
tion —Apu = au?™t — bu” — f(u) — & Here we focus on extending the
study ([13]). In fact this paper is motivated, in part, by the mathe-
matical difficulty posed by the degenerate quasilinear elliptic operator
compared to the Laplacian operator .This extension is nontrivial and re-
quires more careful analysis of the nonlinearity. Our approach is based
on the method of sub-super- solutions, ([L1, 12]).

2. MAIN RESULT
In this paper, we denote Wol’p(Q, |z|~*?) the completion of C°(2),

with respect to the norm ||ul| = ([, ]ac\*o‘p\Vu]pdx)%. To precisely state
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our existence result we consider the eigenvalue problem
—div(|3|=|Vo|P2Vg) = M| ~FVP+E |26, 2 € Q,

Let_¢1 , be the eigenfunction corresponding to the first eigenvalue Aq
of (R.1]) such that ¢1 ,(x) > 0in Q and |[¢1,p||lec = 1 (see [§, 9]). It can be

shown that 83% < 0 on 0f). Here n is the outward normal. We will also

(2.1)

consider the unique solution (,(z) € WO1 P(Q, |x|~P) for the problem

{ —div(|z|~P|Vu|P~2Vu) = |z|~etrt8 1 e Q,

to discuss our existence. It is known that (,(x) > 0 in © and % <0
on 09 ([8]).

Now we give the definition of weak solution and sub-supersolution of
(L.1) . A nonnegative function 1 is called a sub-solution of (EI) if it
satisfy 1 > 0 on 02 and

/ || 7P| V[P 2V - Vwda
Q

< [ Jal e Syt by ) - Dywds, (23
Q
and a nonnegative function ¢ is called a super-solution of (EI) if it
satisfy ¢ > 0 on 02 and

/ 2P|V 2V e - Vanda
Q

> [ Jal Pt b flp) - Shuds. (24
Q 7
forallw e W ={w € C§°(Q) | w > 0,z € Q}. Then the following result
holds:

Lemma 2.1. Suppose that there exist sub and_super-solutions ¢ and ¢
respectively of ) such that ¥ < . Then ) has a solution u such
that ¢ <u < . ([8])

We are now ready to give our existence result.

Theorem 2.2. Let (Hy) — (Hs2) hold. If a > (p_wa)p_l)\Lp, then there

ezists positive constant cg > 0 such that if 0 < ¢ < ¢, then the problem
) has a positive solution.

Proof. We start the construction of a positive subsolution for (EI) To
get a positive subsolution, we can apply an anti-maximum principle (
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[10]), from which we know that there exist a §; > 0 and a solution z) of

z=0, x € 09,
(2.5)
for A € (A1, A1p+ 1) Fix X € (A1, min{ (=027 a, Ay + 61}). It

Y

is well known that z5 > 0 in 2 and %—n < 0 on 0f), where n is the outer
unit normal to €2. Hence there exist positive constants ¢, §, o such that

{ —div(|z|P|V2[P~2Vz) = |z ~(@tDPHB(\P~1 — 1), 2 € Q,

2| 7P|V > e x€Q;s (2.6)

7320 z€Q=0Q (2.7)

where Qs = {x € Q| d(x,09Q) < d}.
Choose 71,12 > 0 such that 7; < min |z|~(@+DP+8 and
ny > max |z|~(@tDPE in Q5. We construct a subsolution v of (@)

p
using z;. Define ¢ = Mz)f\’flﬂ, where

1 « 1
p p—1 r—p+1 _ p p—1 T—pt1
M := min (p—l-i-'y) a (p—l-w) A
T rp=(p=1)(y=1) ’ p(r—p+1) ’
N p—1+y | ey
2b]|z5 3b|| 25

o0 o0

1 . 1
p p—1 T—p+1 _ p p—1 T—p+1
(p—1+v) ! a (p—1+7) A !
lp—(p=1)(v—1) ) p(l—p+1)
24|25/l 34|25 £~

Let w € W. Then a calculation shows that

Vi = M(L>z’jilﬁ’ Vzs
T \p—144/7 A

/ﬁﬂﬂmvwwﬁv¢vmm
Q

P p—1 (A=) (p=1)
= Mp_l(T> /]:c|_apzj\ Pty |V25\p_2Vz5\dea:
p— v Q
p—1
S e e R )

(1—y)(p—1)

—Vz:\ p-lty w} dx

A—y)(p—1)

R [V T w)
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- (1= (p=1)
B MH(;I) ),, 1 / [!Jf\‘(““)“ﬁzw (A7 —1)
p—149 Q A A
{ﬂﬂﬂl—W@—IHVﬁPme
p—1+y Zp—vlz-w
h)
_ (p-1)
= / |:|x|7(a+1)p+5Mp71( i’)_{— )p 15\2;%—1)14"‘/
Q p—= v
1 0=ve-1
_,x‘f(aJrl)prpfl( p )p ! %
p—1+~ A

~1(1—7)(p—1) [Vz]?
_’x‘—apMp—1< b )p ( '7)(]3 ) ‘ Z)\’ wda:,

P

p—1l+v p—1+7v e
A
(2.8)
and
—(a+)p+B | 4P~ 1 _ py” — _c
[l o=t b0 f0) ~ £ Juwda

(p=1) .
= / [\x|f(a+1)p+ﬁaMpflz§_pTv _ |x’7(a+1)p+ﬁbM7«Z§_pT,y
p
— ||~ (atD)p+p =1
|z f(sz\ )

_|x‘*(a+1)p+ﬁ¥:| wdz. (29)

yr
M7227
A

Lt cp Mplﬂmm{(p)p—l((@—l)(l—v)))e L

p—1+4+7 p—1+4+7 n2’ 3
71A
G=i=) Y ¢
p—1l+y

_ p—1.
Let x € Qs, ¢ < ¢g. Since (%) A < a, we have
p— Y
_ (p—1) _
\xr*“+np+ﬁﬂlp*1<4443444) BV <!xr*a+np+5a(ﬂfzﬁf+v)p g
p—1+n9 A A

(2.10)
From the choice of M, we have

1( P )p—l
2\p—1+4v

rp—(p—1)(v—1)

> Mzl P (2.11)
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1 1 lp—(p—1)(v—1)
. (711’+ )p > AMPH| 2 loo T (2.12)
p— Y

and by (2.11), (2.12) and (H1), we know that

—1 A=y)(p-1)
_ %|$|—(a+1)p+5Mp—1( 117+ )p 125\ pzlﬁw
p— Y

P _\T
< —|x\‘<a+1)p+/3b(Mz§*””) , (2.13)

—1 0=ne-1
__lktr%a+np+ﬁﬂ4p—l( p )p lzf7%T€?L
2 p—1+7v A

< —|x\—<a+1>p+ﬁA(sz$+v)l
- A
p
||t DB R
< |z f(sz\ ) (2.14)
Since |z|~*P|Vz; [P > € in Q;, from the choice of ¢y we have

_ ‘x’fapMpA( p >p_1<(p - 11— ’7)) e
p—1+y p—1+y / 7im
A
“(a c
< —Ja|~¢ +1>p+ﬂﬁ. (2.15)
p— Y
(v2777)

Hence by using (2.10), (2.13), (2.14) and (2.15) we have

p(p—1)

fm |x’_ap|v¢|p_2V1/Jdea: < fQ [\x|—(a+1)p+ﬂaMp—1z/g\>—1+w

_yg;\—(aﬂ)pwarzi;fﬁ _ |x,—(a+1)p+5f(Mz§,ﬁ>

_|m’—(a+1)p+,3

%}wdx
Mz?71+7)
A

= / Bl [awp—l — by’ — f() — i]wdx. (2.16)
Qs ()
On the other hand on ©y = O\, we have z; = o, and from the
definition of ¢y, for ¢ < ¢y we have

C 1 o p p—1 .
B Vi 13( _ <7> )\) 2.17
w3 AT BTy ! (2.17)
and also from the choice of M we have
p(r—p+1) —1.
bMT P, plty < l(a _ <L>p )\>7 (218)

A 3 p—1+4+7y
p(l—p+1) 1

—1.
AMl—p+1 Py 7( — (L)p )\) 2.19
“ =3\ T o1y (219
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By combining (2.17), (2.18) and (2.19) we have

/ 2| 7P| V[P 2V Vwda
Qo

:t/‘ er%a+1W+6A4p—1< p )p1XZ;?H2
Qo p—1l+ny A

p—1 (=nk=1)
) 2

p—1+vy

— ‘x|—(a+1)p+ﬁMp—1 (L X
A

p—1+7
-1 — _ Vz:|P
o |x|—apMp—1( p )p (1 7)(p 1) | Z)\| }U}dﬂj

p—1+ny (p—1+7) ijlpﬂ
A
_ (p=1)
< [ el ()R e
—Ja, -1+~ A
(a+1)p+8 3 .
S (i)
Qo P 1+7 1 -1+ A
b
(a+)p+B8 - 1
x c
</ M g e o)
Qo 2P T4
b
-1_p 1 r—p+1 p(T:lp:U
+ MP z;\(ga—bM Pl )
1 p(l—p+1)
+ MmP1 §(3 —AMl_p'sz\”*1+W )de:v

p(p—1)

rp
SL/) ﬂmr*a+lw+ﬂ(aﬂ4p—1z§*Hﬂ<—bA4Tz§*Hﬁ
Qo

l p1l+ =
— AM' 2P — —— 7T “’)}wdm
A MY A

p p
< /QO [’x‘—(a+1)p+6 (a(Mz)f\’*l” )p—l _ b(Mz)f\’*“V)’"
= &
——f(AJz§’1+”)——444——77——f>}1udm
(sz’j*1+7 )
= [ el I gt by — () - Syuwde. (220)
o (Chl

By using (2.16) and (2.20) we see that 1 is a sub-solution of (EI)
Next, we construct a supersolution ¢ of (1.1) such that ¢ > 1. By (Hs)
and r > p—1 we can choose a S* such that au?~! —bu" — f(u) — & < S*
for all w > Q. _Let ¢ = (S*)P%lg(a:), where ((x) is the unique positive
solution of (R.2). We shall verify that ¢ is a super solution of ([L.1). To
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this end, let w € W. Then we have

/ 2| P |V [P~V - Vwdz
)

:S*/ |x|_(o‘+1)p+ﬁwdx
0

—(« — r c
> / 2|~ (a1 " () — Y.
Q o

Then, ¢ is a supersolution of (EI) Finally, we can choose S* > 1 such
that ¢ > 9 in Q. This completes the proof of Theorem @ U
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