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Abstract. In this paper we consider the quasilinear system
−∆pu = λg(x)f1(u, v) + µh1(u) in x ∈ Ω

−∆qv = λg(x)f2(u, v) + µh2(v) in x ∈ Ω

u(x) = v(x) = 0 on x ∈ ∂Ω ,

Where Ω is a bounded domain in Rn with smooth boundary ∂Ω,
λ > 0 is a parameter and g is C1 sign-changing function that may
be negative near the boundary and h1, h2, f1, f2 are nondecreasing
functions and satisfy in additional conditions that We shall express
in the following. Additionally, we using weak subsolution and su-
persolution methods and introduce the energy functional associa-
tion to our problem, and subsequently analyze the existence of a
solution within the framework of the energy functional we will dis-
cuss in context the existence of solutions for said problem.
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1. Introduction
In almost all physical and engineering problems, an unknown function

to be appears in an equation and must be determined. More generally,
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not only there is an unknown, but also its various derivatives in different
combinations do appear in function the equations as well leading to a
partial differential equation (PDE). So the mathematical problem is to
find the unknown function from the equation and study its properties.
This will not be an easy task at all as the various physical phenomena
are diverse in nature and this diversity is reflected in the equations as
well. For the same reason, obtaining very general results is quite hard,
in fact it is almost impossible. Partial differential equations (PDEs)
are central to mathematics be it pure or applied. That fact is a conse-
quence of the interplay between PDEs and their real-world applications.
This is in keeping with the philosophy that the basic simple structure
of many PDEs enables knowledge-holders to make a quantitative model
of almost any continuous process occurring around them. More ex-
actly, PDEs arise in mathematical models whose dependent variables
vary continuously as functions of several independent variables, usually
space and time. Sub- and supersolutions have played an important role
in the study of nonlinear boundary value problems for elliptic partial
differential equations for a long time. While some of the underlying
principles are already present in the Perron process for obtaining har-
monic functions satisfying (in a generalized sense) given boundary data
[12]. Scorza-Dragoni�s paper [13] was one of the earliest works, where the
existence of an ordered pair of solutions of differential inequalities was
used to establish the existence of a solution of a given boundary value
problem for a nonlinear second order ordinary differential equation. This
was followed by some fundamental work of Nagumo [16] which inspired
much work on such problems subject to Dirichlet boundary conditions
for both ordinary and partial differential equations during the decade of
the sixties [14, 15].

In section 2 we express preliminaries about the quasilinear system of
boundary value the problem, in section 3, we express the main results
and some theorem about the problem and then in section 4, we use
weak subsolution and supersolution methods and introduce the energy
functional association to our problem, and subsequently analyze the ex-
istence of a solution within the framework of the energy functional for
said problem.
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2. Preliminaries
In this paper we consider the quasilinear system of boundary value

problem 
−∆pu = λg(x)f1(u, v) + µh1(u) in x ∈ Ω

−∆qv = λg(x)f2(u, v) + µh2(v) in x ∈ Ω (1)

u(x) = v(x) = 0 on x ∈ ∂Ω ,

Where Ω is a bounded domain in Rn with smooth boundary ∂Ω, ∆zu =
div(|∇u|z−2∇u) that is called z-Laplacian operator for z > 1, λ > 0 is a
parameter.

In [1, 8] the authors considered the existence of positive solutions for
the p-Laplacian system with large λ

−∆pu = λf(v) in x ∈ Ω

−∆qv = λg(u) in x ∈ Ω (2)

u(x) = v(x) = 0 on x ∈ ∂Ω .

such that f(z), g(z) are the increasing function in [0,∞) and satisfy in
additional conditions. Casheng Chen studied the existence of a positive
weak solution for the quasilinear elliptic system with each λ > 0 see
[9, 10]. In [5] the authors considered the system:


−∆pu = λf(u, v) in x ∈ Ω

−∆qv = λg(u, v) in x ∈ Ω (3)

u(x) = v(x) = 0 on x ∈ ∂Ω .

They discussed the existence of a large positive solution for λ large when

lim
x→∞

f(M(g(x, x))
1

xq−1

xp−1
= 0

for every M > 0 and lim
x→∞

g(x,x)
xp−1 = 0. In this paper, we shall prove upon

conditions on functions that our problem admits a positive weak solu-
tion with each λ, µ > 0. To end this, we use the method of sub-super
solutions, see [4, 6, 7].
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In this paper, we focus on sign-changing weight functions g and also
do not assume any sign condition on h1(0) or h2(0).

To precisely state our theorem we first consider the eigenvalue prob-
lem  −∆zu = λ|u|z−2u in x ∈ Ω

u = 0 on x ∈ ∂Ω (z = p, q). (4)

We make the following assumptions:

(A.1) h1, h2 ∈ C1(Ω̄) are nondecreasing functions,
lim
x→∞

h1(x) = lim
x→∞

h2(x) = ∞,

and

lim
x→∞

h1(M(h2(x))
1

xq−1

xp−1
= 0,

for all M > 0.

(A.2) f1, f2 ∈ C1(Ω̄× Ω̄) are nonnegative, nondecreasing functions and

lim
u→∞

f1(u, .)

up−1
= 0, lim

v→∞

f2(., v)

vq−1
= 0.

Definition 2.1. A pair of nonnegative functions (ψ1, ψ2) and (φ1, φ2)
are called a weak subsolution and supersolution of our problem (1), if
they satisfy ψi(x) ≤ φi(x) in Ω for i = 1, 2 and∫
Ω

|∇ψ1|p−2∇ψ1.∇w1dx ≤ λ

∫
Ω

g(x)f1(ψ1, ψ2)w1dx+µ

∫
Ω

h1(ψ1)w1dx (5)

∫
Ω

|∇ψ2|q−2∇ψ2.∇w2dx ≤ λ

∫
Ω

g(x)f2(ψ1, ψ2)w2dx+µ

∫
Ω

h2(ψ2)w2dx (6)

∫
Ω

|∇φ1|p−2∇φ1.∇w1dx ≥ λ

∫
Ω

g(x)f1(φ1, φ2)w1dx+µ

∫
Ω

h1(φ1)w1dx (7)

∫
Ω

|∇φ2|q−2∇φ2.∇w2dx ≥ λ

∫
Ω

g(x)f2(φ1, φ2)w2dx+µ

∫
Ω

h2(φ2)w2dx (8)

for w1, w2 ∈W = {ϕ ∈ C∞
0 (Ω̄) : ϕ ≥ 0 in Ω}.

Here, we assume that the weight g takes nonnegative values in Ω but
requires g to be strictly positive in Ω − ∂Ω̄δ then, there exist positive
β, η constants such that g(x) ≥ −β on Ωδ and g(x) ≥ η on Ω − ∂Ω̄δ.
Let t0 > 0 be such that ηf1(t, .) + h1(t) > 0 and ηf2(., t) + h2(t) > 0 for
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any t > t0 and f01 = max{0,−f1(0, .)} and f02 = max{0,−f2(., 0)}. for
γ > t0

α we define

A(γ) = min{ mγp

βf1((
p

p−1)γ
p

p−1 , .) + f01
,

mγq

βf2(., (
q

q−1)γ
q

q−1 ) + f02
},

B(γ) = max{ γpλ1

ηf1((
p

p−1)γ
p

p−1α, .) + h1((
q

q−1)γ
q

q−1α)
,

γqλ2

ηf2(., (
q

q−1)γ
q

q−1α) + h2((
p

p−1)γ
p

p−1α)
},

where α = min{σ
p

p−1

1 , σ
q

q−1

2 }.

Let W 1,p(Ω) be the Sobolev space and W 1,p
0 (Ω) be the closure of C∞

0 (Ω)
in W 1,p(Ω).

Definition 2.2. Let X = W 1,p
0 (Ω) × W 1,q

0 (Ω) we define the energy
functional Φ : X → R associated to problem (1) as follows:

Φ(u, v) =
1

p

∫
Ω
|∇u|p + 1

q

∫
Ω
|∇v|q −

∫
Ω
[λg(x)f(u, v) + µh(u)].

then ϕ is C1 functional whose critical points are solutions to problem
(1).

3. Main result
Theorem 3.1. Suppose that (A.1)-(A.2) hold and G = {t > t0

α : B(t) ≤
A(t)} 6= ∅. Let T =

∪
t∈G

[B(t), A(t)], for (λ+ µ) ∈ T then the quasilinear

system of boundary value problem (1) has at least one positive solution.

Proof. Let λ1, λ2 be the respective first eigenvalues of ∆p,∆q with
Dirichlet boundary conditions and Φ1,Φ2 the corresponding eigenfunc-
tions with

Φ1,Φ2 > 0,

and ‖Φ1‖∞ = ‖Φ2‖∞ = 1. Since |∇Φi| 6= 0 on ∂Ω and also Φi = 0 on
∂Ω for i = 1, 2, there exist δ ≥ 0 and σ1, σ2 ∈ (0, 1] and m > 0 for which |∇Φ1|p − λ1Φ

p
1 ≥ m on ∂Ω̄δ (9)

Φ1 ≥ σ1 on Ω− ∂Ω̄δ

,

 |∇Φ2|q − λ2Φ
q
2 ≥ m on ∂Ω̄δ (10)

Φ2 ≥ σ2 on Ω− ∂Ω̄δ

,

Where Ωδ = {x ∈ Ω : d(x, ∂Ω) ≤ δ}.
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Let λ + µ ∈ T and γ > t0
α be such that λ + µ ∈ [B(t), A(t)]. We will

prove that

(ψ1, ψ2) = [((λ+ µ)
1

p−1 /k)γ
1

p−1Φk
1, ((λ+ µ)

1
q−1 /l)γ

1
q−1Φl

2]

is a sub-solution, where k = p
p−1 and l = q

q−1 , then it follows from (9)∫
Ω

|∇ψ1|p−2∇ψ1.∇w1dx = γp(λ+ µ)

∫
Ω

Φ1|∇Φ1|p−1∇Φ1.∇w1dx =

γp(λ+ µ)

∫
Ω

[|∇Φ1|p−∇Φ1.∇(Φ1w1)− |∇Φ1|pw1]dx =

γp(λ+ µ)

∫
Ω

(λ1Φ
p
1 − |∇Φ1|p)w1dx.

Similarly, we have from (10) that∫
Ω

|∇ψ2|q−2∇ψ2.∇w2dx = γq(λ+ µ)

∫
Ω

(λ2Φ
q
2 − |∇Φ2|q)w2dx.

(a) If x ∈ Ω̄δ, since (λ+ µ) ≤ A(γ) so (λ+ µ) ≤ mγp

βf1((
p

p−1
)γ

p
p−1 ,.)+f01

,

then −mγp ≤ (λ+ µ)[− mγp

βf1((
p

p−1
)γ

p
p−1 ,.)−f01

] and∫
Ω̄δ

|∇ψ1|p−2∇ψ1.∇w1dx = γp(λ+ µ)

∫
Ω̄

Φ1|∇Φ1|p−2∇Φ1.∇w1dx ≤

γp(λ+ µ)

∫
Ω̄δ

(−m)w1dx ≤ (λ+ µ)

∫
Ω̄δ

[− mγp

βf1((
p

p−1)γ
p

p−1 , .) + f01
]w1dx ≤

λ

∫
Ω̄δ

g(x)f1(ψ1, ψ2)w1dx+ µ

∫
Ω̄δ

h1(ψ1)w1dx.

(b) If x ∈ Ω− Ω̄δ, since (λ+ µ) ≥ B(γ)

so
(λ+ µ) ≥ γpλ1

ηf1((
p

p−1)γ
p

p−1α, .) + h1((
q

q−1)γ
q

q−1α)
,
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then ∫
Ω−Ω̄δ

|∇ψ1|p−2∇ψ1.∇w1dx = γp(λ+ µ)

∫
Ω−Ω̄δ

Φ1|∇Φ1|p−2∇Φ1.∇w1dx ≤

γp(λ+ µ)

∫
Ω−Ω̄δ

λ1w1dx ≤ γp(λ+ µ)

∫
Ω−Ω̄δ

γpλ1

ηf1((
p

p−1)γ
p

p−1α, .) + h1((
q

q−1)γ
q

q−1α)
w1dx ≤

λ

∫
Ω−Ω̄δ

g(x)f1(ψ1, ψ2)w1dx+ µ

∫
¯Ω−Ωδ

h1(ψ1)w1dx.

Now for ψ2

(a) If x ∈ Ω̄δ then λ+ µ ≤ A(γ), therefore

λ+ µ ≤ mγq

βf2(., (
q

q−1)γ
q

q−1 ) + f02
,

then
−mγq ≤ (λ+ µ)[−βf2(.,

q

q − 1
γ

1
q−1 )− f02],

so

∫
Ω̄δ

|∇ψ2|q−2∇ψ2.∇w2dx = γq(λ+ µ)

∫
Ω̄

Φ2|∇Φ2|q−2∇Φ2.∇w2dx ≤

γq(λ+ µ)

∫
Ω̄δ

(−m)w2dx ≤ (λ+ µ)

∫
Ω̄δ

[− mγq

βf2(., (
q

q−1)γ
q

q−1 ) + f02
]w2dx ≤

λ

∫
Ω̄δ

g(x)f2(ψ1, ψ2)w2dx+ µ

∫
Ω̄δ

h2(ψ2)w2dx.

(b) If x ∈ Ω− Ω̄δ then (λ+ µ) ≥ B(γ) thus

(λ+ µ) ≥ γqλ2

ηf2(., (
q

q−1)γ
q

q−1α) + h2((
p

p−1)γ
p

p−1α)
.

Therefore
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∫
Ω−Ω̄δ

|∇ψ2|q−2∇ψ2.∇w2dx = γq(λ+ µ)

∫
Ω−Ω̄δ

Φ2|∇Φ2|q−2∇Φ2.∇w2dx ≤

γq(λ+ µ)

∫
Ω−Ω̄δ

λ2w2dx ≤ γq(λ+ µ)

∫
Ω−Ω̄δ

γqλ2

ηf2(., (
q

q−1)γ
q

q−1α) + h2((
p

p−1)γ
p

p−1α)
w1dx ≤

λ

∫
Ω−Ω̄δ

g(x)f2(ψ1, ψ2)w2dx+ µ

∫
¯Ω−Ωδ

h2(ψ2)w2dx.

Therefore (ψ1, ψ2) is a sub-solution of our problem.

Next, we construct a supersolution (φ1, φ2) of our problem. Let e1(x), e2(x)
be the positive solutions of the following problems, respectively. −∆pe1 = 1 in x ∈ Ω, e1(x) = 0 on x ∈ ∂Ω

−∆qe2 = 1 in x ∈ Ω, e2(x) = 0 on x ∈ ∂Ω . (11)

Now, we prove by demonstrating that for a sufficiently large value of
the constant c. (φ1, φ2) = ( c

∥ep∥(λ+µ)
1

p−1 ep, [2f2(., c(λ+µ)
1

p−1 )]
1

q−1 (λ+

µ)
1

q−1 eq) is a super-solution, where (ep, eq) is the unique positive solu-
tion of

 −∆pe1 = 1 in x ∈ Ω, e1(x) = 0 on x ∈ ∂Ω

−∆qe2 = 1 in x ∈ Ω, e2(x) = 0 on x ∈ ∂Ω . (12)

By (A.1) and choosing c sufficiently large value we have

‖ep‖∞[‖g‖∞f1(c(λ+ µ)
1

p−1 , .) + h1([2f2(., c(λ+ µ)
1

p−1 )]
1

q−1 (λ+ µ)
1

q−1 eq)]

cp−1
≤ 1 , (13)

then
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∫
Ω

|∇φ1|p−2∇φ1.∇w1dx = (λ+ µ)(
c

‖ep‖∞
)p−1

∫
Ω

|∇ep|p−2∇ep.∇w1dx =

(λ+ µ)(
c

‖ep‖∞
)p−1

∫
Ω

w1dx ≥

(λ+ µ)

∫
Ω

[‖g‖∞f1(c(λ+ µ)
1

p−1 , .) + h1([2f2(., c(λ+ µ)
1

p−1 )])]w1dx ≥

(λ+ µ)

∫
Ω

[g(x)f1(c(λ+ µ)
1

p−1
ep

‖ep‖∞
, .) + h2(φ2)]w2dx,

and similarly by c sufficiently large value and assumptions

‖g‖∞f2(., [2f2(., c(λ+ µ)
1

p−1 )]
1

q−1 (λ+ µ)
1

q−1 eq)

h2(c(λ+ µ)
1

p−1 )
≤ 1 , (14)

then

∫
Ω

|∇φ2|q−2∇φ2.w2dx = 2(λ+ µ)h2(c(λ+ µ)
1

p−1 )

∫
Ω

w2dx ≥

(λ+ µ)

∫
Ω

|g|∞f2(., 2(λ+ µ)h2(c(λ+ µ)
1

p−1 ) + h2(c(λ+ µ)
1

p−1 ))w2dx ≥

λ

∫
Ω

(g(x)f2(φ1, φ2) + µ

∫
Ω

h2(φ2))w2dx.

Theorem 3.2. Assume that u 7→ f1(u, v), u 7→ f2(u, v) are nondecreas-
ing for a.e u > 0 and v 7→ f1(u, v), v 7→ f2(u, v) are nondecreasing for
a.e v > 0 and f1(0, v) = f2(u, 0) = 0 for a.e u, v > 0, and there exists
C > 0 such that |f1(u, v)| ≤ C(1+ |u|p−1) and |f2(u, v)| ≤ C(1+ |v|q−1).
Also, suppose that problem (1) admits a supersolution (ū, v̄) and a subso-
lution (u, v) with u ≤ ū and v ≤ v̄ in Ω, then problem (1) has a solution
(u0, v0) with u0, v0 > 0 in Ω.
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Proof. For a functions fi : Ω× Ω → R for i = 1, 2 we define

Fi(r, t) =



fi(r, t) u ≤ r ≤ ū, v ≤ t ≤ v̄

fi(u, t) r ≤ u, v ≤ t ≤ v̄

fi(r, v) u ≤ r ≤ ū, t ≤ v

fi(u, v̄) u ≤ r, t ≤ v

fi(ū, t) r ≤ ū, v ≤ t ≤ v̄

fi(ū, v̄) ū ≤ r, v̄ ≤ t

fi(u, v̄) r ≤ u, v̄ ≤ t

fi(ū, v) ū < r, t < v

fi(r, v̄) u ≤ r ≤ ū, v̄ < t

We will construct two sequences un ∈ W 1,p
0 (Ω) and vn ∈ W 1,q

0 (Ω)
, n ∈ N for the following problem

−∆pu = λg(x)F1(u, v̄) + µh(u) in Ω

u = o on ∂Ω. (2)

The energy functional associated with the above system is

Φ(u, v) =
1

p

∫
|∇u|p −

∫
Ω

∫
[0,u]

[λg(x)F1(r, v̄) + µh(u)]drdx,

Which is bounded of below in W 1,p
0 (Ω). Therefore the infimum of Φ(., .)

is achieved at some point u1 ∈ W 1,p
0 (Ω) ∩ C1(Ω) which is a solution

of problem (2). We claim that u(x) ≤ u1(x) ≤ ū(x), ∀x ∈ Ω. Indeed
assume that the set A := {x ∈ Ω : u1(x) ≤ u(x)} is nonempty. Since
it must have positive measures and

−∆pu1 = λg(x)f1(u1, v̄) + µh(u1) in A

while

−∆pu ≤ λg(x)f1(u, v̄) + µh(u) in A.
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multiplying two above relations with u − u1 and integrating over A we
get

∫
A
|∇u1|p−2∇u1∇(u− u1) =∫

A
[λg(x)f1(u1, v̄) + µh(u1)](u− u1)

and ∫
A
|∇u|p−2∇u∇(u− u1) ≤∫

A
[λg(x)f1(u, v̄) + µh(u)](u− u1)

which combined yield

∫
A
[|∇u|p−2∇u− |∇u1|p−2∇u1]∇(u− u1) < 0,

so contradicting the strong monotonicity of the −∆p operator. Therefore
A is empty. Similarly, if we set B : {x ∈ Ω ū(x) ≤ u1(x)} then we can
prove that B is empty. Thus u1(x) ≤ ū(x).

Now we consider the problem


−∆qv = λg(x)F2(u1, v) + µh(u1) in Ω

v = o on Ω. (3)

Working as problem (2) we can show that it admits a solution v1 ∈
W 1,q

0 (Ω)∩C1(Ω̄) with v(x) ≤ v1(x) ≤ v̄(x). Assuming that un ∈W 1,p
0 (Ω)

and vn ∈ W 1,q
0 (Ω) for n = 1, 2, ..., k − 1 have been defined, we let uk ∈

W 1,p
0 (Ω) be a solution of problem (2) with vk−1 in the place of v̄ and

vk ∈ W 1,q
0 (Ω) be a solution of problem (3) with uk in the place of u1.

Since Fi for i = 1, 2 are bounded, the sequences un ∈ W 1,p
0 (Ω) and

vn ∈ W 1,q
0 (Ω) are bounded, therefore un → u0 weakly in W 1,p

0 (Ω) and
vn → v0 weakly in W 1,q

0 (Ω). By the continuity of f1(., .) and f2(., .) and
Sobolove embedding, we easily deduce that (u0, v0) is a solution of the
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system 

−∆pu = λg(x)F1(u, v̄) + µh(u) in Ω

u = o on Ω,

−∆qv = λg(x)F2(u1, v) + µh(u1) in Ω

v = o on Ω,

while
u(x) ≤ u0(x) ≤ ū(x),

v(x) ≤ v0(x) ≤ v̄(x),

for all x ∈ Ω. Therefore
F1(u0, v0) = f1(u0, v0), F2(u0, v0) = f2(u0, v0).

Consequently, (u0, v0) is a critical point of Φ(., .) and therefore a solution
of problem (1). By hypotheses we have

−∆pu < f1(u, v) ≤ f1(u0, v0) = −∆pu0 in Ω

and so by the strong comparison principle in [11] we deduce that 0 ≤
u < u0 in Ω. By similar way we can show that v0 > 0 in Ω.

In the next section, we use weak subsolution and supersolution methods
and analyze the existence of a solution within the framework of the en-
ergy functional for said problem.

4. L-sub and L-super solutions

Let W 1,p(Ω) be the Sobolev space and W 1,p
0 (Ω) be the closure of

C∞
0 (Ω) in W 1,p(Ω). The norms in Lp(Ω) and W 1,p(Ω) are defined by

‖f‖Lp(Ω) = (

∫
Ω
|f |pdx)

1
p and ‖f‖W 1,p(Ω) =

∑
|β|≤1

‖Dβf‖Lp(Ω).

Definition 4.1. A function (u, v) is said to be a weak L-subsolution of
equation (1) in Ω

u = max{ui : ui is a weak subsolution of (1)}
and ui ∈W 1,p(Ω) ∩ L∞(Ω) and

v = max{vi : vi is a weak subsolution of (1)}
and vi ∈W 1,p(Ω) ∩ L∞(Ω).
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Definition 4.2. A function (u, v) is said to be a weak L-supersolution
of equation (1) in Ω

u = max{ui : ui is a weak supersolution of (1)}

and ui ∈W 1,p(Ω) ∩ L∞(Ω) and
v = max{vi : vi is a weak supersolution of (1)}

and vi ∈W 1,p(Ω) ∩ L∞(Ω).

Theorem 4.3. Let (û, v̂) and (ǔ, v̌) be respectively weak L-subsolution
and weak L-supersolution of problem (1) in Ω such that û ≤ ǔ and v̂ ≤ v̌
a.e in Ω. Suppose that there exist two constants α, β ∈ (0, ] and functions
f, g ∈ L1(Ω) such that

|B1(x, u, v)| ≤ jp(|u|)(|f(x)|+ |u|p−α)

|B2(x, u, v)| ≤ jq(|v|)(|g(x)|+ |v|q−β)

for all x ∈ Ω and (u, v) ∈ R × R where j : [0,∞) → [0,∞) is a nonde-
creasing function and

B1(x, u, v) = λg(x)f1(u, v) + µh1(u)

and
B2(x, u, v) = λg(x)f2(u, v) + µh2(v).

Then the problem (1) has a positive solution (u, v) such that û ≤ u ≤ ǔ
and v̂ ≤ v ≤ v̌ a.e in Ω.

Proof. Since (û, v̂) and (ǔ, v̌) are weak L−subsolution and weak
L−supersolution therefore
û = max{ûi : ûi is weak subsolution ∀ i = 1, .., n ûi ∈W 1,p(Ω)∩L∞(Ω)},

v̂ = max{v̂i : v̂i is weak subsolution ∀ i = 1, .., n v̂i ∈W 1,q(Ω)∩L∞(Ω)}
and
ǔ = min{ǔi : ǔi is weak supersolution ∀ i = 1, ..., n ǔi ∈W 1,p(Ω)∩L∞(Ω),

v̌ = min{v̌i : v̌i is weak supersolution ∀ i = 1, ..., n v̌i ∈W 1,q(Ω)∩L∞(Ω).

For any i = 1, ..., n and every φ ∈ C∞
0 (Ω) we have

(15)

∫
Ω
|∇ûi|p−2∇ûi.∇φ ≤

∫
Ω
B1(x, ûi, v)φ,

∫
Ω
|∇v̂i|q−2∇v̂i.∇φ ≤

∫
Ω
B1(x, u, v̂i)φ

and

(16)

∫
Ω
|∇ǔi|p−2∇ǔi.∇φ ≥

∫
Ω
B2(x, ǔi, v)φ,

∫
Ω
|∇v̌i|q−2∇v̌i.∇φ ≥

∫
Ω
B2(x, u, v̌i)φ.
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For functions Fi : Ω× R× R for all i = 1, ..., n we define

F̃i(x, s, t) =



fi(x, s, t) ûi(x) ≤ s ≤ ǔi(x), v̂i(x) ≤ t ≤ v̌i(x)

fi(x, ûi(x), t) s < ûi(x), v̂i(x) ≤ t ≤ v̌i(x)

fi(x, s, v̂i(x)) ûi(x) ≤ s ≤ ǔi(x), t < v̂i(x)

fi(x, ûi(x), v̂i(x)) s < ûi(x), t < v̂i(x)

fi(x, ǔi(x), t) ǔi(x) < s, v̂i(x) ≤ t ≤ v̌i(x)

fi(x, ǔi(x), v̌i(x)) ǔi(x) < s, v̌i(x) < t

fi(x, ûi(x), v̌i(x)) ûi(x) > s, v̌i(x) > t

fi(x, ǔi(x), v̂i(x)) ǔi(x) < s, t < v̂i(x)

fi(x, s, v̌i(x)) ûi(x) ≤ s ≤ ǔi(x), v̌i(x) < t

We will consider two sequences in product space W 1,p
0 (Ω)×W 1,q

0 (Ω) as
follows: we take (un, vn) ∈W 1,p

0 (Ω)×W 1,q
0 (Ω) and consider the following

problem  −∆pu = B1(x, u, v̌) in Ω

u = 0 on ∂Ω. (17)

The Euler-Lagrange functional associated with the system (17) is

Φ̆(u) =
1

p

∫
Ω
|∇u|p −

∫
Ω

∫
[0,u]

B̃1(x, s, v̌)dsdx

which is bounded from below, weakly lower semi-continuous and co-
ercive in W 1,p

0 (Ω). Therefore, the inf Φ̆(.) is achieved at some point
u1 ∈ W 1,p

0 (Ω) ∩ C1(Ω̄) which is a solution of problem (17). We claim
that

ûi(x) ≤ û(x) ≤ u1(x) ≤ ǔ(x) ≤ ǔi(x) ∀ x ∈ Ω.

Indeed, assume that the set

A = {x ∈ Ω : ûi(x) > u1(x)}

is nonempty. Since it is an open set, the problem has a positive measure
and

(18) −∆pu1 = B1(x, u1, v̌) in A
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while
(19) −∆pûi < B(x, ûi, v̌ in A ∀ i = 1, ...n .

By the relations (15), (16) and multiplying (18), (19) with ûi − u1 and
integrating over A we obtain∫

Ω
|∇u1|p−2∇u1∇(ûi − u1)dx =

∫
Ω
B1(x, u1, v̌)(ûi − u1)dx

and∫
Ω
|∇ûi|p−2ûi∇(ûi − u1)dx =

∫
Ω
B1(x, ûi, v̌)(ûi − u1)dx ∀ i = 1, .., n .

Therefore, combined yield∫
Ω
[|∇ûi|p−2∇ûi − |∇u1|p−2∇u1]∇(ûi − u1) < 0

contradicting the strong monotonicity of the −∆p operator. Thus A is
empty. Similarly, u1(x) ≤ ǔi(x) for any x ∈ Ω. Consider the following
problem

 −∆qv = B2(x, u1, v) in Ω

v = 0 on ∂Ω. (20)

Working as in (17) we can show that it admits a solution v1 ∈W 1,q
0 (Ω)∩

C1(Ω̄) with

v̂i(x) ≤ v̂(x) ≤ v1(x) ≤ v̌(x) ≤ v̌i(x) a.e. in Ω.

Assuming now that (un, vn) ∈W 1,p
0 (Ω)×W 1,q

0 (Ω) n = 1, ..., k − 1 have
been defined, we let uk ∈ W 1,p

0 (Ω) be a solution of (17)with vk−1 in
the place of v̌i and vk ∈ W 1,p

0 (Ω) be a solution of (20) with uk in the
place of u1. Since b̃1(x, s, t) and b̃2(x, s, t) are bounded, the sequences
un ∈W 1,p

0 (Ω) and vn ∈W 1,q
0 (Ω) are also bonded, thus un → u weakly in

W 1,p
0 (Ω) and vn → v weakly in W 1,q

0 (Ω). By the continuity of B1(x, ., .)
and B2(x., ., ) the sobolve embedding we easily deduce that (u, v) is so-
lution of the system


−∆pv = B1(x, u, v) in Ω

−∆qv = B2(x, u, v) in Ω

v = u = 0 on ∂Ω.
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while
ûi(x) ≤ û(x) ≤ u1(x) ≤ ǔ(x) ≤ ǔi(x) ∀ x ∈ Ω

and
v̂i(x) ≤ v̂(x) ≤ v1(x) ≤ v̌(x) ≤ v̌i(x) a.e. in Ω.

Therefore B̃1(x, u, v) = B1(x, u, v) and B̃2(x., u, v) = B2(x, u, v). Conse-
quently, (u, v) is a critical point of ϕ(., .) and hence a solution of problem
(1). By assumption

−∆P û < B1(x, û, v̂) ≤ B1(x, u, v) = −∆pu in Ω

and so by the strong comparison principle in [11] we deduce that
0 ≤ û < u in Ω.

Similarly we can obtain v > 0 in Ω.
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