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ABSTRACT. In this paper we consider the quasilinear system

—Apu = Ag(z) f1(u,v) + phi(u) in x € Q
—Agv = Ag(z) f2(u,v) + phe(v) in x € Q
u(z) =v(z) =0o0n z €0,

Where 2 is a bounded domain in R" with smooth boundary 92,
A > 0 is a parameter and ¢ is C' sign-changing function that may
be negative near the boundary and hi, ha, f1, f2 are nondecreasing
functions and satisfy in additional conditions that We shall express
in the following. Additionally, we using weak subsolution and su-
persolution methods and introduce the energy functional associa-
tion to our problem, and subsequently analyze the existence of a
solution within the framework of the energy functional we will dis-
cuss in context the existence of solutions for said problem.

Keywords: Positive solutions; quasilinear elliptic system; super-
solution and subsolution; energy functional.
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1. Introduction

In almost all physical and engineering problems, an unknown function
to be appears in an equation and must be determined. More generally,
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not only there is an unknown, but also its various derivatives in different
combinations do appear in function the equations as well leading to a
partial differential equation (PDE). So the mathematical problem is to
find the unknown function from the equation and study its properties.
This will not be an easy task at all as the various physical phenomena
are diverse in nature and this diversity is reflected in the equations as
well. For the same reason, obtaining very general results is quite hard,
in fact it is almost impossible. Partial differential equations (PDESs)
are central to mathematics be it pure or applied. That fact is a conse-
quence of the interplay between PDEs and their real-world applications.
This is in keeping with the philosophy that the basic simple structure
of many PDEs enables knowledge-holders to make a quantitative model
of almost any continuous process occurring around them. More ex-
actly, PDEs arise in mathematical models whose dependent variables
vary continuously as functions of several independent variables, usually
space and time. Sub- and supersolutions have played an important role
in the study of nonlinear boundary value problems for elliptic partial
differential equations for a long time. While some of the underlying
principles are already present in the Perron process for obtaining har-
monic functions satisfying (in a generalized sense) given boundary data
[12]. Scorza-Dragoni s paper [[L3] was one of the earliest works, where the
existence of an ordered pair of solutions of differential inequalities was
used to establish the existence of a solution of a given boundary value
problem for a nonlinear second order ordinary differential equation. This
was followed by some fundamental work of Nagumo [[16] which inspired
much work on such problems subject to Dirichlet boundary conditions
for both ordinary and partial differential equations during the decade of
the sixties [14, [15].

In section 2 we express preliminaries about the quasilinear system of
boundary value the problem, in section 3, we express the main results
and some theorem about the problem and then in section 4, we use
weak subsolution and supersolution methods and introduce the energy
functional association to our problem, and subsequently analyze the ex-
istence of a solution within the framework of the energy functional for
said problem.
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2. Preliminaries

In this paper we consider the quasilinear system of boundary value
problem

—Apu = Ag(2) fi(u,v) + phi(u) in z € Q
—Agv = Ag(z) fa(u, v) + pho(v) in z € Q (1)
u(z) =v(x) =0o0n x € 00,

Where €2 is a bounded domain in R™ with smooth boundary 02, A,u =
div(|Vu|*~2Vu) that is called z-Laplacian operator for z > 1, A > 0 is a
parameter.

In [, 8] the authors considered the existence of positive solutions for
the p-Laplacian system with large A

—Apu = Af(v) in x € Q
—Agv = Ag(u) in x € Q (2)
u(z) =v(x) =0onz € 0N .

such that f(z),g(z) are the increasing function in [0, 00) and satisfy in
additional conditions. Casheng Chen studied the existence of a positive
weak solution for the quasilinear elliptic system with each A > 0 see
[9, 10]. In [5] the authors considered the system:

—Apu = Af(u,v) in z € Q
—Agv = Ag(u,v) in z € Q (3)
u(z) =v(x) =0o0n x € 0N .

They discussed the existence of a large positive solution for A large when

L J(M (gl @)

T—00 ;L'P—l

=0

g(zx) _
zp—1

for every M > 0 and lim 0. In this paper, we shall prove upon
Tr—00

conditions on functions that our problem admits a positive weak solu-
tion with each A, u > 0. To end this, we use the method of sub-super
solutions, see [4, 6, [7].
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In this paper, we focus on sign-changing weight functions g and also
do not assume any sign condition on h;(0) or ha(0).

To precisely state our theorem we first consider the eigenvalue prob-
lem

—Au = MNul2uin z € Q
u=0onx€d (2=pq). (4)

We make the following assumptions:

(A.1) hy, hy € CH(Q) are nondecreasing functions,
xlggo hi(z) = xlbrlgo ha(z) = oo,

and )
231
T—00 xrp—1
for all M > 0.
(A.2) f1, f2 € CH(2 x Q) are nonnegative, nondecreasing functions and
i 1% )_01 f2(v) _
u—soo b1 vooo pid—1

Definition 2.1. A pair of nonnegative functions (11,12) and (1, p2)
are called a weak subsolution and supersolution of our problem (1), if
they satisfy ¢;(x) < p;(z) in  for i = 1,2 and

/Wlﬁl\p_QV%-dew < A/ (x)fl(%,%)wldxﬂﬁ/h1(¢1)w1d90 (5)

Q

/\V¢2|qzv¢2-vw2d$ < A/g ) fa(1, Y2)wadz+p

2

ha(12)wadz (6)

) )
/W%\‘DQV%-VUJMQS > )\/9 ) fi1(e1, p2)widz+p [ hi(er)wide (7)
)

/W%\q_QVW-V?ﬂde > X [ g(z) falpr, p2)wadz+p | ha(p2)wadz (8)

D\b

fOI'U]l,'UJQEW {p € C°(Q): ¢ > 0in Q}.

Here, we assume that the weight g takes nonnegative values in {2 but
requires g to be strictly positive in € — 0€s then, there exist positive
3,n constants such that g(z) > —3 on s and g(x) > 1 on Q — 9.
Let ty > 0 be such that nfi(t,.) + hi1(t) > 0 and nfa(.,t) + ha(t) > 0 for
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any t > to and fo1 = max{0,—f1(0,.)} and fo2 = max{0,—f2(.,0)}. for
v > %0 we define

A(7) = min{ . , ; 2
BA(GED)YP 1, )+ for Bfa( () T) + fo2
B(v) = max{ 7" 7' }
nfilGE)y o) + (v ta) nfa(, (v Te) + ha((GE)yrTa)

. 5=T o1
where a = min{o{" " ,05 " }.

Let W1P(2) be the Sobolev space and Wol’p(ﬂ) be the closure of C§°(2)
in Wlr(Q).

Definition 2.2. Let X = Wol’p(Q) X Wol’q(Q) we define the energy
functional ® : X — R associated to problem (1) as follows:

1 1
Buv) = [ [VaP -+ [ (9ol = [ Pgta) (o) + phw)]
P Jo q.Ja Q
then ¢ is C! functional whose critical points are solutions to problem
(1).
3. Main result

Theorem 3.1. Suppose that (A.1)-(A.2) hold and G = {t > L2 : B(t) <
At)} #0. Let T = |J [B(t), A(t)], for (A + p) € T then the quasilinear
teG

system of boundary value problem (1) has at least one positive solution.

Proof. Let Ai, A2 be the respective first eigenvalues of A,, A, with
Dirichlet boundary conditions and ®1, ®5 the corresponding eigenfunc-
tions with

(131, Py > 0,
and || @1|cc = [|P2]|ec = 1. Since |V®;| # 0 on 02 and also ®; = 0 on
00 for i = 1,2, there exist 6 > 0 and 01,02 € (0, 1] and m > 0 for which

(VO [P — X\ @) > m on 0Qs (9)

O, > 01 on Q — 0

VP3| — Xa®d > m on 985 (10)

Py > 09 onQ—@Q(;
Where Q5 = {x € Q: d(z,00) < §}.
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Let A+ p € T and v > 2 be such that A + p € [B(t), A(t)]. We will
prove that

1 1 1
(%1, 92) = [(A+ p) 7= [R)y =T @, (A + )3T /1)y 7= )]
is a sub-solution, where k = -£5 and | = _Z3, then it follows from (9)
/|V¢1|p2v¢1.VM1daZ = ’Yp(/\ + u)/@1]V<I>1|p1V<I>1.Vw1d:I: =
Q Q
'7p()\ + ,U) /[V(I)llp_th.V((I)lwl) - |V‘I>1|pw1]d:n =
Q

’}/p()\ + ,u) /()\1@113 — |V<I>1|p)w1dx.
Q

Similarly, we have from (10) that

/|V¢2|Q_QV¢2.Vw2dx =~I(\+ p) /()\2@3 — V&3 | wadz.
Q Q

a) If z € Qg, since (A + ) < A(y) so (A4 p) < mi )
(@) (At u) <A so (At p) BA(GEYP L)+ for

then —mA? < (A + p)|— mﬂ and
A+l 5f1((%)’¥p51:-)*f01]

/ \V¢1|p_2v¢1.Vw1dx = ’}/p()\ + ,U) / <D1|V<I>1|p_2V<I>1.Vw1dx <

Qs Q
P
PO+ ) [ (—mywide < (A +p) [[- e Jwidz <
4 1 s{ BA(GEYPT, ) + for
A [ @it ynde + [ .
Qs Qs

(b) If x € Q — Qs, since (A + p) > B(¥)

SO
Y1

()\+ )Z 2 q
S AGE)Y e, ) + () Ta)

I
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then

/ (V1 P2V epy . Vwdz = P (N 4 p) / OV P2V, . Vwdr <

Q-Qs Q-Qs

YA
YN+ ) AMwirde < PN+ p) —widr <

Lo _4q
29 Q-9 nf((GE )7 ) + () Ta)

A / g($)f1(¢1,1/}2)w1dx+u / hl(wl)wlda:.

0 0-Q4

Now for 1

(a) If x € Qs then A\ + u < A(y), therefore

>\+,U§ mﬁyqi )
Bfa( (FE)vt) + fo2
then
< Ot ) [=Bh( ) ol
SO

/|V¢2|q_2V¢2.VIU2dZL‘ = vq(k + ,LL) / <I>2|V<I>2|q_2V<I>2.Vw2da: <

Qs 5
q
YA+ p) [ (~m)wnde < A+ p) [ [ o Jusdx <
J 2 S{ﬁmmﬁmﬂ+m2
)\/g(x)f2(¢17¢2)w2d96+u/h2(w2)w2d:c.
Qs Qs

(b) If x € Q — Qg then (A + u) > B(v) thus
YA

A+ ) > i p |
S ) + ()

Therefore
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/ |Vaha |92V ahy. Vwadz = (X + p) / By | VDo |12V Py Vwodr <

Q*Q} QfQ_&
YAz
V04 n) [ dawads <104 m) [ —— o wdr <
0 a, 0, nfa( (Z)veta) + ho((GE) vt o)
A / g(x) f2(Y1, 2 )wadr + p / ha(1p2)wadx.
Q—Qs -5

Therefore (11,12) is a sub-solution of our problem.

Next, we construct a supersolution (¢1, ¢2) of our problem. Let e;(x), ea(x)
be the positive solutions of the following problems, respectively.

—Aper =1linz €, ej(x) =0o0nz €

—Agea =1inz €, ea(x) =0o0nx €. (11)

Now, we prove by demonstrating that for a sufficiently large value of
1

1 1
the constant c. (¢1,p2) = (m()\_g_ﬂ) ey, [2f2( c(A+p)p1)] 7T (A +

1
p)i—Teq) is a super-solution, where (ep,e,) is the unique positive solu-
tion of

—Aper =1linz e, ej(x) =0o0nx € )

—Agea =1inz €Q, ez(x) =00n xz €. (12)
By (A.1) and choosing c¢ sufficiently large value we have

leplloollglloo fi(cON + )7, ) + ha(12f2(., c(A + )71 7T (A + @) 7T e,)]
cp—1

<1, (13)

then
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/'V(Pll”_QVle-ledm = (A + p)(
Q

)p_1/|Vep|p_2Vep.Vw1dx:

leplloo

€ 1 [ wide
Ot o s>

At 1) [ lgloofi(eOn+ m)71,) + by (1220 (A + )7 1)) da >

{O\

Ot ) oA+ 7T )+ hala)unds,
Q

and similarly by c sufficiently large value and assumptions

1 _

19 lloo f2 (- [2f2<.7c<A+u>ﬁ3]qil<A+u>ﬁeq>
ha(c(\+ ) 77)

<1, (14)

then

/ V2|92V g wadz = 2(X\ + p)ha(c(X + u)P%l) /wgda: >
Q Q

A+ 1) / 9loo S 200+ i ha(e(A + 7T + ha(e(A + 1) 7T uwadee >
Q

A @)oo+ [ haten)ad.

Q Q

Theorem 3.2. Assume that u — f1(u,v),u — fo(u,v) are nondecreas-
ing for a.e u > 0 and v — fi(u,v),v — fa(u,v) are nondecreasing for
a.e v >0 and f1(0,v) = fa(u,0) = 0 for a.e u,v > 0, and there exists
C > 0 such that | f1(u,v)| < C(1+uP7Y) and |fa(u,v)| < C(1+|v[?7 ).
Also, suppose that problem (1) admits a supersolution (u,v) and a subso-
lution (u,v) with uw < @ and v < v in §Q, then problem (1) has a solution
(ug, vo) with ug, vy > 0 in Q.
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Proof. For a functions f; : Q2 x Q — R for i = 1,2 we define

filmt)u<r<a

E(Tvt): fi(ﬂ,t)TS’l], v<t<v

We will construct two sequences wu, € I/VO1 P(Q) and v, € VVO1 1(0)
,n € N for the following problem

—Apu = Ag(x)Fi(u,0) + ph(u) in

u =0 on 08 (2)

The energy functional associated with the above system is
1
eu) =3 [1vap = [ [ Dg@)Firo) + ph(wldrda,
Q J10,u]

Which is bounded of below in VVO1 P(Q)). Therefore the infimum of ®(.,.)
is achieved at some point u; € I/VO1 P(Q) N C1()) which is a solution
of problem (2). We claim that u(z) < ui(z) < a(z), Vo € Q. Indeed
assume that the set A := {x € Q@ : wi(x) < u(x)} is nonempty. Since
it must have positive measures and

—Apuy = Ag(z) fi(u1,v) + ph(uy) in A

while

—Apu < Ag(2) fi(u,v) + ph(u) in A.
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multiplying two above relations with v — u; and integrating over A we
get

/ |Vu1\p_2Vu1V(u —uy) =
A

lADM@ﬁWn@+MMmHW—UD
and

/ IVulP2VuV (u — up) <
A

AummﬁWwwwmwmu—m>

which combined yield
/ [|[Vu|P~2Vu — |Vui [P 2Vul ]V (u — u1) < 0,
A

so contradicting the strong monotonicity of the —A,, operator. Therefore
A is empty. Similarly, if we set B : {z € Q u(z) < ui(z)} then we can
prove that B is empty. Thus u;(z) < u(z).

Now we consider the problem

—Agv = Ag(z)Fa(u1,v) + ph(ug) in Q

v=o0o0nQ. (3)

Working as problem (2) we can show that it admits a solution v €
I/VOI’Q(Q)OC’1 () with v(z) < vi(z) < v(x). Assuming that u, € Wol’p(Q)
and v, € Wol’q(Q) for n = 1,2,...,k — 1 have been defined, we let uy €
Wol’p(Q) be a solution of problem (2) with v;_; in the place of v and
v € Wol’q(Q) be a solution of problem (3) with u; in the place of us.
Since F; for i = 1,2 are bounded, the sequences u, € WO1 P(Q) and
v, € Wy''(Q) are bounded, therefore u, — ug weakly in W,?(€) and
vn, — vg weakly in Wy(Q). By the continuity of f1(.,.) and fa(.,.) and
Sobolove embedding, we easily deduce that (ug,vp) is a solution of the
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system
—Apu = Ag(x)Fi(u, ) + ph(u) in
u=o0on €,
—Agv = Ag(z)F2(u1,v) + ph(ug) in Q
v=o0on§,

while

u(z) < up(w)
v(z) <o
for all z € Q. Therefore

Fi(uo,v0) = f1(uo,v0), Fa(uo,v0) = fa(uo,vo).

Consequently, (ug,vo) is a critical point of ®(.,.) and therefore a solution
of problem (1). By hypotheses we have

—Apu < fi(u,v) < fi(ug,v0) = —Apug in Q

and so by the strong comparison principle in [11] we deduce that 0 <
u < ug in 2. By similar way we can show that vy > 0 in Q.

In the next section, we use weak subsolution and supersolution methods
and analyze the existence of a solution within the framework of the en-
ergy functional for said problem.

4. L-sub and L-super solutions

Let WP(Q) be the Sobolev space and Wol’p(Q) be the closure of
C§°(Q2) in WLP(Q). The norms in LP(Q) and W1P(Q) are defined by

1
1fllzr(e) = (/Qlfl”dw)” and || fllwir@) = Y ID°fllio)-
18]<1

Definition 4.1. A function (u,v) is said to be a weak L-subsolution of
equation (1) in

u=max{u; : u;is a weak subsolution of (1)}
and u; € WP(Q) N L*>®(Q) and

v =max{v; : v; is a weak subsolution of (1)}
and v; € WHP(Q) N L>2(9Q).
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Definition 4.2. A function (u,v) is said to be a weak L-supersolution
of equation (1) in Q

u=max{u; : u; is a weak supersolution of (1)}
and u; € WP(Q) N L>(Q) and

v =max{v; : v; is a weak supersolution of (1)}
and v; € WHP(Q) N L>(Q).
Theorem 4.3. Let (4,0) and (i,v) be respectively weak L-subsolution
and weak L-supersolution of problem (1) in  such that i < 4 and 0 <

a.e in ). Suppose that there exist two constants «, 5 € (0,] and functions
f,g € LY(Q) such that

[ Bi(x; u, 0)| < p(|ul)([f ()] + [ufP™)

| Ba (@, u,0)| < jg(lv])(lg(@)] + [v]7)

for all x € Q and (u,v) € R x R where j : [0,00) — [0,00) is a nonde-
creasing function and

Bl(l‘a u, U) = Ag(‘r)fl(”% U) + Mhl(u)
and
Bae, u,0) = Ag() fo(u,v) + aha(v).

Then the problem (1) has a positive solution (u,v) such that 4 < u <4
and 0 < v <79 a.e in .

Proof. Since (4,0) and (1,
L—supersolution therefore

0 = max{d; : @; is weak subsolution Vi = 1,..,n1; € WHP(Q)NL>(Q)},

) are weak L—subsolution and weak

b = max{d; : 0; is weak subsolutionVi = 1,..,n 0; € WH(Q)NL>®(Q)}
and

@ = min{i; : u; is weak supersolution¥i = 1,...,ni; € WHP(Q)NL>(Q),
0 =min{d; : 0; is weak supersolution Vi =1,....,no; € WHI(Q)NL®(Q).

For any i = 1,...,n and every ¢ € C3°(€2) we have

(15) / Va2V, Ve < / Bi(x, i, 0)0, / V892V, Vi < / Bi(z, u, 9:)p
(9] Q Q Q
and

(16) / |V€Li|p_2Vﬂi.Vg02/Bg(x,ai,v)go, / |V1§i|q_2V®i.Vgp2/Bg(a:,u,@i)cp.
Q Q Q Q
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For functions F; : Q@ x R x R for all i =1, ...,n we define

Fi(x,s,t) = fi(x,ﬂi(x),t) ﬂ,(m) <s, @1(1’) <t< f)z(ﬂ?)

filz,a;(x), 05(x)) 4;(x) < s, t < 0;(x)

L filz, s, 04(x)) 4i(x) < s < a(x), vi(z) <t

We will consider two sequences in product space WO1 P(Q) x WO1 Q) as

follows: we take (un, v,) € Wy P () x Wy%(€2) and consider the following
problem

—Apu = By(z,u,v) in Q

u =0 on 0. (17)
The Euler-Lagrange functional associated with the system (17) is

v 1 ~
P (u) = / \Vul”—/ Bi(x,s,9)dsdx
PJa Q J[0,u]

which is bounded from below, weakly lower semi-continuous and co-
ercive in I/VO1 P(Q). Therefore, the inf ®(.) is achieved at some point
up € Wol’p(ﬂ) N CY(Q) which is a solution of problem (17). We claim
that

i(x) < u(z) <up(z) < a(x) <uai(z) Vel
Indeed, assume that the set
A={ze€Q : uj(x) >ui(zr)}

is nonempty. Since it is an open set, the problem has a positive measure
and

(18) — Apui = Bi(z,u1,0) in A
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while
(19) — Apt; < B(z,0;,0in AVi=1,..n.
By the relations (15), (16) and multiplying (18), (19) with 4; — u; and
integrating over A we obtain
/ |V’u,1‘p72VU1V(7§Li — ul)dx = / Bl(SC, Ui, T))(ﬁz — ul)daz
Q Q
and

/ |Vﬂl|p_2ﬁ1V(’LALl - ul)d:c == / Bl(l‘,ﬂl,f})(az - Ul)dSU Vi= 1, N
Q Q

Therefore, combined yield
/[’Vﬁi‘p2v% - ’VU1’p72VU,1]V(ﬂZ‘ —up) <0
Q

contradicting the strong monotonicity of the —A,, operator. Thus A is
empty. Similarly, u;(z) < @;(x) for any x € Q. Consider the following
problem

—Aqv = By(z,u1,v) in Q

v =0 on 09. (20)
Working as in (17) we can show that it admits a solution v, € W&’q(Q) N
CH(Q) with
0i(x) < 0(x) <wvi(x) < o(x) < v;(x) a.e. in .

Assuming now that (u,,v,) € W?(Q) x Wy (Q) n=1,....k — 1 have
been defined, we let u; € Wol’p(Q) be a solution of (17)with vx_; in
the place of v; and vy € Wol’p(Q) be a solution of (20) with uy in the
place of w;. Since bi(x,s,t) and by(z,s,t) are bounded, the sequences
un € WyP(Q) and v, € Wy'(Q) are also bonded, thus u, — u weakly in
Wol’p(Q) and v, — v weakly in Wol’q(Q). By the continuity of By(z,.,.)
and Bs(z.,.,) the sobolve embedding we easily deduce that (u,v) is so-
lution of the system

—Ayv = Bi(z,u,v) in Q
—Aqv = By(z,u,v) in

v=u=0 on 0N.
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while
Ui(z) < u(z) <up(z) <a(x) <a(x) Ve

and

0i(x) < 0(x) <wvi(x) < o(x) < vi(x) a.e. in .
Therefore By (x,u,v) = By (z,u,v) and By(z.,u,v) = By(z,u,v). Conse-
quently, (u,v) is a critical point of ¢(.,.) and hence a solution of problem
(1). By assumption

—Apt < Bi(z,u,0) < Bi(z,u,v) = —Apu in
and so by the strong comparison principle in [11] we deduce that
0<a<wuin Q.

Similarly we can obtain v > 0 in €.
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