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ABSTRACT. Let (X,d) be a pointed compact metric space with
the base point zo and let Lip((X,d),zo) (lip((X,d),x0)) denote
the pointed (little) Lipschitz space on (X,d). In this paper, we
prove that every weakly compact composition operator uC, on
Lip((X,d), o) is compact provided that lip((X,d), zo) has the uni-
form separation property, ¢ is a base point preserving Lipschitz
self-map of X and u € Lip(X,d) with u(z) # 0 for all z € X\{zo}.
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1. INTRODUCTION AND PRELIMINARIES

The symbol K denotes a field that can be either R or C. Let X and Y
be two normed linear spaces over K. The space of all bounded linear
operators from X into ) is denoted by B(&X',)). The adjoint operator
of T € B(X,)Y) is the operator T* € B(Y*, X*) which is defined by
T*(y*) = y*oT whenever y* € Y*. We say that a linear operator T" from
X into ) is (weakly) compact if T maps bounded sets in X into relatively
(weakly) compact sets in ). Clearly, every (weakly) compact operator
is bounded. It is known [B, Proposition V.4.1] that if X is a normed
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linear space over K, the my(Bx) is o(X**, X*) dense in By«-,where my
is the natural embedding from X to X** and By is the closed unit ball
of the normed space ). Therefore, exactly as the proof of the case that
X and ) are Banach spaces, one can show that for normed linear spaces
X and Y, an operator T' € B(X,)) is weakly compact if and only if
T**(X**) is contained in 7y(Y).(see [B, Theorem VI.4.2])

Let X be a nonempty set and A be a nonempty subset of KX, the set
of all K-valued functions on X. For each u € KX and every self-map ¢
of X, the map f — u.(foy): A — KX is denoted by uCy, on A. A map
T:A— Ais called a weighted composition operator on A if there exist
a function u € KX and a self-map ¢ of X such that T = uCy, on A. It is
clear that such a map T is a linear map over K if A is a linear subspace
of KX over K. In the special case u = 1x, the weighted composition
operator T' = uC,, : A — A reduces to the composition operator C,, on
A.

Let (X,d) and (Y, p) be metric spaces. A function ¢ : X — Y is said
to be a Lipschitz mapping from (X, d) to (Y, p) if

g P 00)

and a supercontractive if

cxyye X, x £y < oo

im Pe@)2y)
dwy)—0  d(z,y)
Let (X,d) be a metric space. We denote by Lip(X,d) the set of all
K-valued bounded functions f on X for which

Lixa(f) = Sup{w

Then Lip(X,d) is a commutative unital Banach algebra over K with
unit 1x, the constant function with value 1, and with the algebra norm
| lip(x,a) defined by

I f lipex,ay=I1f lx +Lex.a)(f) (f € Lip(X,d)),

where || f || x= sup{|f(z)| : z € X}. We denote by lip(X,d) the set of
all f € Lip(X,d) for which

= 0.

cxy € X, x#£y} < oc.

U@~ )
d(z,y)—0 d(l’, y)

Then lip(X, d) is a closed subalgebra of Lip(X,d) that contains 1x.
Let (X, d) be a metric space and A be the Lipschitz algebra Lip(X, d).
It is known that if ¢ : X — X is a Lipschitz mapping from (X,d) to

=0.
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(X,d) and u € Lip(X,d), then uC, : A — A is a bounded weighted
composition operator on A. (see [l, Theorems 2.2 and 2.4])

Let B be a nonempty subset of Lip(X,d). We say that B separates
uniformly the points of X if there exists a constant C' > 1 such that for
every =,y € X, there exists a function f € B with Lix 4)(f) < C such
that | f(z) — f(y)| = d(z,y). It is known that Lip(X, d) has the uniform
separation property. Let (X, d) be a metric space. For a € (0,1], the
map d* : X x X — R defined by d*(z,y) = (d(z,y))*, (z,y € X),
is a metric on X and the induced topology by d* on X coincides by
the induced topology by d on X. It is known that lip(X,d®) separates
uniformly the points of X whenever (X, d) is compact and a € (0, 1).

A metric space (X, d) is pointed if it carries a distinguished element
or a base point, say zg. We denote by ((X,d),zo) the pointed metric
space (X, d) with the base point xg. We denote by Lip((X,d), zg) the
set of all K-valued Lipschitz functions f on X for which f(z¢) = 0. It is
easy to see that Lip((X, d), z¢) is a maximal ideal of Lip(X, d) whenever
(X, d) is bounded and a Banach space with the Lipschitz norm Lx 4)(-).
Note that as a Banach space, Lip((X,d),zo) does not depend on the
base point xg. Explicitly, if zo and x; are two different choices, then
the map f — f — f(z1) takes Lip((X,d), z¢) linearly and isometrically
onto Lip((X,d),z1). We denote by lip((X,d),zo) the set of all f €
Lip((X,d),zp) for which f is supercontractive. It is easy to see that
lip((X, d), zg) is closed subset of Lip((X,d), zo).

Let ((X,d),zp) be a pointed compact metric space and A be the
pointed Lipschitz space Lip((X,d),zo) . If ¢ : X — X is a Lipschitz
mapping with ¢(z9) = 29 and u € Lip(X,d), then uCy, : A — A is a
weighted composition operator on A. (see [4, Theorem 2.1])

Let B be a nonempty subset of Lip((X,d), z¢). We say that B sep-
arates uniformly the points of X if there exists a constant C' > 1 such
that for every x,y € X, there exists a function f € B with L(x )(f) < C
such that | f(z)— f(y)| = d(x,y). It is known [10, Proposition 3.2.2] that
lip((X,d*), zp) has the uniform separation property where 0 < o < 1.

Golbaharan and Mahyar in [[7] studied weighted composition opera-
tors on Lipschitz algebras, whenever (X, d) is a compact metric space.
In [[1], these operators studied between Lipschitz algebras Lip(X, d) and
Lip(Y, p) whenever metric spaces (X,d) and (Y, p) are not necessarily
compact. Compact composition operators between pointed Lipschitz
spaces studied in [9]. A. Jiménez—Vargas in [8] studied weakly com-
pact composition operators on pointed Lipschitz spaces Lip((X,d), z¢)
and pointed little Lipschitz space lip((X,d), o), where ((X,d),xo) is a
pointed compact metric space and lip((X,d), xg) has the uniform sep-
aration property. Compact weighted composition operators between
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pointed Lipschitz spaces were studied in [2, #]. A. Golbaharan in [§]
studied weakly compact weighted composition operators on Lip(X,d)
where (X, d) is a compact metric space.

In this paper, we study weakly compact weighted composition op-
erators on pointed Lipschitz spaces Lip((X,d),xo), where ((X,d),xzo)
is a pointed compact metric space. We first show that if ((X,d),z¢)
is a pointed compact metric space, lip((X,d), o) separates uniformly
the points of X, ¢ : X — X is a Lipschitz mapping with ¢(z¢) = =,
u € Lip(X,d) with u(z) # 0 for all z € X\{zo} and weighted composi-
tion operator uCy, : Lip((X, d), z9) — Lip((X, d), z) is weakly compact,
then uCy, is compact. We next show that if (X, d) is a compact metric
space, lip(X,d) separates uniformly the points of X, ¢ : X — X is
a Lipschitz mapping, v € Lip(X,d) with u(z) # 0 for all z € X and
uC,, : Lip(X, d) — Lip(X, d) is weakly compact, then uC,, is compact.

2. MAIN RESULT
To prove the main result , we need the following lemmas.

Lemma 2.1. Let ((X,d),zo) be a pointed compact metric space and
A be the pointed Lipschitz space Lip((X,d),xq). Let ¢ : X — X be a
Lipschitz mapping with o(xg) = z¢ and u € Lip(X,d). If composition
operator Cy, : A — A is compact, then weighted composition operator
uCy : A — A is compact.

Proof. Let C, : A — A be a compact operator. Suppose that {f)}rea
be a bounded net in (A4, Lx,q)(-)) which converges to Ox on X. By [2,
Proposition 3.2], there exists a subnet {f;},er of {fy}rea such that

li§n Lix,a)(Co(fy)) = 0. (2.1)
Let v € T'. For all z,y € X we have

[uCy(fy) () — uCy(fy) ()] <lu(@)||f1(e(x)) — f1(e(y))]
+ u(z) — w(y)||f1(p(y))]
< [Jullx Lixa(Colfy))d(z,y)
+ Lix.a)(wd(z, )| f5(e(y) — f+(e(z0))]
< [Jullx Lix,a)(Colfy))d(z,y)
+ Lx,a) (w)d(x, y)Lix,q)(Cyp(f+))d(y, 7o)
< [Jullx Lixa(Colfy))d(z,y)
+ Lx,a) (w)d(x, y)Lix,q)(Cp(fy)) diam(X).

Therefore,

Lix,a)(uCo(fy)) < ([[ullx +L(xa)(u) diam(X))Lx,q) (Co(f5))- (2:2)
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Since (@) holds for all v € I", according to (@) we get
li£n Lix.a) (uCy(f5) = 0.

Hence, uC, is compact by [2, Proposition 3.2]. U

Lemma 2.2. Let ((X,d),z0) be a pointed compact metric space and let
B be a linear subspace of Lip((X,d),xg) over K.
(i) For each x € X , the map ep, : B — K defined by

epx(9) =g(x) (9 € B),

belongs to B* and || ep ||[< diam(X), where B* is the dual space of
normed space (B, L(x q)(-))-
(it) ez — ey ||< d(x,y) for all z,y € X.

Proof. (i) Let € X. It is clear that ep, is a linear functional on B.
Since

leB.e(9)] = lg(2)] = [g(x) = g(x0)]
< Lix,0)(9)d(z, x0) < Lx,a)(g) diam(X)
for all g € B, we deduce that ep, € B* and || ep 4 ||< diam(X).
(ii) Let z,y € X. Then ep, —ep, € B* and
(B2 —eny)(9)l = l9(z) — 9(y)| < Lix.a)(9)d(z,y)
for all g € B. Hence, |eps —epy||< d(x,y). O

Lemma 2.3. Let ((X,d),zo) be a pointed compact metric space and
let B be a linear subspace of lip((X,d),zg) over K. Then the map
$p : B — Lip((X,d), zg) defined

(I)B(A):AOEX’B (AEB**)
is a bounded linear operator and | ®p||< 1.
Proof. Let A € B**. By part (ii) of Lemma @, for all x,y € X we have
[@p(A)(z) — @5(A)(y)| = [(A o Ex p)(x) — (Ao Ex 5)(y)]
= [Alex) — Aleny)l
= [AMeBa —eBy)l
< [lAlllles.z = eByll
< [|Alld(z,y).
This implies that ®5(A) € Lip(X, d) and
Lix,a)(@p(A)) < [[Al (2.3)
Since xq is the base-point of X, we have

eBwo(9) = 9(x0) =0
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for all g € B. Thus ep 4, = Op+, where Op+ is the zero linear functional
on B. Therefore,

®p(A)(z0) = (AoEp x)(z0) = Ale,a,) = A(0B-) = 0.

Hence, ®5(A) € Lip((X,d), zo) and so ®p_is well-defined. It is easy to
see that ®p is a linear operator. Since (E) holds for all A € B*, we
deduce that ® g is bounded and ||®g|| < 1. This completes the proof. O

Theorem 2.4. Let ((X,d),zp) be a pointed compact metric space ,
v : X — X be a Lipschitz mapping with o(z9) = xo and u € Lip(X,d)
with u(x) # 0 for all x € X\{zo} . Suppose that lip((X,d),xg) sep-
arates uniformly the points of X. If weighted composition operator
uC,, : Lip((X,d), zo) — Lip((X,d), o) is weakly compact, then uC,, is
compact.

Proof. Let the weighted composition operator uC,, : Lip((X,d),zo) —
Lip((X,d),z9) be weakly compact. Set A = lip((X,d),z¢) and B =
uCy,(A). Since uCy, is a linear mapping and A is a linear subspace of
Lip((X,d), zp), we deduce that B is a linear subspace of A. We claim
that uC, (Lip((X,d), x0)) is contained in B. Define the map T': A — B
by
T(f) =uCu(f)  (f€A).

Then T is a bounded linear operator from A into B. It is easy to see
that

ez ol =u(z)Ex alp(z)) (2.4)
for all x € X. Define the map ® 4 : A** — Lip((X,d), z¢) by
Pa(A)=AoExa (A e A™). (2.5)

By [10, Theorems 3.3.3 and 2.2.2], is A** with the operator norm is
isometrically isomorphism to Lip((X, d), zo) with the norm Ly 4)(:) via
the map ® 4 since lip((X, d), o) separates uniformly the points of X.
Define the map ®p5 : B** — Lip((X, d), zo) by
®p(A)=AoExp (A € B™). (2.6)

By Lemma @, ®p is a bounded linear operator from B** with the
operator norm into Lip((X,d),zo) with the norm L(x 4(-). We show
that

PpoT™ o0, =uC, (2.7)
on Lip((X,d),z¢). Let f € Lip((X,d),x0). The surjectivity of &4 im-
plies that there exists A € A** such that

Da(A) =T (2.8)

Since A o T* € B**, by (@) and (@) we have
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(CI)BOT**O@;‘I)(f) = (®PpoT™)(A) = ®p(AoT™) = AoT"oEx . (2.9)
Since (@) holds for all x € X, according to (@) we get
(AoT* o Exp)(x)=(AoT")(epy) = A(T*(epz))
=AlepooT) = Au(x)Ex a(p(z))
u(z)A(Exa(e(x)) = u(z)(A o Exa)(p(x))
= u(z)Pa(A)(p(z)) = u(z)f(p(x))

for all x € X. This implies that
AoT™ o Ex g =uCy(f). (2.10)

According to (@) and (), we get
(@poT* 0 @, )(f) = uCy(f). (2.11)

Since () holds for all f € Lip((X,d), xo), we deduce that (@) holds
on Lip((X,d),zp). The weak compactness of uC, : Lip((X,d),zo) —
Lip((X,d), zo) implies that T': A — B is weakly compact. This implies
that

T (A™) C m(B), (2.12)
where 7p(B) is the natural embedding of B in B**. By () and
A =& 1 (Lip((X, d), x0)), we get

T** (@, (Lip((X,d), z0)) C mp(B).
It follows that

(®p o T o &) (Lip((X,d), 20)) C (®p omp)(B). (2.13)
By () and (@), we get
uCy (Lip((X,d), z0)) C (®PpomR)(B). (2.14)

Now, we show that
((I)BOT('B)(B) QB (215)
Let f € A. Then

(@pomp)(T(f))(x) = 2p(rp(T(f))(z) = (x5(T(f)) o Ex 5)(x)

for all x € X. This implies that
(@ omp)(T(f)) =T(f) (2.16)
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Since T'(A) = B and ) holds for all f € A, we deduce that ()
)

holds. According to (R.14) and (E), we get
uCy,(Lip((X,d),z0)) C B. (2.17)

Therefore, our claim is justified.

Assume towards a contradiction that uCj, is not compact. By Lemma,
2.1, Cy, : Lip((X, d), z9) — Lip((X, d), z¢) is not compact. According to
[9, Theorem 1.2], we deduce that ¢ is not supercontractive. By using
8, Lemma 2.1], there exist ¢ > 0, two sequences {z,}>>; and {y,}>2,
in X converging a point z in (X,d) such that 0 < d(xy,,y,) < % and
e < %’;&M for all n € N, and a function f € Lip((X,d),xo)
such that f(o(zy)) = d(e(xn), v(yn)) and f(e(yn)) = 0 for all n € N.
According to f € Lip((X,d),xo) and (R.17), we get uC,(f) € B. This

implies that there exists g € A such that
Co(f) = T(g) = uCyp(g). (2.18)

Since (C, f) (zo) f% 0) = 0 = glp(z0)) = (Cpf)(z0), u(z) £ 0 for
all x € X\{zo}, by (B.18) we get

Co(f) = Cel9)-

This implies that g(p(zy)) = d(p(zn), ¢(yn)) and g(v(yn)) = 0. There-
fore,

l9(p(zn)) — gle(yn))| _ d(e(zn), £(yn))

d(xm yn) d(frm yn)
for all n € N. This contradict to g € lip((X, d), zo) since 0 < d(zn, yn) <
% for all n € N. Hence, the proof is complete. O

Note that Theorem @ is an extension of [§, Corollary 2.4].

As an application of Theorem P.4, we give a weighted composition
operator on a pointed Lipschitz space Lip((X, d), xg) which is not weakly
compact.

Example 2.5. Let X = {z € C: |z] < 1}, p be the Euclidean metric
on X, a € (0,1), d be the metric p® on X and 0 be the base point of
X. Then lip((X, d),0) separates uniformly the points of X. Define the
function v : X — C by u(z) = 1+|z|, z € X, and the self-map ¢ of X by
¢(z) = 5, 2 € X. Then u € Lip(X,d), u(z) # 0 for all z € X\{0} and
¢ is a base point preserving Lipschitz mapping from (X,d) to (X, d).
Since

>¢€

e DECR LD _ gy o EZEE ooy oy <210

for all z,w € X with z # w, by [4, Theorem 2.1] we conclude that the
map T = uC,, is a weighted composition operator on Lip((X,d),0). It is
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clear that coz(u) = X, where coz(u) = {z € X : u(z) # 0}. This implies
that ¢(coz(u)) = ¢(X) = {z € X : |2] < 1}. Therefore, p(coz(u)) is a
totally bounded set in (X, d). It is easy to see that

) WAL 5 e

for all z,w € X with z # w. This implies that

. d(e(2), p(w))
d(zl,iun)lao [u(z)] d(z,w)

£ 0.

Therefore, T' = uC,, is not compact by [4, Theorem 4.3]. According to
Theorem P.4, we deduce that T is not weakly compact.

As an application of Theorem @, we show that certain weakly com-
pact composition operators on Lip(X,d) are compact. To this aim, we
need the following lemma which is a modification of [2, Lemma 2.2] and
the paragraph after that.

Lemma 2.6. Let (X,d) be a bounded metric space, vog ¢ X and Xo =
XU {xo}
(i) Define the function dy : Xg x Xo — R by

d(z,y) T,y € X,
do(z,y) = %diam(X) either z=x0,y€ X or x€ X,y=xg,
0 T =1y =x0-

(2.19)
Then dy is a bounded metric space on (Xo,dp).

(ii) (Xo,do) is a compact if and only if (X,d) is compact.

(iii) If ¢ : X — X is a Lipschitz mapping from (X,d) to (X,d), then
the map ¢o : Xo — Xo, defined by po = ¢ on X and @o(xo) = zo, is a
base point preserving Lipschitz mapping from (Xo,do) to (Xo,do) with
L(po) < max{1,L(¢)}.

(iv) If f € Lip(X,d), then the function fo: X — K defined by fo = f
on X and fo(wo) = 0, belongs to Lip((Xo,do),z0) with Lix,.q,)(f) <
2L(x,q)(f)-

(v) If g € Lip((Xo,do),x0) and f = g|x, then f € Lip(X,d) with
Lix.a)(f) < L(xo,do)(9)-

(vi) The map ¥ : Lip(X,d) — Lip((Xo, dp), zo) defined by

U(f)=/fo  (f€Lip(X,d), (2.20)

is a bijective bounded linear operator from Lip(X,d) with the sum norm
IllLip(x,ay to Lip((Xo,do),0) with the Lipschitz norm Lix, a4, (-)- In
particular, U1 is continuous and bounded linear operator.

(vii) U(lip(X,d)) is contained in lip((Xo,dp), xo)-



10 R. Barzegari, D. Alimohammadi

(viii) If the Lipschitz algebra lip(X,d) separates uniformly the points
of X, then the Lipschitz space ip((Xo,dp),xo) separates uniformly the
points of Xg.

Proof. We prove (ii) and (viii).

To prove (ii), we first assume that (X, d) is compact. Let {y,}°>,; be

a sequence in Xy. Set
K={neN:y, =0}

Case 1. K = (. Then {y,}32, is a sequence in X. The compactness
of (X, d) implies that there exist a subsequence {y,, }72; of {yn}72, and
a point y € X such that

k—o00
It follows y € Xy and

Case 2. K is finite and K # ). Assume that m = max(K). Then
{Ym+n 52, is a sequence in X. The compactness of (X, d) implies that
there exist a subsequence {Ym4n, } 221 Of {Ym+n}ow, and a point y € X
such that

lim d(yYmn,,y) = 0.
k—o0

It follows that y € Xy and

lim do(Yman,,y) = 0.
Jim 0(Ym+ny,y) =0

Case 3. K is infinite. Then there exists a sequence {nj}3>, in N with
ng+1 > ny for all k& € N such that y,, = x¢. Therefore, {yn, }72, is a
subsequence of {y,}">; and

lim do(yn,,x0) = 0.
k—o00

Hence, (Xo,dp) is compact.

We now assume that (Xo, do) is compact. Let {y,}7°; be a sequence
in X. Then {y,}>2, is a sequence in Xy. The compactness of (X, do)
implies that there exist a subsequence {yn, }72 of {yn}22; and a point
y € Xy such that

lim do(yn,,y) = 0. (2.21)
k—ro0

We claim that y # xo. If y = x0, then do(yn,,y) = %diam(X) for all
k_e N. Therefore, limy_,o0 do(Yn,,y) = %diam(X ) which contradicts to
() Hence, our claim is justified. It follows that y € X and

lim d(y,,,y) = 0.
kggo(yky) 0
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Therefore, (X, d) is compact.

To prove (viii), assume that lip(X, d) separates uniformly the points
of X. Then there exists a constant C' > 1 such that, for every z,y € X,
there exists a function f € lip(X, d) with Lx 4)(f) < C such that |f(z)—
f(y)| = d(z,y). We show that lip((Xo, dp), zo) separates uniformly the
points of Xgy. To this aim, take Cy = 2C. Let x,y € Xy, We show that
there exists a function g € lip((Xo, do), zo) With L(x, 40)(9) < Co such

that [g(z) — g(y)| = do(,y).
Case 1. x, y € X. Then there exists a function f € lip(X,d) with

Lix,a)(f) < C such that [f(z) — f(y)| = d(z,y). Take g = fo = ¥(f).
Then g € lip((Xo, dp), xo) by (vii). Furthermore,
Lx,a)(9) = Lix,a)(fo) < 2Lx,0)(f) <20 = Cy,

9(z) = 9(y)| = |fo(x) = fo(y)| = |f(z) = f(Y)| = d(z,y) = do(,y).

Case 2. z € X, y = . Take f = £ diam(X)1x. Then f € lip(X,d)
and Ly 4)(f) = 0. Take g = fo. Then g € lip((Xo,do),z0) by (vii).
Furthermore,

Li(x0,d0)(9) = L(x0,d0) (fo) < 2L(x.a)(f) = 0 < Co,

l9(z) —9()| = |fo(x) = fo(y)| = [fo(z)| = %diam(X) = do(z.y).

Case 3. x = xg, y € X. Take f = %diam(X)lX and ¢ = fo. Then
g € lip((Xo, dp), xo) by (vii). Furthermore,

Li(x0,d0)(9) = L(x0,d0) (f0) = 2L(x,a)(f) = 0 < Co,

l9(2) = 9()| = Lfo(@) — fo(w)| = fo(y)| = 5 diam(X) = do(z ).

Case 4. = = x9, y = x9. Take ¢ = 0x,. Then g € lip((Xo,dp), zo),
L(Xo,do)(g) =0 < Cy and

l9(z) — g(y)| =0 = 0] = 0 = do(z0, z0) = do(z,y).
Therefore, Lip((Xo, dp), zo) separates uniformly the points of X. O

Theorem 2.7. Let (X,d) be a compact metric space, p : X — X
be a Lipschitz mapping from (X,d) to (X,d) and u € Lip(X,d) with
u(x) £ 0 for all z € X. Let lip(X,d) separates uniformly the points of
X. If T = uC, : Lip(X,d) — Lip(X,d) is weakly compact, then T is
compact.

Proof. Let ¢ ¢ X, Xo = X U{xo} and dy : X x X9 — R be the metric
on X which is defined in Lemma @ (i). By Lemma @ (ii), (Xo,do)
is a compact metric space since (X, d) is compact. Thus, ((Xo,dp),xo)
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is a pointed compact metric space with the base point zy. For each
K-valued function f on X, let fy be the K-valued function on Xy de-
fined by fo(z) = f(z) if x € X and fo(xg) = 0. Define the map
VU : Lip(X,d) — Lip((Xo,do),z0) by VU(f) = fo where f € Lip(X,d).
According to Lemma R.g (vi), we deduce that ¥ is a bounded linear oper-
ator from Lip(X, d) with the sum norm |[|-||1ip(x,q) onto Lip((Xo, do), zo)
with the Lipschitz norm Lx,4,)(-). Let ¢o be the self-map of X
which is_defined by ¢o(x) = p(x) for z € X and ¢o(xg) = zo. By
Lemma (iii), o is a Lipschitz mapping from (Xo,dp) to (Xo,do)
with ¢g(x9) = zo. Take Ty = uoCy,. Then Tj is a weighted composition
operator on Lip((Xo, dpy),xo). It is easy to see that

Vol =TyoW. (2.22)

Let T = uC, be compact. By [§, Theorem VI.4.5], we deduce that
U o T is a weakly compact operator from Lip(X,d) with the sum norm
I llLip(x,a) to Lip((Xo, do), xo) with the Lipschitz norm L x, 4,)(-). Again,
by [b, Theorem VI1.4.5], we deduce that ¥ o T o U~ is a weakly com-
pact operator on Lip((Xo,do),zo) with the Lipschitz norm Lx, 40)(-)-
By Lemma R.G(viii), lip((Xo, do), z¢) separates uniformly the points of
X since lip(X.d) separates uniformly the points of X. According
to Theorem , we deduce that the weighted composition operator
Ty = ugCy, is a compact operator on Lip((Xo,do),xo) with the Lip-
schitz norm L(x, 4,)(-).- By [5, Theorem VL.5.4], Ty o ¥ is a compact
operator from Lip((Xo,dp), o) with the Lipschitz norm Lx, 4,)(-) to
Lip(X, d) with the sum norm ||-[|ip(x,q)- Again by [5, Theorem VI.5.4],
we conclude that U~ o Ty o ¥ is a compact operator on Lip(X,d) with
the sum norm ||-||rip(x,q)- Therefore, according to () we conclude
that T' = uC,, is compact. O

As an application of Theorem @, we give a weighted composition
operator on a Lipschitz algebra Lip(X, d) which is not weakly compact.

Example 2.8. Let X = {z € C: |z] < 2}, p be the Euclidean metric
on X, a € (0,1) and d be the metric p* on X. Then lip(X, d) separates
uniformly the points of X. Define the function u : X — C by u(z) = el*l,
z € X, and the self-map ¢ of X by p(2) = %, z € X. Thenu € Lip(X, d),
u(z) # 0for all z € X and ¢ is a Lipschitz mapping from (X, d) to (X, d).
Since

d(p(2), p(w)) P R 24—
AP PATI _el#l)] B8 31 clrlgma « 23—
lu(2)| e |1 P e <e

for all z,w € X with z # w, by [l, Theorem 2.4] we deduce that
T = uC, is a weighted composition operator on Lip(X,d). In addition,
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p(coz(u)) = p(X) = {z € X : |2| < 2} which implies that ¢(coz(u)) is
a totally bounded set in (X, d). It is easy to see that

Ae(2),0()) 4o

u(a)| TE T >

for all z,w € X with z # w. It follows that

: d(p(2), p(w))
d(zl,ig!o u(z) d(z,w)

£0.

Therefore, T' = uC,, is not compact by [l, Theorem 4.6]. According to
Theorem R.7, we deduce that T is not weakly compact.
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