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ABSTRACT. We introduce the notion of a minimal generator G
for the coded system X; that is a generator for coded system X
whenever v € G, then v € W(< G\ {u} >). Such an X is called
minimally generated system. We aim to introduce a class of mini-
mally generated subshifts generated by some certain synchronizing
blocks. These systems are precisely the tool that will enable us to
show that for such subshifts X, each z € X can be written uniquely
as T =...v_1UoV102 ..., where {...,v_1,v0,v1,02,...} € G. Shows
that the converse of that theorem isn’t necessarily true. We will
show which of the components of the Kreiger graph of such a sub-
shift could be a candidate to be suitable for a Fischer cover.

Keywords: Coded System, Strong Synchronizing, Minimal Gen-
erator.
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1. INTRODUCTION

One of the most studied dynamical systems is a subshift of finite
type (SFT). SFT X is a system whose set of forbidden blocks is finite
[7]; or equivalently, X is SFT iff there is M € N such that any block
of length greater than M is synchronizing. Recall that a block m is
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synchronizing if whenever vym and muvy are both blocks of X, then
v1mug is a block of X as well. If an irreducible system has at least one
synchronizing block, then it is called a synchronized system and examples
are sofics where they are factors of SF'T’s. Synchronized systems, has
attracted much attention and extension of them has been of interest
since that notion was introduced [B]. One was via half synchronized
systems; that is, systems having half synchronizing blocks. In fact, if
for a left transitive point such as rm and mv any block in X one has
again rmv € X~ ={x_ = z_jx0:x = ---x_1x0x1 -+ € X}, then
m is called half synchronizing [3]. Clearly any synchronized system is
half synchronized. Dyke (or Dyck!) subshifts and certain S-shifts are
non-synchronized but half synchronized systems [§]. Here in Section (3),
we will introduce the notion of a totally synchronizing generated system,
generated by G such that all blocks in G are synchronizing. These
systems enable us to show that for such subshifts X, if x € X, then there
is unique {...,v_j1,v9,v1,v2,...} € Gsuch that x = ...v_jvpviva.... In
1992, Fiebigs in [3], as an extension to the Fischer cover of a synchronized
system, introduced a unique component of the Kreiger graph as the
Fischer cover of a half synchronized subshift. In Section (4), give another
right resolving and follower separated cover for X, denoted by H which
is not necessarily Fischer cover of X and gives a sufficient condition on
a minimal generator G that the cover Hg be Fischer coverand gives
a sufficient condition on a minimal generator G that the cover Hqg be
Fischer cover.

2. BACKGROUND AND DEFINITIONS

Let A be a non empty finite set. The full shift A-shift (AZ%), is the
collection of all bi-infinite sequences of symbols in A. A block is a finite
sequence of symbols. The shift map o on the A% maps a point z to
the point y = o(z) whose i-th coordinate is y; = x;+1. Let F be the
collection of all forbidden blocks over A [11]. For a A%, set Xz to be
the collection of sequences in A% not containing any block from F. A
shift space or subshift is a subset X of a full shift such that X = Xz for
some subset F.

Let W, (X) be the set of all admissible n-blocks. A subshift X is
irreducible if for every blocks uy, ug € W(X) there is a block u € W(X)
such that ujuus € W(X). A shift of sofic is the image of an SFT by a
factor code [12].

Let £(G) be the set of vertices and V(G) be the set of edge shift for
a graph G. Suppoze that X to be

{(&)iez € EF  1(&) = i(&41)}



40 Manouchehr Shahamat , Ali Ganjbakhsh Sanatee

where i(e) and t(e) are initiate and terminate vertex of edge e. A labeled
graph is a pair G = (G, L), where £ is edge set for graph G and L is the
labeling £ : £(G) — A.

Let Lo(€) be the sequence of bi-infinite labels of a bi-infinite path &

in G. Set
Xg = {Eoo(f) € Xg} = Eoo(Xg).
We say G is a presentation or cover of X = Xg.

Let X be a subshift and z € X. Set wy(z_) ={zy € XT :2_x; €
X} and for m € W(X) set wy(m) ={zy € Xt :mxy € XT}. Anal-
ogously, we define predecessor sets w_(x4) and w_(m). Consider the
collection of all w4 (z_) as the set of vertices of a graph. There is an
edge labeled a from I; to I if and only if there is an x_ such that
z_a € X~ and I} = wy(x_),Is = wy(xr_a). This graph is called the
Krieger graph for X. For synchronized system X with synchronizing
m, the irreducible component of the Krieger graph containing w, (m) is
denoted by X and is called the Fischer cover of X [f].

3. MINIMAL GENERATOR

A coded system is a shift space that can be presented by an irreducible
countable labeled graph [[7].

Definition 3.1. [10] Let G be a generator for coded system X. Then,
G is called minimal (resp. weak minimal), whenever v € G, then u ¢
W(Z), (resp. X # Z) where Z = < G\ {u} >. Such an X is called
minimally (resp. weak minimally) generated system.

Example 3.2. Let ) # .S C N. Then, G := {101 : n € S} is a minimal
generator for subshift X := < G >.

Theorem 3.3. (1) The shift space X has a minimal (resp. minimal
weak) generator if and only if X' has so.
(2) Let G be a minimal (resp. minimal weak) generator for product
shift space X1 x Xo. Then, X; has minimal (resp. minimal weak)
generator as well for i =1,2.

Proof. Note that G is a minimal (resp. minimal weak) generator for X,
then G~ := {v™' =vw;_1...01: v =w1...v;_1; € G} is a minimal
(resp. minimal weak) generator for X ~!. This proves part (i).
(ii) Set G := {v] x v¥,vd x v3,...} and let i € {1,2}. We claim that
G = {v}:jeN}
is a minimal (resp. minimal weak) generator for X;. Since X; x Xy =
, 50 X; = < (G; > is trivial. It suffice to show that for any vj € Gy,

<G>
vl g W(< G\ {vi} >).
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FIGURE 1. The subgraph of Xar.

If U;- e W(<G;\ {v;} >),A thep therg is {v;'-lA7 v}Q, f ..v;-l} C @G such
that for 1 < k <[, we have v;- C U;& .. .v;-l and v;- % v;-k. This show that

vj X vi € W(< Gy x Ga\ {v} x v?} >).

That is absurd. (]

Definition 3.4. [J] Let X be a synchronized system. We call a block
m an strong synchronizing for X if whenever e, ¢/ are finite paths in
Fischer cover Xar labeled m, then e = €'

An irreducible shift space with a strong synchronizing block is called
strong synchronized. Any strong synchronized system is synchronized.
we will show that every strong synchronized system is weak minimally
system. First, let X be a strong synchronized system and S;(X) (resp.
S(X)) denote the set of all strong synchronizing (resp. synchronizing)
blocks for X.

Theorem 3.5. Let X be a strong synchronized system with generator
G. Suppoze there is m € Sy(X) NG such that for all u € G, there are
not non empty blocks a, b such that vu = avb or uv = avb. Then, X has
a weak minimal generator.

Proof. Pick m € S;(X) and let 7, be a unique path in Fischer cover
X such that L(my,) = m. Set i(my,) = I, t(my) := J and

G i ={ma: mam € W(X) and m Z a}. (3.1)

We claim that Gy, is a weak minimal generator for X. Clearly X =
< Gy, > and so Gy, is a generator for X. Thus it suffices to show that
for all ma € Gy, X # Z where Z = < G, \ {ma} >. Pick mag € Gp,.
Thus magm € W(X) and so there is a path 7,, in Fischer cover X
with initial vertex J and terminal vertex I. Figure [l Note that if 7
be a finite path in Xar labeled magm, then m = m,, 7,7y and so if
magm C maimas ... mag, then there is 1 < ¢ < k such that ag = a;.
Hence magm ¢ W (Z) and we are done. O

The next example shows that the converse of theorem @ does not
hold.
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Example 3.6. (1) Pick S € NU {0} such that 0 € S. Set G :=
{10™ : n € S} and claim that G is a weak minimal generator for
S-gap shift X (S). For alln € S, (10"1)* ¢ < G \ {107} > and
so <G >#<G\{10"} >. Also < G > = X(S) is trivial and
we are done.

(2) Let D be the Dyke subshift. Add a symbol * to the set of
brackets. Let X be the shift space which consists of all sequences
of these five symbols such that any finite subblock which doesn’t
contain a * obeys the rules of standard bracket [§]. Then, X is
not a strong synchronized system [9].

It is easy to see that It is easily to see that

Gi={xu: xduecW(X)}
is a weak minimal generator for X and we are done.

Note that if m € Sy(X) and m? € W(X), then Gy, as in (@) is a
minimal generator for X if and only if Gy, = {m}.

Theorem 3.7. Let X be a strong synchronized system and m € Sy(X)
such that m?> ¢ W(X). Then, Gy, as in (B.1)) is a minimal generator for
X if and only if all cycles in the Fischer cover Xar meeting I := i(my,),
passes over m.

Proof. Let G, be a minimal generator for X and let there is a cycle
C passing through I := i(m,,) and labeled u such that m ¢ u. Pick a
finite path m,, in X with initial vertex J := i(m,,) and terminal vertex
I such that m & wug as in Figure fl. Then, mug, mugu € G, such that
mug C mugu that is absurd.

Conversely, let all cycles in Xar that passing through I, containing m.
Pick mag € Gy, If mag C may ... may for some 1 < ¢ < k, then there
are 1 < i < k and u; € W(X) such that ma; = mapu;. Let u; # e.
But i(my,) = t(me,) = I = t(mq,) = t(my,), so there is a cycle labeled u;
and passing through I such that m & wu;. That is absurd and so wu; is
the empty block and so ma; = mag. This means that G,, is a minimal
generator for X. O

The next example shows that the hypothesis of Theorem @ can not
be weakened to synchronized system.

Example 3.8. Let H be the graph as in Figure ] and X = Xp. Then,
m := 101 is a synchronizing block of X such that m ¢ S¢(X) and

Gy = {m0,m010,m012,m01210, m2, m210}.

Pick a := 210 and a; := 01210. Then, ma C 10ma = ma; and so
ma € W(Z) where Z = < Gy, \ {ma} >. Thus G,, is not a minimal
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FIGURE 2. The grapg H for the cover of a synchronized
system such that G, is not a minimal generator for Xy.

generator for X. But all cycles in the Fischer cover X" = H meeting
I :=i(my,), passes over m.

Note that if m € S(X) and m C u, then u € S(X). But it is not true
when m € S;(X). This fact can be seen by the fact that in Figure E,
2 € 5¢(X) but 012 & Sy(X).

Let G be a minimal generator for a subshift X. Set Gys denote the
set of all v € G such that for all u € G, there are not non empty blocks
a, b such that vu = avb or uv = avb.

Theorem 3.9. Let G be a minimal generator of X C A% and v =
vve... 0y € G. Then, v € Gy if and only if for each v € G, v €
Vo ... vpu and v € uvive ... Up_1.

Proof. Suppose that v € Gy and let there is a block u = wjus ... ux € G
such that v C vy...v,u. Then, v = v,/ ...vpu U ... U,y—1 sSuch that
n' > 1. Also

VU = V102 ... VUp/—1Up/ .. . VpULU2 . . . Up/ —1Up/Up/ 41 - - - UL-

Set a :=vive... vy 1 and b := uprupa ... ug. Then, vu = avd that is
absurd.

Conversely, suppose that for each v € G, v € vo...vu and v €
UVLVS . . . Up—1. Also let there is a block ©w = ujus...u; € G such that
vu = avb for some non empty blocks a = ajaz...a;, b = biby...b;.
Then,

VIV .« . . ViVig] - - - UpUIUD . . . U = G1A2 . . . Q;VD.
Thus viv2...v; = a1az...a; and v = Vjq1...vULU2 ... u; and so v C
Vit1 - .. Upu that is absurd. O

Theorem 3.10. If v € G5 and period(v™) = n, then |v| = n.

Proof. Set r := |v|. If r > n, then there is k£ > 1 such that r = nk and
so there is v’ € W,,(X) such that v = (v/)*. Thus v? = v'v(¢v/)*~! that
is absurd and so v has least period |v|. (]

Theorem 3.11. Let G be a minimal generator for a subshift X. Then,
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FiGure 3. Lemma 3.13.

(1) Ifv € Gis and av, vb € W(X), then a and b are terminal segment
and initial segment of a finite concatenation of elements in G
respectively.

(2) If v, v' € Gys, then w_(v) = w_(v") and wy(v) = wy(V').

(3) Gis € S(X).

Proof. (1) Since av € W(X), so there is {v1,ve,...,v,} C G such
that av C vqvs...v, and so

/i / 2 /i
U1U2 e UTL == UIUI 'U2 PR 'Uj e Un*QUn—lvn—lvnvn

where v; = vjv! for i = 1,n —1,n, v = v_jv), and a =
v{ve...vp_ovl, ;. Figure §. But v C wv,_jv,, s0 v, = v or
Up—1 = v. Suppose that v, = v. Then, v,_1v = v,_1v, =
v, _qvuy and so v), ; = e orv) =e. Ifv, | =e¢, then a =
v{vy ... v,_2 and we are done.

Now let v/,_; # . Then, v// must be an empty block and so
v, = v, =v=0_,vl,. Hence v/! _; =¢e. Thus v,_1 = v),_; and
so a = v{vy...v,_1. Similar reasoning works for v,_1 = v.

If vb € W(X), then by use same routine as in the before
case, to show that there is {uj,ug,...,uy} C G such that b =
Uz ... Up—1u,, where u, = ul ul,.

(2) Let a € w_(v). Then, it follows from (i) that there is
{vi,v9,...,u,} €T G
such that a = v{va ... v, where v; = v{v] and so
av’ = vivy. ..o Covg. . v’ € W(X).

Thus av’ € W(X) and so w_(v) = w_(v'). Similar reasoning
works for b € w4 (v) and so w4 (v) = wy (V').

(3) Let v € Gy and av, vb € W(X). Then, it follows from (i) that
av = v{va ... vyv and vb = vuy ... Uy _1ul,. Thus

" /
avb = vV .. VUL . Uy Uy C ULV VR VUYL Uy

and so avb € W(X).
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2 2

FIGURE 4. The graph G, q,; Hg is the merged graph
from Gy, sq, with G := {10"1: n € P}.

Let G be a minimal generator for a subshift X with G = G}s. Then,
G is called a totally synchronizing generator. Such an X is called totally
synchronizing generated system.

The next example shows that there are non sofic but totally synchro-
nizing generated systems.

Example 3.12. Let P be the set of all prime numbers. Set G := {10"1 :
n € P} and X := < G >. Then, X is a totally synchronizing generated
system. But it is easy to check that for i = 1,2,3,... the follower sets
wy (10%) are all different from each other, so that the shift space X has
infinitely many follower sets and so by [, Theorem 3.2.10], X is not a
sofic.

Let G = {u1, ug, ...} be a minimal generator for a subshift X. We
give another right resolving and follower separated cover for X, de-
noted by Hg which is not necessarily Fischer cover of X. To do so
fix {a1, ag, ...} € N. Let the loop graph G has one vertex Iy and infi-
nite self loops e; labeled a; at that vertex (i > 1). We construct a new
graph from G denoted by G,,<sq, by replacing u; for a; whenever there is
a path in G labeled a; for all « > 1. We can suppose that G, 4, is right
resolving. Now let g be the merged graph from G, 4, [10]. Then, by
[7, Lemma 3.3.8] X = Xg, ., = X3, and H¢ is right resolving and
follower separated [4]. For instance see the next example.

Example 3.13. (1) Let X := < G > where
G =10, (0), {01, (O [, -3 AT, (O, [0 107, (0D, -3

Then, G is a minimal generator for X. Figure @ shows H¢ for
G.
(2) Let X be a strong synchronized system, m € S;(X) and

G, := {may, mag, ...}

be a minimal generator for X where {a1,as,...} € W(X). Then,
X0+ = Xy where Hg_is the merged graph from G,,.,, and
Gu;sa; is as the Figure .
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u
-

FiGURE 5. The subgrapg of X0+.

.

FIGURE 6. A subgraph of Hg where ab = vg = be.

The following gives a sufficient condition on a minimal generator GG
that the cover Hg be Fischer cover. For this we first need to define the
magic block m for a right reasolving cover if there is one and only one
vertex I such that m € F_(I) where

F_(I) = {L-labels of all finite paths terminating at I}.

Theorem 3.14. Let G be a minimal generator for the coded system X
and assume that vy € G¢s. Then,

(1) He = XS_

(2) Gis C Se(X).
Proof. (i) To show that Hg = X, it suffices by [3, Theorem 2.16] to
show that Hg has a magic block. The construction of Hg shows that
vo € F_(Ip). Let vg € F_(J) and J # Iy. Then, there are non empt
blocks a, b, ¢, d of X such that ab = vg = bc and v = c¢d as in Figure E’
Then, vgv = avgd and so a = € or d = € that is absurd and so vy is a
magic block for the Hg which set over claim.

(ii) Since there is exactly one path labeled vg in the Fischer cover Hg,

S0 vg is a strong synchronizing block of X. U

The next theorem can be applied in the reference [1].
Theorem 3.15. Let G = Gy for a subshift X andx = ... v_qvgvy ... =
... vl qugy - .. where v, v € G Then,
(1) There are i,j € Z such that for all k € Z, vi1y = v;.+k.
(2) If v; = xoxy...x;,, then there is j € Z such that vg- = v; and
T = ...vg-_l.vé-v;._ﬂ ...
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FIGURE 8. The graph G,,<q;; Ha = (XHG)(J]r is the
merged graph from G, .

Proof. There are g, jo € Z such that z¢ € v;, ﬁvé-o. Then, v}o C ig—14,

or v}o C vjyVip+1. Without loss of generality, we can assume U}O -

/ / . . .
VigVip+1- Thus ij/: Vip Or Vj, = Vj41. Hence there is | € {i0,i0 + 1}
such that v, = V%o k for all k£ € Z.

Part (ii) follows from Part (7). O

The next example shows that the converse of the above theorem is
not necessarily true.

Example 3.16. (1) Let G and X to be as in . Suppose that
Ti=---v_1001 - =V _qujv] -+ where v;, v} € G and i € Z.
Then, there is n € X such that

Vig = Vg, Vigh1 = V41, Vigha = Vg 49, - -
But G is not minimal generator.
(2) Set G :={vy := 101, vy := 010, v3 := 0101} and
x = (v1v2) 7. (v1v2)° € X =< G >.

Then, x = (v3)*>°. But there is no ¢ € {1,2} such that v3 = v; =

T[g,2)- This shows that the hypothesis of Theorem M can not
be weakened to the generator.

4. CONCLUSION

These systems are precisely the tool that will enable us to create a
bridge between dynamical systems and other mathematical branches.
By creating such a connection, we will be able to introduce the basic
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concepts linear independence and dependence from the branch of linear
algebra to dynamic systems and enter the topic of applied mathematics.
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