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1. INTRODUCTION

One of the most effective ways to characterize a Riemannian manifold is
to examine the geometrical characteristics belonging to several type of
particular vector fields. With this examination, various basic properties
and relations provided by Riemannian manifolds can be obtained. These
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particular vector fields are geodesic, Killing, concurrent, concircular,
recurrent and torse-forming vector fields, etc.

Concircular vector fields were firstly established by A. Fialkow in [14].
A smooth vector field v on a Riemannian manifold is defined a concir-
cular vector field if there subsists a smooth function ¢ satisfying

6)(1) =pX (1.1)

for each tangent vector field X. Here, V indicates the Levi-Civita con-
nection. If ¢ = 1, then v is said to be concurrent.

There exist remarkable applications of concircular vector fields to
Ricci solitons in the literature. Some results dealing with concircular
vector fields and their practices to Ricci solitons are obtained on Rie-
mannian manifolds in [4, 6, [, 8, 17, 21], on space-time in [18, 19], on
various contact space forms in [, 15, 16, 20], on Euclidean space [5],
etc.

The primary aim of this study is to maintain this investigation on
lightlike submanifolds. For this purpose, the followings are obtained:

(1) Some identities and examples of Ricci soliton lightlike submani-
folds admitting a concircular vector field are presented.

(2) With the aim of the rigged metric defined on lightlike submani-
folds, it is proved that every Ricci soliton lightlike submanifold
whose potential vector field is concircular belongs to the radical
space.

2. PRELIMINARIES

Let (M, h) be an (+7)—dimensional semi-Riemannian manifold and
(M, h) be an n— dimensional submanifold having the induced metric h
from h. If h is degenerate on M, then (M, h) is said to be a lightlike
submanifold of (M ) 71) In this circumstance, the radical distribution at
p € M is given by

RadT,M = {§, € TyM : hyp(§,X) =0 for any X € I'(T'M)}.

Assume that S(T'M) is a complementary vector bundle of Rad(7TM).
Then we write

Here, @44, indicates the orthogonal direct sum. The distribution S(7°M)
is defined a screen distribution (M, h). We pay attention that S(T'M)

is a non-degenerate distribution and it is not single. Hence, a lightlike
submanifold is mostly indicated by the triple (M, h,S(TM)).
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Now, let rank(Rad(T'M)) = r, r > 0, rank(S(T'M)) = n such that
n=r+n, m=n+m+r. In the circumstances, one of the undernamed
situations occurs:

i) (M,h,S(TM)) is a r—lightlike submanifold if 1 < r < min{n +
r,m+ 1}
ii) (M,h,S(TM)) is a coisotropic lightlike submanifold if m = 0.
iii) (M,h,S(TM)) is a isotropic lightlike submanifold if n = 0.
iv) (M,h.S(TM)) is a totally lightlike submanifold if m = n = 0
9, 13).

Let (M,h,S(T'M)) be a r—lightlike submanifold. Then, we can con-
sider the following quasi-orthonormal basis on I'(T'M):

{&,.. . & e1, . en, Niyoo oy Ny uny ooy U }
such that
h(Ni,&) = 60, B(Ni, Np) = h(Ni,ua) = h(€iua) =0 (2.2)
for any i,l € {1,...,7}, a € {1,...,m} and
h(Ni, e;) = h(ta, ej) =0 (2.3)

for any 7 € {1,...,n}. Here, §;; denotes the Kronecker delta function.
For an r—Ilightlike submanifold, we get the following subspaces:

Rad(TM) = Span{&,..., &}, Wtr(TM) = Span{Ny,...,N,},
S(TM) = Span{ei,... ey}, S(TM™*) = Span{ui, ..., um}.

Let V be the Levi-Civita connection on (M ,h). The Gauss and Wein-
garten formulae are expresses as

Vx, Xo = Vx, Xo + 11(X1, X3),

T m
=Vx,Xo+ Y B (X1, X2)Ni+ Y D*(X1, Xo)ua, (2.4)

=1 a=1
Vi, Ne = AN X1+ Y (XN + D Yo (X1 g, (2.5)
=1 a=1
6X1u5 = —AuﬁXl + Zegl(Xl)Nl + Z Q/BQ(Xl)ua (2.6)
=1 a=1

forany Xy e I'(TM), k€ {1,...,r} and B € {1,...,m}. Here, V is the
induced connection on I'(T'M), Ay, and A, are the shape operators of
M, ~,~, 0 and 0 are 1—forms, II is a second fundamental form.
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Let P be the projection of I'(T'M) onto I'(S(T'M)). The Gauss and
Weingarten formulae on S(T'M) are demonstrated with

Vi, PXy = Vi, PXo + 1T (X1, X5)

= VX, PXs+ Z C'(X1, PX2)&, (2.7)
=1

Vxi&e = —Ag, X1 — Z%l(Xl)&, (2.8)
=1

where V* is the induced connection on I'(S(T'M)), Ag, is the local shape
operator of M for each k € {1,...,r} and IT* is the second fundamental
form. An r—lightlike submanifold is defined
i) totally geodesic if IT = 0,
ii) S(T'M)—geodesic if IT* =0,
iii) totally umbilical if there subsists a smooth transversal vector
field H € ltr(T'M) such that I1(X,Y) = h(X,Y)H is held,
iv) S(T'M)—totally umbilical if there subsists a smooth transversal
vector field H* € ltr(T'M) such that IT*(X,Y) = g(X,Y)H"* is
held [10].
__Now, let us symbolize the Riemannian curvature tensors of M and
M by R and R, consecutively. The Gauss equation for (M, h, S(T'M))
is demonstrated by the undermentioned equality:

h(R(X1, X2)PXs, PXy) = h(R(X1, X2)PX3, PXy)

T
+) " B'(X1, PX3)C! (X2, PX4)
=1

— Y B'(X3, PX3)C'(X1, PXy)

=1
m

) [DY(X1, PX3)D%(Xa, PXy)
a=1

—D*(Xs, PX3)D*(X1, PXy4)]. (2.9)

Considering the fact that I7* is not symmetric in (@), it follows that
the sectional curvature map is not needed to be symmetric on a lightlike
submanifold. From (@)-(@), we find the following equalities:

BY(X1,Y) = h(A}, X1, X>), (2.10)
CH(X1,Y) = h(ANn X1, X>), (2.11)
D (XI,XQ) h(AuaXl,X2) Qal(Xl)T]a(Xg), (212)
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where £ = h(ta,ua) = F1, 70(X2) = M(Xa, Na), i,0 € {1,...,r} and
a € {1,...,m} [11]. Handling the truth that V is a metric connection,
we find

X3h(X1, Xa) = h(Vx, X1, Xo + h(Vx, X2, X1)

= h(Vx, X1, X2) + M(Vx, X2, X1) + Y B (X1, X3)mi(X2)
=1

+ ) B(Xy, Xg)mi(X1). (2.13)
=1

Also, the Lie derivative of g is demonstrated by

(L h) (X1, X2) = Xsh(X1, Xa) — h(Vx, X1, X2) — h(V x, X2, X1)
+h(leX3,X2)+h(VX2X3,X1). (2.14)

Putting () in (), we find

(LX3h)(X17X2) = Z BI(X27X3)7H(X1) + h(vX1X37X2)
=1
4 h(Vx, X3, X1). (2.15)

From (), it is easy to see that the induced connection V is not a
metric connection.

Now, let {ei,...,en} be an orthonormal frame field of S(T'M). The
induced Ricci type tensor, denoted by R(®?) is expressed as

RO(X1, Xp) = > h(R(X1,e5)ej, X1) +Zh (&, X1) X2, Na).
7j=1
(2.16)
Putting (@) in () it can be obtained that
RO2(X, Xo) # RO (X5, X1) [9].

Theorem 2.1. [9] Let (M,h,S(TM)) be an r—lightlike submanifold.
Then, the undermentioned situations are equivalent:
i) S(T'M) is integrable.
ii) 11" is symmetric on S(TM).
iii) Ay is self-adjoint.

In view of Theorem @, if S(TM) is integrable, then R(?) is sym-
metric. We pay attention that R is said to be Ricci tensor when it
is symmetric.
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3. RICCI SOLITON LIGHTLIKE SUBMANIFOLDS

Let v be a vector field on F(TM ). Thus, we may put
T m
v=v' + Z fiN; + Z Palba, (3.1)
=1 a=1

where f; and p,, are smooth functions for/ € {1,...,r}and o € {1,...,m}.
In view of (égﬁ, we find

fi=h(v,&) and po = h(v,ua). (3.2)

Proposition 3.1. Let (M, g, S(T'M)) be an r—lightlike submanifold. If
the vector field v is a concircular, then the undermentioned relations are
held:

Vv =oX + > fIANKX + ) padu, X, (3.3)
=1 a=1
Bl(X’VT): _6Xfl_Zfl'Yls(X)_Zpa‘gfxl(X)v (34)
s=1 a=1
D*(X,v") = =Vxpa— Y pablap(X) =D fija(X). (3.5)
B=1 =1

Proof. Under the supposition, if the vector field v is a concircular, we
put

m

Vv = pX = Vxv! + %X(Z fiN)) + 6)((2 Palla)s
=1 a=1

which implies that

T m
X =Vxv' +> B(X,v )N+ > DX, v ua
=1 a=1

+ > (VX fONi+ Y (Vxpa)ta — Y fidn X
=1 a=1 =1

+) ) frns (XN + ZZ i 21 Vo (X)tia
=1 a=

=1 s=1
m m r m m
S TIETD IS MACITES P S A
a=1 a=1 =1 a=1 B=1

Taking into account the tangential and transversal components in last
equality, we achieve (B.3), (@) and (@) immediately. O
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For a special case m = 0, we write

v=v'+> fiN. (3.6)

=1
Then we find

Proposition 3.2. Let (M, h,S(TM)) be a coisotropic lightlike subman-
ifold. If the vector field v is a concircular, then the undermentioned
relations are held:

Vv =X +> fANX, (3.7)
=1
B{X,v")=-Vxfi— > frus(X). (3.8)
s=1

T

For a special case v = v', we have the followings:

Proposition 3.3. For any r—lightlike submanifold (M, h,S(TM)) con-

taining a concircular vector field v =v", we have
Vxv' =X (3.9)
and
B{(X,v")=D*X,v") =0, (3.10)

where l € {1,...,r} and c € {1,...,m}.

Corollary 3.4. Ifv = v" is a concircular vector field on (M, h, S(TM)),
v 15 also concircular in regard to the induced connection V.

Proposition 3.5. Let (M, h, S(TM)) be a coisotropic lightlike subman-
ifold containing a concircular vector field v =v'. Then, we get

Vxv' =X and BY(X,vT)=0 (3.11)
for eachl € {1,...,r}.

From (2.13), (B.1d) and (B.11), we find

Theorem 3.6. Let (M, h, S(TM)) be an r—lightlike or coisotropic light-
like submanifold containing a concircular vector field v = v’ . Then g

is parallel in regard to v'.

Example 3.7. Let R} be the Euclidean 8-space with the signature
(—,—,+,+,—,—,+,+). Take into account a submanifold M of R§ de-
fined by

1‘32\/.1'%-1-1'%, T4 = \/a:§+x§, 7y =xg = 0.
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Then we find (M, h,S(TM)) is a 2-lightlike submanifold of R} that
satisfies

Rad(TM) = Span {fl = 21011 + 12022 + 23013,
&9 = 14014 + 25025 + x(jax@'} s
S(TM) = Span{X1 = xgal'l + 1'18.1‘3, XQ = x58x4 + 1'48.1‘5},
Itr(TM) = Span{N; = (—x10x1 — w2079 + x3073),

2
223

Ny = (2404 — 25025 — 60x6) } },

20 2
S(TM*Y) = Span{u; = dx7, us = drs},
where {07;}ieq1,..8) is the standard basis on RE. If we put v = & + &

then we obtain that vector field v is a concircular on I'(T'M) with ¢ = 1.

Now, we remember the description of Ricci soliton lightlike subman-
ifolds.

Definition 3.8. Let (M, h,S(T'M)) be a lightlike submanifold such that
S(T'M) is integrable. Then (M, h,S(TM)) is said to be a Ricci soliton
if the undermentioned equality holds for any X, Xy € I'(T'M):

(Lyh)(X1, X2) + 2RO (X1, Xo) = 2Ah(X1, X3), (3.12)
where A is a constant and v is said to be the potential vector field.

A Ricci soliton lightlike submanifold is said to be shrinking if A > 0,
steady if A = 0 and expanding if A < 0.

We remark that the Ricci soliton equation vanishes its geometrical
meaning when R(*?) is not symmetric. Considering Theorem P.1,, we
investigate the Ricci soliton equation on lightlike submanifolds whose
screen distribution is integrable throughout this paper.

Proposition 3.9. Let (M, h, S(TM)) be an r—lightlike submanifold con-
taining a concircular vector field v. Then we possess the undermentioned
relation:

(L,Th) (X1, X3) = ZB (X1, v T )m(X2) +ZB Xo,v " )m(X1)
=1

+2h(pX1, X2) + 2 fih(An, X1, X2)
=1

+2) " pah(Au, X1, Xs). (3.13)

a=1
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If the vector field v is a concurrent, then we possess

(L, 7h) (X1, Xp) = ZB (X1, v )m(Xz) +ZBX2, D (X1)

+2h(X1, Xa) + 2Zfzh(ANlX1,X2)
=1

+2) " pah(Au, X1, X2). (3.14)

a=1

Proof. Using (@) in (), the ﬁ()f of () is straightforward. If v

is concurrent, putting ¢ = 1 in (B.13), we obtain (B.14). O

~—

For a special case m = 0, we find

Proposition 3.10. Let (M, h, S(TM)) be a coisotropic submanifold ad-
mitting a concircular vector field v. Then we possess the undermentioned
relation:

(L, 7h) (X1, Xa) = ZB X1, v )m(Xo) +ZB Xo,v " )m(X1)
=1

+2h(pX1, X) +2)  fik(An X1, X3).  (3.15)
=1

If the vector field v is a concurrent, then we possess

(L,vh) (X1, X2) = ZB (X1, v " )m(Xa) +ZBl Xo, v )mi(X1)
=1

—|—2h(X1,X2) —|—22flh(ANlX1,X2). (316)

=1
In view () and (), we find

Proposition 3.11. Let (M,h,S(TM)) be an r—dimensional lightlike

submanifold containing a concircular vector field v = v'. Then we

pPoOSseESS

(L, vh) (X1, Xa) = 2h(pX1, X2) + 2 fib(An X1, X5)
=1

+2) pah(Au, X1, Xs). (3.17)

a=1



Concircular Vector Fields on Lightlike Submanifolds 31

If the vector field v is a concurrent, then we possess

(L,mh)(X1, X2) = 2h(X1, Xa) + 2> fik(An, X1, X2)
=1

+2) " pag(Au, X1, X). (3.18)

a=1

Proposition 3.12. Let (M, h,S(T'M)) be a coisotropic lightlike sub-
manifold containing a concircular vector field v = v . Then we possess

(L,wh)(X1,X3) = 2h(0X1, X2) + 2 fik(An X1, X5).  (3.19)
=1
If the vector field v is a concurrent, then we possess

(L, 7h) (X1, Xa) = 2h(X1, X2) + 2 fik(An, X1, X2). (3.20)
=1

Based on (m) and (@), we find

Theorem 3.13. Let (M, h,S(TM)) be an r—lightlike submanifold con-
taining a concircular vector field v. Then, (M,h,S(T'M)) is a Ricci
soliton having the potential vector v if and only Zf

RO2(X,, X,) :_,ZB X1, v )m(X,) —fZB Xo, v )m(Xy)
=1

+ (A= @)h(X1, Xo) = Y fih(An X1, X2)

Y pah(Au, X1, X5). (3.21)

a=1

is satisfied.

Based on (m) and (m), We possess

Theorem 3.14. Let (M, h, S(TM)) be a coisotropic lightlike submanifold
containing vector field v. Then, (M,h,S(TM)) is a Ricci soliton having
the potential vector ﬁeld v if and only if

R(O’Q)(X1,X2 :_*ZB Xl? Jm(X2) _723 (X2, v )m(Xl)

+ (A= @)h(X1, Xa) — Z fh(AN, X1, X2).  (3.22)
=1
is satisfied.
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Based on (M) and (ﬁ?l), wWe possess

Theorem 3.15. Let (M, h, S(TM)) be an r—dimensional lightlike sub-
manifold containing a concircular vector fieldv = v'. Then, (M, h, S(TM))
is a Ricci soliton having the potential vector field v if and only if

RO (X1, Xy) = (A — p)h(X1, X2) (3.23)

1s satisfied.

Based on (m) and (M), We POossess

Theorem 3.16. Let (M,h,S(TM)) be a coisotropic lightlike subman-
ifold admitting a concircular vector field v = v'. (M,h,S(TM)) is a
Ricci soliton having the potential vector field v if and only if

RO (X1, Xy) = (A — p)h(X1, X2) (3.24)

1s satisfied.
As a result of Theorem ﬂ and Theorem , we find

Corollary 3.17. FEvery r-lightlike or coisotropic lightlike submanifold
containing a concircular vector field v =v" is an Einstein manifold.

4. SOME CHARACTERIZATIONS ON LIGHTLIKE SUBMANIFOLDS
INVOLVING A RIGGED METRIC

First, we recall the notions of rigging vector fields and rigged metrics
on lightlike hypersurfaces:

Definition 4.1. [2, B] Let (M,h,S(T'M)) be a lightlike hypersurface
and wy, ¢ T,M. The tangent vector w, is called a rigging vector field at
p € M if there subsists a 1—form 7 that satisfies

’)7(X1) = h(Xl,w) (4.1)
for any X; € I'(T'M).

Now, let us choose N, as a rigging vector field. In the circumstances,
we can determine a (0,2)—type tensor h such that

h(X1, X2) = h(X1, X2) + n(X1)n(X2) (4.2)

is satisfied. Then the tensor field h is called a rigged metric on
(M, h,S(TM)).

The concept of rigged metrics could be given on r—lightlike subman-
ifolds as follows:
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Definition 4.2. Let (M,h,S(T'M)) be a r—lightlike submanifold. A
metric h on (M, h,S(T'M)) satisfying

(X1, X2) = h(X1, Xa) + Y m(X1)m(X2) (4.3)
I=1
is called a rigged metric.
Considering (@), we find
E(é-hgs) = 6187 E(éla Xl) = nl(Xl)’ \V/Xl S F(TM)7 (44)

and

h(Xl,XQ) = h(Xl,XQ), VXl,XQ S F(S(TM)) (45)

Proposition 4.3. Let (M, h, S(TM)) be an r—lightlike submanifold con-
taining a concircular vector field v. Then we have the undermentioned
equality:

Xh(v,v) = 2h(pX,v) +2) i (v) = W(AvX,v)n(@)]  (4.6)
=1
for any X e T'(T'M).

Proof. Based on (@), we can write

Xh(v,v) = Xh(v,v) + X (Z n?@)) : (4.7)

=1

Putting (@) and (@) in (@), we arrive at (@) O

Theorem 4.4. Let (M, h,S(TM)) be an r—lightlike submanifold con-
taining a concircular vector field v that satisfies v € I'(S(T'M)). Then
v s not a constant velocity vector in regard to h.

Proof. Assume that v is a constant velocity vector in regard to h. In
this case, we find

heX,v)=0
for any X € I'(S(T'M)). The last statement shows that v belongs to
I'(Rad(T'M)). This result contradicts the fact that v € I'(S(T'M)). O

Proposition 4.5. Let (M, h, S(TM)) be an r—lightlike submanifold con-
taining a concircular vector field v that satisfiesv = v . Then we possess

Xoh(X1,v) = h(V,X1,v) + h(X1,0X2) + Y B! (Xa, X1)m(v)
=1

+ Z Z[%s(Xz)??l(Xl)m(V) + pm(X2)

=1 s=1
— h(AN, X2, v) 4 s (Xo)m(v)]m(X1) (4.8)
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for any X1, Xo € I'(TM).
Proof. Based on (@), we get

Xoh(X1,v) = Xoh(X1,v) + Xo

> 771(X1)771(77)] : (4.9)

=1

If we put (@) and (@) in (@), we find

XQE(XI, V) = h(VXQXl, I/) + ZBZ(_XQ, Xl)m(l/) + h(Xl, 6X2V)
=1

.
+ 3 [h(Vx, X1, N) — h(An, X2, X1)

=1
) (X)X )m(v) + Y [A(Vx,v, V)
s=1 =1
— (AN, X2,v) + ) yis(X2)m ()] (X1). (4.10)
s=1
Handling the truth that the vector field v is a concircular and (@),(@)
in (10), we get (1.9, O

Theorem 4.6. Let (M, h,S(T'M)) be an r—lightlike submanifold con-
taining a concircular vector field v that satisfies v =v'. Then S(TM)
is integrable if and only if v7 belongs to T'(Rad(TM)).

Proof. Assume that v € I'(Rad(TA)) and X, Xo € I'(S(T'M)). In this
circumstance, we find based on (4.10) that

Xoh(X1,v) = MV, X1,v) +h(X1, 0X2)+ Y B' (X, X1)mi(v). (4.11)
1=1
Changing X; and X5 roles in (), we immediately get

X1h(Xa,v) = h(V}QXhV)JFh(XQ,<PX1)+ZBZ(X1,X2)TH(V)- (4.12)

I=1

Subtracting ('ﬁl) and ('E) side by side, we obtain
h([ X2, X1],v) = Xoh(X1,v) — X1h(X2,v). (4.13)
Using the fact that v € T'(Rad(TM)) and X3, Xo € T'(S(T'M)), we find
h([X2, X1],v) = 0. (4.14)

In view of (1.14), we see that [Xa, X1] € T(S(T'M)) for each X1, Xy €
['(S(TM)). This fact required that S(T'M) is integrable. O
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Now, we suppose that S(T"M) is integrable. For any X, Xo €
I'(S(TM)), we get from () that the equality

XQE(Xl, V) = XIE(XQ, I/) (415)
is satisfied.

Since the equation () is satisfied for any X, Xo € I'(S(T'M)), we
can_choose X9 = AX7, where A is a smooth function. Placing this fact
in (), we find

)\Xlﬁ(Xl, V) = Xlﬁ()\Xl, V),
which shows that A is a constant function or v € I'(Rad(T'M)). Since
A should not be a constant function for each writing Xo = AX;7 in

I(S(T'M)), we achieve that v € I'(Rad(T'M)). This completes the prov-
ing.

Theorem 4.7. Let (M, h, S(TM)) be an r—lightlike submanifold involv-
ing a concircular vector fieldv = v’ . If (M, h, S(TM)) is a Ricci soliton
having the potential vector field v, then v lies on T'(Rad(T'M)).

Proof. If we consider (), we see that R(®?) is symmetric. There-
fore, if (M,h,S(TM)) is a Ricci soliton, then from Theorem @, we
obtain that S(T'M) is integrable. Considering Theorem @, the proof is
straightforward. O

Proposition 4.8. Let (M, h, S(TM)) be an r—lightlike submanifold in-
volving a concircular vector field v =v". Then we possess

WANY, v) = Yh(&k,v) — on(Y Zm (4.16)

forke{l,...,r}.
Proof. From (@) and (@) we put

Zm &k)m(v ]

= Yh(l/, Nk)
= %(ﬁym Nk) + 7L(V, 6yNk)

gka =

= omk(Y) = h(ANY,v) + > yumi(v)
=1

which is equivalent to () O

For a special case v = & and v = &,, where k,a € {1,...,r} and
k # «a, we find
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Proposition 4.9. Let (M, h, S(T'M)) be an r—lightlike submanifold in-
volving a concircular vector field v € I'(Rad(T'M)). Then we possess

i) if v =& then g, = —1.
ii) if v = &, then Ygo = 0 for k # a.

Example 4.10. Discuss a submanifold in Rg stated by
ry = (22 —i—x%)%, x3 = (22 +x§)%, x1, T2, T3, x4 > 0.
Hence, we possess
Rad(TM) = Span {& = x10x1 + 2202 + 24014,
& = x30x3 + 25075 + 6076},
S(TM) = Span { X1 = x40 + 11014, X9 = 23015 + £5023},

1
Itr(TM) = Span{ N, = Q—Q(mlaxl — x90x9 + x3013),
Ty

1
Ny = 72(1‘38$3 — 15025 + 11768.’136)},
2x%
where {0z1,0x9, 03,014, 05,076} is the standard frame field on R.
For this reason, (M, h,S(T'M)) is a coisotropic lightlike submanifold and
we obtain

%Xlé.l = X17 %X1£2 = 07 6)(261 = 07 €X2§2 = X27
Vabi=&, Vab=Ve&=0, V&b =6,
Ve, Ni = Ny, Ve, Ny =0, Ve, N1 =0, Ve, Ny = No.

By a straightforward computation, we find R(0:?) (X,Y) = 0. If we
consider v = ¢(& + &), where ¢ is a smooth function and v = v7,
then we see that (M,h,S(TM)) is a Ricci soliton having the potential
vector field v such that A = 1. Thus, the submanifold is an example of

shrinking Ricci soliton.

We pay attention that the submanifold given in Example holds
the claim of Theorem {.17.
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