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ABSTRACT. In this paper, a practical matrix method is presented
for solving a particular type of telegraph equations. This proce-
dure is based on Bernouli Polynomials. This matrix method with
collocation suited nodes, decreases the supposed equations into sys-
tem of algebric equations with unknown Bernouli coefficients. The
obtained system is solved and approximate solutions are achieved.
The well-conditioning of problems is also considered. The indi-
cated method creates the well-conditioned problems. Some numer-
ical problems are comprised to confirm the efficacy and fitting of
the suggested method. The presented technique is easy to imple-
ment and produces accurate results. The precision of the method is
demonstrated by measuring the errors between exact solutions and
approximate solutions for each problem.
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1. INTRODUCTION

The telegraph equations are partial differential equations that outline
the voltage and current on an electrical transmission line with distance
x and time t. This paper deals with a particular type of telegraph
equations which is called hyperbolic telegraph equations. Two classes of
this type are examined, the first class has the linear form [29]
2 2

%—%4—@%4—5ng($,7§), (x,t) € [0,1] x [0,1] (1.1)

with initial and boundary conditions

u(@,0) = A, or(2,0) = ) (12)

u(0,t) = ¢1(¢), u(l,t) = ¢a(t), t>0
while the second class has the nonlinear form [[15]

2U 2U U
0u_0 +a%—l—6¢>(g):F(m,t), (z,8) €[0,1] x [0,1]  (1.3)

otz ox?
with initial and boundary conditions
ou
u(z,0) = fi(z), 5(% 0) = fa(x) (1.4)

’U,(O,t) = ¢1(t)7 u(l,t) = ¢2(t)7 t=>0

where in both two classes, u. f1, f2, ¢1 and ¢9 are known functions. For
the exhaustive research of ([L.1]), we suggest [24], [35], [28] and references
therein.

In recent years, different numerical procedures have been expanded
and applied in the studies of solving one dimensional and two dimen-
sional hyperbolic telegraph equations. Authors in [I] and [10] have been
examined the proposed equations with different boundary conditions.
Lately, different numerical methods based on the finite difference pro-
cedures have been employed to obtain numerical solutions of two di-
mensional hyperbolic telegraph equation [13, 26]). Dehghan et al. have
examined this type of equations by using a meshless technique [§], a
collocation method by applying radial basis functions [L1] and the high
order implicit collocation method [9]. Biilbiil and Sezer [5] have offered a
matrix method based on Taylor polynomials to estimate the numerical
solution of the two-space dimensional linear hyperbolic equation. Ji-
wari et al. [14] have extended a numerical method based on polynomial
differential quadrature method to obtain approximate solution of the
proposed equation with Dirichlet and Neumann boundary conditions.
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Polynomial series and orthogonal functions have gotten significant no-
tice in diverse problems. Polynomials are extremely applicable mathe-
matical implements as they are clearly clarified, can be computed rapidly
on computer systems and appeared for a enormous diversity of func-
tions. Also, they can be differentiated and integrated simply and can
be composed together to organize spline curves that can approximate
any function to any exactness desired. The principal property of using
polynomials for solving differential equations numerically, is transform-
ing the difficult problems to a system of algebraic equations, therefore
considerably clarifies the problems.

Bernoulli polynomials are involved in diverse extensions and approxi-
mation formulas which are applicable in analytic and numerical analysis.
The Bernoulli polynomials and numbers have been spreaded by Nor-
lund [27] and Vandiver [B4] to the Bernoulli polynomials and numbers
of higher order. Similar polynomials and numbers have been expounded
in different periods, like the Euler polynomials and numbers and the
reputed Bernoulli polynomials of second kind. These polynomials can
be explained by diverse methods relying on the implementations [L§],
[19], [, [23], 1], [B]-

The current paper is organized as follows: in Section 2, we express
the main characteristics of the Bernoulli polynomials requisites for our
presented expansion and operational matrix. Section 3 is assigned to dis-
cretization of telegraph equation. In Section 4, the method is explained.
In Section 5, the numerical solutions are provided and accurate solutions
are comparing to evaluate the precision of the determined method.

2. BERNOULI POLYNOMIALS
The Bernouli polynomials of order m, are explained in [L6] by

By (x) = Zn: <7Z> Bia™ ™, (2.1)

i=0
where 8;,7 = 0,1,...,n are Bernouli numbers. These numbers are a
sequence of signed rational numbers, which are obtained from the series
extension of trigonometric functions [4] and can be described by

t S
et — 1 :Zﬁjﬁ'
§=0

The first four Bernouli numbers are

1

-1 1
— ]_ = — = — _ -
50 ) Bl 2 ) /32 6) /64 307
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with Bo;41 =0, ¢ =1,2,3,---. The first four Bernouli Polynomials
are
Bo(z) =1, Bi(x) = T3 By(z) ==z —3;'—1-6, Bs(z) ==z — 3%+ 52

The subsequent features apply to Bernouli polynomials [23], [32]

Bn(o) = ﬁm n >0, (2'2)
‘ _ Bapti(z) — Buya(a)
/a By (t)dt = " : (2.3)
1 . nlm!
/O Bu(OBu(0dt = ()" m >l ()
and

> Bi(t) = (m+ 1)t (2.5)

=0

It can be simply illustrated that any supposed polynomials of degree n
can be extended with regard to linear combination of Bernouli polyno-
mials as

p(@) = > aBi(x) = CTB(a),
k=0

where C and B(z) are defined by
C = [co,c1, ny n] T (2.6)

and
B(z) = [Bo(x), B1(), ..., Ba(2)]", (2.7)

where

k k k k
Bk(l') = <k> B + <k) _ I)Bklx + ...+ <1>lek_1 + <0>B()xk,

for Kk =0,1,...,m, therefore
B(z) = MT(z), (2.8)
where

T=[ 2z 2* ..2", (2.9)
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and M is a lower triangular (n + 1) x (n + 1) matrix has the form

By 0 0 0 0 o 07
B (5)Bo 0 0 0 0
M=| (B (B (o) Bo 0 0 0
(3)Bs  (3)Be (i’).Bl §)Bo 0 0

| ()Ba (0Bt () Bue (9)Bas - om |

and det(M) = 1, then M is an invertible matrix. Using (@), we have
T(z) = M~ B(z). (2.11)
2.1. Approximation of functions. Suppose that H = L2[0,1] and

{Bo(z),Bi(z),--- Bn(z)} C H, where B;(x)" s are Bernoulli polynomi-
als and

V = span{By(z), Bi(x), - By(z)},

and f be an arbitrary member in H. Since V is a finite dimensional
vector space, f has the unique best approximation f € V, that is

YweV, |If—Ffll<If—ul

Since f € V, then there exists the unique coefficients fy, fi,--- fy such
that

N
faf=) faBu(z)=F'B(z), F=I[fo,fi,---fn].  (212)
n=0

2.2. Opeartioanal matrix of integration.

Theorem 2.1. [B1] For vector B(t) defined in (@), the following for-
mula is defined

/z B(t)dt ~ PB(x), (2.13)
0

where P is the (N +1) x (N +1) operational matriz of integration, which
is obtained from P = UM™!, where

U=[U,U,,.. Uy, 2 M|T,
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1/ i 1/ i 1/i 1
=0 = B - Biy .. =(.|Bi =By _..
Ui=10 z’(i—l) -t i<i—2) - z<1) v

N—i

By+1(z) — Bn+1(0)

Nl ~ =ZT'B(z), = can

and Z = [c1,ca, ..., en]T which
be computed by ()

The operational matrix of integration P is a sparse matrix, for exam-
ple, for N = 3, we have

_1100—
2
_1010
12 2

P =
1
o 0 0 =
3
1 —1
o9 Y o7 Y

It is not difficult to see that the operation matrix P as N increases,
becomes more sparse. This is one of the advantages of using Bernouli
polynomials for solving equations.

3. SEMI-DISCRETIZATION OF TELEGRAPH EQUATION

The Crank—Nicolson procedure is a finite difference technique based
on Euler’s method. In fact, this method is a combination of forward
Euler’s method at ith level with the backward Euler method at (i +1)th
level. By using forward Euler method on ([1.1)), we obtain

Uil — 2u; + Ui—1 Ujp1 — Ui—1 .
= xx )i i F sUi ), <7< N-1.
= QML) = ()i Blu)i Pl 1), 0<d
(3.1)
Correspondingly, bﬁsing backward Euler method at (i 4+ 1)th level in

time direction on ([L.1)), one gets

U1 — 2U; + Ui—1 a(UiJrl — Ui

At? onp ) = (Use)ir1 =AW +F(2,tiy), 0<i< N-L

(3.2)



80 M. Matinfar, H. Abdollahi

Adding two Egs. (@) and (@) gives

Uip1 — 2U; + Ui il — i1 (Uzz); + (Uzz )iy _ B(U)i + (W4 q n
At? 2A¢ 2 2 (3.3)
F(z,t;) + F(x,ti41) 0<i<N—1

2 )
as well as the conditions
ug = fi(z), (uo)e = fa(x), (3.4)
ui+1(0) = ¢1(tit1), (wiy1)(1) = d2(tiv1), i=0,1,...,N—1, (3.5)
By simplifying Eq. (@), we obtain

2(uir1 — 2ui + ui—1) + At (uip1 — uim1) = AP ((Ugz)i + (Ugz)it1)
(3.6)
—AB((w); + (w)it1) + A (F(x,t;) + F(x,ti1)), 0<i< N -1,

where wu;y; is the solution of the differential equation (@) at (i + 1)th
time step. To solve (@), we rewrite it as follows:

(24 alt + A B) (w)ip1 — At (ug)iv1 = (4 — AB) (w)i + (=2 + a(At))ui_l
3.7

+A (Ug )i + APF (2, ;) + AP F(z,ti1), 0<i< N -1,
with boundary conditions

uit1(0) = d1(tit1),  uiy1(1) = P2(tir), i=0,1,--- N —1. (3.8)

4. DESCRIPTION OF THE METHOD

To solve the system of equations (@), the Bernouli polynomials ap-
proximation are applied in the following manner

j=N
(wis1)as(@) = ATB(2) = 3 a;B;(x), (4.1)
j=1

where
AT =ag,a1,--- ,an],
and
B (z) = [Bo(z), Bi(x),- -, Bn())],

where (u;41)z, is the second order derivative of u; 1 with respect to z.
By integrating (i.1]) from 0 to z, we get

(wir1)e(2) = (uit1)2(0) + ATPB(x). (4.2)
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In Eq.(@), the value of (wi+1),(0) is unknown. This value can be
computed by integrating (4.1) from 0 to 1 and using the conditions
(L.2). Then we get

(€i1)2(0) = ¢2(tis1) — d1(tiy1) — AT PD, (4.3)
where D = fol B(x)dx. Using two Eqgs. (@) and (@) leads to
(ui+1)x(:z:) = (ﬁg(ti_H) - ¢1(ti+1) —ATPD + ATPB. (4.4)
Ultimately, integrating (Q) from 0 to x, we obtain the approximate
solution as
(wir1)(@) = ¢1(tis1) + 2(da(tip1 — d1(tir1)) + AT P*B(x) — AT PD.
(4.5)
By substituting (%;+1)zz(z) and (u;y1)(x) from (@) and (@)7 respec-
tively, into Eq.(B.7), we obtain the system of algebric equations
(24 aAt + A B)(d1(tiy1) + x(2(tivs — ¢1(tiv1)) + AT P*B(x) — 2 A" PD
(4.6)
~APATB(x) = (4 — AB)(uw); + (=2 + 2aAt)u; 1 + At*(ugy);
+AF(2,t;) + AP F(x,tiy1), 0<i< N -1
Now, by using discretization procedure on (@) at collocation points
zj = (j —05)/(N+1),7 =1,2,--- ,N + 1, we obtain the following
linear system
(2 + aAt + AB)(¢1(tir1) + j(d2(tisr) — d1(tiv1)) + AT P?B(x;) — 2;ATPD
(4.7)
~APATB(x;) = (4 — APB) (u); + (=2 + aAt)u;—1 + At (ugy);
+AF (xj,t;) + APF(2),ti01), 0<i< N -1
These equations can be written as in the matrix form CA”T = b, where C
and b are known vectors. By using suitable solver, the unknown vector
AT can be computed. For nonlinear (|L.3), we obtain nonlinear system
of equations which can be solved by using Newton’s method and find

AT Thus, in any case, substituting by the calculated vector coefficients
AT into (@), we can compute the approximate solutions.

5. CONVERGENCE ANALYSIS
To explain the convergence analysis of the method, we have

Proposition 5.1. [17] suppose f is approzimated on [0, 1], by Bernouli
polynomials. Then the coefficients f; in () satisfy

fi<—, (5.1)
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where F,, is the mazimum value of f; in the [0,1]. Then Bernouli coef-
ficients are quickly reduced.

Theorem 5.2. [2] Suppose that f(x) is an enough smooth function in
the [0,1] and Py[f](x) is the approximation of f(x) based on the Bernouli
polynomials, if Ry[f](x) be the residual term, then

f@) = Pulfl@) + Rulf)(@), (5:2)
! 5 Bj(@) G-1)
Pulfle) = [ fladde+ 3P (0 - 070 ),
0 =

—1

1
(@) = 3 [ B =t

where By (z) = By(z — [z]) and [z] is the largest integer smaller than
or equal to x.

Theorem 5.3. [2] Suppose that u(x) € ¢>[0,1] is the exact solution
of the (EI) and Py(u](z) is the approximation of u(x) based on the
Bernouli polynomials, then

1
|lerror(u(x)|| < ﬁBNUN,

where By and Uy are the mazimum values of By(x) and Un(z) in
[0, 1], respectively.

6. ILLUSTRATIVE EXAMPLES

Example 6.1. Consider the Telegraph equation (EI) with following
initial and boundary conditions:

uw(0,t) =0, wu(l,t)=e tsin(1),t>0. (6.1)
The exact solution is u(x,t) = e~tsin(x), where F(z,t) = —2e 'sinx,
a = 8 and f = 4. Two Tables [ and P show the RMS error using the

proposed technique with N = 4 and_different values of At for different
values of z at different times ¢t. Fig [l represents the absolute error and
two Figs P and B represent the approximate and exact solution. It is
found that the obtained errors by using the proposed method are better
than the corresponding errors obtained by [15].
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TABLE 1. RMS error for Example 6.1 witht =1, N =4,

o
b

RMS, RMS order of Convergence
At = 0.001 At =0.01
0.2 4.6365e — 005 8.3355e — 005 0.3600
% 1.1743e — 005 1.7265e — 005 0.3600
% 5.1287e — 005 9.1790e — 005 0.4930
% 7.5457e — 005 4.9036e — 005 0.4930
92 2.1261e — 005 1.3632e — 004 1.5480
0% 6.1333e — 005 1.2281e — 004 1.5480
03 1.4538e — 005 1.6824e — 004 2.8711

TABLE 2. RMS error for Example 6.1 with t =5, N =4,

o
b

RMS RMS order of Convergence
At = 0.001 At =0.01
0.2 1.0597e — 006 1.5510e — 006 3.9259
% 4.9675¢ — 007 3.5226e — 007
% 1.1193e — 006 2.0669¢ — 006 3.5776
% 1.5829¢ — 006 4.4846e — 006
9:2 1.2617e — 006 2.9199e — 006 1.5480
0% 4.3167¢ — 007 3.6818¢ — 006
03 1.7261e — 006 3.1403e — 006 0.2584

o’

i’

S e
1 02
171

e} 1(distance)

FIGURE 1. The absolute error function of Example 6.1



84 M. Matinfar, H. Abdollahi

{tace] 7

idstee)

FIGURE 2. The exact and approximate solutions of Example 6.1
for t=1

Example 6.2. Now, we consider the Telegraph equation (EI) with
following initial and boundary conditions:

u(0,t) =0, wu(l,t) =e 2sinh(1),t >0 (6.2)

The exact solution is u(x,t) = e 2'sinh(z) and F(z,t) = —12e 2! sinhx,
with o = 2 and 8 = 1. Two Tables and @ show the RMS error with
N =4, a =4, p = 2 for different values of t and z. Fig Y represents
the absolute error and two Figs B and f represent the approximate and
exact solutions.
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s

Approximate function of example 5.1 with

-5

Exact inction of Example 5.1 with

i)

FIGURE 3. The exact and approximate solutions of Example 6.1
for t=5

TABLE 3. RMS error for Example 6.2 with t =5, N =4,

o
b

RMS RMS order of Convergence
At =0.001 At =0.01
0.2 1.1716e — 008 1.1420e — 008 3.9700
% 2.5797e — 009 5.0033e — 001
% 1.3003e — 008 1.2504e — 008 2.6486
% 6.4580e — 009 6.8411e — 009
92 1.9370e — 008 1.8581e — 008 1.1798
0% 1.7879e — 008 1.6903e — 008
03 2.3777e — 008 2.2881e — 008 0.2545




86 M. Matinfar, H. Abdollahi

TABLE 4. RMS error for Example 6.2 with t =1, N =4,

x RMS RMS order of Convergence
At = 0.001 At =0.01

0.2 1.9045e — 005 3.4042e — 005 6.2761

% 4.9397¢ — 005 1.5007e — 005

% 2.1039e — 005 3.7275e — 005 2.5117

% 3.1267e — 005 2.0393e — 005

92 8.7089¢ — 006 5.5390e — 005 1.2067

0% 2.5227e — 005 5.0388¢ — 005

% 5.5206e — 006 6.8207e — 005 0.2580

e it

FIGURE 4. The absolute error function of Example 5.2

Example 6.3. Now, we consider the nonlinear Telegraph equation (@)
with following initial and boundary conditions:

u(0,t) = e, u(l,t) =e teosh(l), t>0. (6.3)

The exact solution is given by u(x,t) = e tcosh(z) with F(x,t) =
e ?tcos’hx — 2e tcoshz, and a = 2 and B = 1. Two Tables E and
show the RMS error with N = 4 using different values of At and differ-
ent values of z at different times t. Fig B represents the absolute error
and two Figs § and 9 represent the approximate and exact solutions. It
is found that the errors in proposed method get reduced in comparison
with the errors in [29]
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i)

FIGURE 5. The exact and approximate solutions of Example 6.2
for t=1

TABLE 5. RMS error for Example 6.3 witht =1, N =4,

o
b

RMS RMS order of Convergence
At =0.001 At =0.01
0.2 1.5451e — 004 2.0474e — 004 3.3569
% 4.8190e — 005 6.9105¢ — 005
% 1.5733e — 004 2.2392e — 004 2.6975
82 2.1804 — 004 1.0915 — 004
92 1.3837e — 004 3.3153e — 004 1.3014
0% 2.8513e — 004 2.8728¢ — 004
03 3.9030e — 004 4.1297e — 004 0.2784
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=

Exact function of example 5.2 wiyh b

i)

FIGURE 6. The exact and approximate solutions of Example 6.2
for t=5

TABLE 6. RMS error for Example 6.3 with t =5, N =4,

o
b

RMS RMS order of Convergence
At =0.001 At =0.01
0.2 2.0826e — 006 3.7498e — 006 3.3571
% 3.9163e — 006 1.2655e¢ — 006
% 2.3114e — 006 4.1012e — 006 2.6975
% 3.5614 — 006 1.9990 — 006
92 1.3762e — 006 6.0721e — 006 1.3014
0% 1.4984e — 006 5.2616e — 006
03 2.0314e — 006 7.5638e — 006 0.2784
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o

| o,
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e ifitnee)

FIGURE 7. The absolute error function of Example 6.3
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FIGURE 8. The exact and approximate solution of Example 6.3

for t=1
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T
¥ ditanes!

i)

FIGURE 9. The exact and approximate solutions of Example 6.3
for t=5

7. CONCLUSION

The efficacy and relevancy of the suggested method are explained
in the given examples. It is found that the errors in Bernouli matrix
method is reduced compared to_the errors in [20]. Most of the elements
of two matrices D and P in (p.l]) are zeros, that is, they are sparse
and therefore the suggested method is very interesting and lessens the
CPU time and the computer memory, as well as the problems are well-
conditioned. Finally, the proposed method can be extended to solve
systems of telegraph equations numerically.
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