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1. INTRODUCTION

As an abstract description of Picard’s method of repeated approxima-
tions, S. Banach [4] established the renowned Banach contraction prin-
ciple. It states that, if M is a complete metric space and T is a self
mapping on M which satisfies

o(Tv,Tu) < ko(v,u), forallv,ue M and k € (0,1),

then T has a unique fixed point and for every vy € X, a sequence {11y}
is converging to the fixed point. Boyd and Wong [b] generalized Banach
contraction principle by replacing right hand term by a function as fol-
lows:

o(Tv, Tu) < Y(o(v, 1))

where ¢ is some function defined on the closure of the range of p. By
removing the continuity assumption, relaxing the compatibility condi-
tion to the coincidentally commuting property, and substituting a set_of
four conditions for the completeness of metric space, Imdad et al. [14]
enhanced a common fixed point theorem by Popa [17]. A few examples
were discussed in regard to the findings. The expansion of the Banach
contraction principle has led to the development of numerous fixed point
theorems, many of which are not listed above.

In 2012 Wardowski [24] introduced a new type of contraction called
F- contraction by using the mapping F' : R* — R and proved a new
fixed point theorem concerning F-contraction. Some examples of F-
contractions which show the significance of obtained results are given in
[24]. Popescu and Stan [18], generalized the results of Wardowski [24] in
a complete metric space concerning F-contraction mapping. Kumar and
Sholastica [16, 21] extened Wardowski results in ordered partial metric
spaces. Kumar and Asim [15] further extended these results to Ordered
F-contraction mappings in Ordered Metric Spaces. Recently, Wangwe
and Kumar extended Wardowski results in different directions [22, 23]
In this paper, we present an extension of the result of Popescu and Stan
[18] to complete cone b-metric space. Some fixed point theorems and
examples are provided to support the obtained results.

Throughout the article, R represent a set of real numbers, R™ reprents a
set of all positive real numbers and N denotes a set of natural numbers.
Following definitions, lemmas, and theorems are used in this article:

Huang and Zhang [9] introduced a concept of cone as a subset of Banach
space by defining it as follows.

Definition 1.1. [J] A subset P of a Banach space E is called a cone if
and only if it satisfies the following conditions:

(P1): P is closed, nonempty and P # {0}.
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(P2): If m,n € R such that m,n > 0 and v, u € P then mv+npu €
P.
(P3): If vre Pand —v e P = v =0.

Given a cone P C FE, then we define a partial ordering ¢ for P by v < u
if and only if 4 — v € P and we write v < p if v — p € intP.

Huang and Zhang [9] introduced a concept of cone metric p and cone
metric space (X, ). The following definition was given.

Definition 1.2. [§] Let X be a nonempty set, F be a real Banach space
and assume that the mapping o : X x X — FE satisfies the following
conditions:

(d1): 0 < o(v, p) and p(v, u) = 0 if and only if v = u for all v and
win X.

(d2): o(v,u) = o(p,v) for all v and p in X.

(d3): o(v,u) < o(v,&) + 0(&, p) for all v, and € in X.

Then p is called cone metric and (X, g) is called a cone metric space.

Also, Huang and Zhang [9] introduced the concept of normal in a cone
metric space. The following definition is given below:

Definition 1.3. [9] A cone P is said to be normal if there exists M > 0
such that 0 < v < p implies ||v|| < M||u||, Yv, u € P. The least value of
M is called the normal constant.

The following definition of b-metric space was introduced by Bakhtin
[B] as follows.

Definition 1.4. [3] Let X be a non empty set and s > 1 be a given real
number. A function ¢ : X x X — [0,00) is called b-metric if it satisfies
the following properties for each v, u, & € X

(b1): o(v,p) =0 v=p

(b2) Q(V’ /J’) = Q(Va /1')

(b3): o(1,€) < slo(v. 1) + o1, )]

The pair (X, p) is called b-metric space.

Hussain and Shah [13] introduced a concept of cone b-metric p and
cone b-metric space (X, o) as follows.

Definition 1.5. [13] Let X be a nonempty set and s > 1 be a given
real number. A mapping o : X x X — F is said to be cone b-metric if
and only if, for all v, u, £ € X, the following conditions are satisfied:

(i) 0 < o(v, ) with v # p and o(v, ) = 0 if and only if v = y;

<ﬁ> Q<V7 :U’) = Q(:Ufu V);

(iil) o(v, u) < slo(v, &) + o(&, p)]-
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The pair (X, p) is called a cone b-metric space.
Huang and Zhang [9] introduced the concept of Cauchy sequence in
cone metric space as follows:

Definition 1.6. [9] The sequence {v,} in a cone metric space (X, o)
is said to be Cauchy if for every ¢ € F with 0 < ¢ there is a natural
number N such that o(vp, ) < ¢ for all n,m > N.

Completeness of a cone metric space was introduced by Huang and
Zhang [9] which is useful for our main results.

Definition 1.7. [9] The cone metric space (X, p) is said to be complete
if every Cauchy sequence in X is convergent.

The concept of F-contraction mapping was introduced by Wardowski
[24]. Following conditions were given to define F-contraction in metric
space.

Definition 1.8. [24] Let (X, o) be a metric space. A mapping T : X —
X is called an F-contraction if there exist 7 > 0 and F' € F such that

™+ F(o(Tv,Tp)) < Flo(v. 1)) (L1)

holds for any v, € X with o(Tv,Tu) > 0, where F is the set of all
functions F : Ry — R satisfying the following conditions:

(F1) F is strictly increasing: v < p = F(v) < F(u);

(F2) For each sequence {a;,},n € N in Rt nlim ay, = 0 if and only if

—00

lim F(ay) = —o0,
n—-—aoo

(F3) There exists k € (0,1) such that h_)m (an)FF () = 0.

Following examples (1.1)-(1.4) satisfies the above conditions.

Example 1.9. [24] Let F': RT — R be given by the formula F(a) =
Ina. It is clear that F satisfies (F'1) — (F3), ((F3) for k € (0,1)).
Each mapping T : X — X satisfying the above definition is F- con-
traction such that

o(Tv,Tp) < e "o(v, p)
forall v, u € X, Tv # Tpu. It is clear that for v, u € X such that Tv = T
the inequality,

o(Tv, Tp) < e o(v, 1)
also holds, hence T is a Banach contraction.

Example 1.10. 24] If F(a) = Ina + a,« > 0 then F satisfies (F'1) —
(F3) and the condition above is of the form

AT 1) ittt < ot

o(v,p)
forall v,pu € X, Tv # Tp.
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Example 1.11. [24] Consider F(«a) = :/—é, o > 0. Then, F satisfies
(F1) — (F3), (F3) for ke (1,1)). In this case, each F-contraction
T satisfies

o(Tv,Tu) < mg(l/, w) for all v, € X, Tv # Tp.

Here, we obtain p, a special case of nonlinear contraction of the type
o(Tv, Tp) < a(e(v, ) o(v, ).
Example 1.12. [24] Let F(a) = In(a?+a),a > 0. Obviously F satisfies
(F1) — (F'3) and for F- contraction T', the following conditon hold,
o(Tv, Tp)(o(Tv, Tp) +1) _ _y
o(v,m)(e(v,p) +1)  ~
for all v,p € X, Tv # Tp.

As observed above from Example 1.1-1.4 the contraction conditions are
satisfied for all v, u € X such that Tv =Tpu.

The following remarks were introduced by Wardowski [24] in relaltion
to F-contraction mapping.

Remark 1.13. [24] From (F'1) and (F2) it is easy to conclude that every
F-contraction 7' is a contractive mapping, i.e o(Tv,Tu) < o(v, u), for all
v, € X,Tv = Tpu. Thus every F-contraction is a continuous mapping.
From (F'1) and (F2) it is easy to conclude that every F-contraction T
is a contractive mapping.

Remark 1.14. [24] Let F1, F» be the mappings satisfying (F'1) — (F'3).
If Fi(a) < Fy(a) for all @ > 0 and a mappings G = F» — F} is non
decreasing, then every Fij-contraction T is Fh-contraction.

Indeed, from Remark (1.1) we have

G(o(Tv,Tp)) < G(o(v, 1))
for all v, u € X, Tv # Tu. Thus, we obtain
T+ Fy(o(Tv, Tn)) = 7 + Fi(o(Tv, Tn)) + G(o(Tv, Tp))
< Fi(e(v, 1) + Glo(v, ).

Cosentino [§] defined F-contraction of Hardy-Rogers type of contrac-
tion as follows.

Definition 1.15. [6] Let (X, ) be a metric space. A mapping T :
X — X is called an F-contraction of Hardy-Rogers-type if there exist
7 >0 and F' € F such that:

T+F(o(Tv, Tp)) < F(ao(v, p)+Bo(v, Tv)+vo(p, Tp)+60(v, Tu)+Lo(u, Tv))

holds for any v, u € X with o(Tv,Tu) > 0, where «a, 8,7, 9, L are non-
negative numbers,y # 1 and a+ 8+~ + 26 = 1.



Common Fixed Point Theorems Concerning F-Contraction map... 389

The following theorems are due to Huang and Zhang [9] where by
the existence and uniqueness of a fixed point in a cone metric space is
determined. These theorems state as follows.

Theorem 1.16. [9] Let (X, 0) be a complete cone metric space, P be a
normal cone with normal constant K. Suppose the mapping T : X — X
satisfies the contractive condition

o(Tv, Tp) =X ko(v, ), Vv, u € X,

where k € [0,1) is a constant. Then, T has a unique fizved point in X.
Moreover, for anyv € X, iterative sequence {T"v} converges to the fized
point.

Theorem 1.17. [9] Let (X, 0) be a complete cone metric space, P a
normal cone with normal constant K. Suppose the mapping T : X — X
satisfies the contractive condition

oTv,Tu) = keo(Tv,v) + o(Tp, p)}, Vv, u € X,

where k € [0,1/2) is a constant. Then T has a unique fized point in
X. Moreover, for any v € X, iterative sequence {T"v} converges to the
fized point.

Huang et al. [12] introduced the following lemma in cone metric space
to prove that the given sequence is a Cauchy sequence in a cone metric
space.

Lemma 1.18. [12] Let (X, 0) be a cone metric space, P be a normal
cone with a normal constant K. Let {v,} be a sequence in X. Then {v,}
is a Cauchy sequence if and only if o(vyn,vm) — 0 for n,m — oo.

The following theorem is due to Popescu and Stan [[18] in metric space.
Theorem 1.19. Let T be a self mapping of a metric space into itself.
Suppose there exist T > 0 such that for all v,u € X,

o(Tv,Tp) >0 =7+ F(o(Tv, Tp))

< F(ao(v, p) + Bo(v, Tv) +vo(u, Tp) + 60(v, Tp) + Lo(p, Tv))

where F : RT™ — R is an increasing map, o, 3,7, 0, L are non negative
numbers,
1
o< 5,'y< La+p+~y+20=1,0<a+~y+L<1.
Then T has unique fized point v* € X and for all v € X the sequence
{T"v}nen converge to v*.

Motivated by Popescu and Stan [1§], we present our results by ex-
tending Theorem to complete cone b-metric space. An example is
given to support the results obtained.
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Theorem 1.20. Let (G,.) be an Abelian group with identity and let
fym : G — C be functions such that there exist functions My, My :—
[0, 00) with

1/ (z.y) — f(@)m(y)]| < min{Mi (), M2(y)}

for all x,y € G. Then either f is bounded or m is an exponential and

flx) = f(1)g(x) for all x € G.

For the reader’s convenience and explicit later use, we will recall a
fundamental results in fixed point theory.

Definition 1.21. The pair (X, d) is called a generalized complete metric
space if X is a nonempty set and d : X? — [0, oo] satisfies the following
conditions:

(1) d(x,y) > 0 and the equality holds if and only if z = y;

(2) d(z,y) = d(y,z);

(3) d(z,2) < d(z,y) +d(y, 2);
(4) every d-Cauchy sequence in X is d-convergent.

for all z,y € X.

Note that the distance between two points in a generalized metric
space is permitted to be infinity.

2. MAIN RESULT

We present an extension of result due to Popescu and Stan et al. [1§]
to complete cone b-metric space and prove common fixed point theorems
concerning F - contraction condition in complete cone b-metric space.

Theorem 2.1. Let T be a self mapping of complete cone b-metric space
with S > 1, S0 < 1 and S¢ < 1. Suppose there exists T > 0 such that
forallv,pe X,

o(Tv,Tp) > 0= 7+ F(o(Tv,Tp))
< F(elg(ya M) + €2Q(V7 TV) + ZSQ(M? T,U,) + €4Q(V7 T:U’) + 559(#: TV))
(2.1)

where ' : RT™ — R is an increasing map, l1,02,,03,04,05 are non
negative numbers,

1
€4<§, l3 <1, b1+la+0l34+204=1, 0<l+4L3+05<1.

Then T has unique fized point v* € X and for all v € X the sequence
{T"v}nen converge to v*.
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Proof. Suppose vy € X is an arbitrary point in X and let us construct
a sequence {v,} € X such that,

%1 = TV()
1%} = TI/1 = T2V0,
Vp = Tvp 1 =T 1,

for all n € N. If there exist n € N such that o(v,, Tv,) = 0, then v, is a
fixed point of T. Suppose,

0 < o(vn,Tvy) = 0(Tvp—1,Tvy)
for all n € N. Also let d,, = 0(Vn, Vn+1), hence by using the hypothesis
of monotony of f, we have,
T+ F(dn) = 7+ F(o(vn,vnt1))

= 74+ F(o(Tvp-1,Tvy,))

< F(lio(vn-1,vn) +loo(Vn—1,Tvp_1) + €30V, Tvy)
+040(Vn—1,Tvy) + ls0(Vn, TVn-1))
F(lio(Vn—1,vn) + L20(Vn—1,n) + £30(Vn, Vn+1)
+L40(Vn—1, Vn+1) + L50(Vn, Vn))-

Applying condition (iii) of Definition (1.5)

F(lio(vn—1,vn) + l20(vn—1,vn) + l30(Vn, Vn+1)

+S{ls0(Vn—1,vn) + L10(Vn; Vnt1)})

F(lidp—1 + ladp—1 + l3d,, + Sﬁ4{dn_1 + dn})

F(lydp—1 + lody—1 + l3dy + Slydp—1 + Slady,)
= F((ﬁl + 4y + S£4>dn_1 + (63 + S&;)dn).

which follows that:

F(d,) < F((b1+ 4o+ Sly)dn1+ (b3 + Sly)dy,) — 7
< F((ﬁl + 0y + Sﬂ4)dn_1 + (@3 + S&;)dn). (2.2)

By the monotony of F' we have,

IN

d, < (51 + by + 554)dn_1 + (63 + S&L)dn

which gives,

(1 — 53 — Sf4)dn < (fl + 62 + S&;)dn,l
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for all n € N, since f3 # 1 and ¢1 + £o + ¢35 + 2¢4, = 1. We deduce the
following

1—43— 544> 0.
Hence,
(01 + €1 + Sty)
dp < —--———2d,_
S =t =50y !
for all n € N.

From the above, we deduce that {d,},en is strictly decreasing, hence
there exists lim d, = d. Let d > 0. Given that F is an increasing
—r0

mapping theg,
lim F(v,) = F(d). (2.3)

r—sdt
Taking n — oo in (@) we get,
F(d) < F(d) —,
which is a contradiction.

Thus we have,
lim d, =0.

n——~oo
We claim that {1,} is a Cauchy sequence. Hence by contradiction, we
assume that there exists € > 0 and a sequence {p(n)} and {g(n)} of the
natural numbers so that,
p(n) > q(n) > n, 0(Vpn), Vam)) > € 0(Vpm)—1,Vgn)) < €

for all n € N.
Hence,

€< Q(Vp(n)7 Vq(n)) < Q(Vp(n)7 Vp(n)—1)+9(yp(n)—17 Vq(n)) < Q(Vp(n)—lv l/p(n))'
(2.4)

Using @ above, we get

L 0(¥p(n)s Vo)) = €

But from Q(I/p(n), Vg(n)) > € > 0, then using the monotony of F' we get,

T+ 0(Wpm)s Vam) < F(lo(Wpm)—1, Vam)—1) + £20(Vpn)—1, TVp(n)—1)
+30(Vg(n)—1: TVq(n)-1) + €40(Vp(n)—1, TVq(n) 1)
+50(Vg(n)—1, TVp(n)-1))

= F(lio(pm)-1: Va(n)—-1) + 20(Vpm)—1, Vp(n))
+030(Vg(n)—15 Va(n)) + £a0(Vp(n)-1, Va(n))
+50(Vg(n)—1, Vp(n)))-
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Applying condition (iii) of Definition (@) gives,

< F(Shle(Wpmy-1,Vpmy) + e(Wpmn), Vam)-1)] + 20(¥p(n)-1, Vp(n))

H30(Vg(n)—15 Va(n)) + €a0(Vp(n)> Va(n)) + €50(Vg(n)—15 Vp(n)))

< F(S6oVpmy—1, Vpm)) + S10WVp(n), Va(n)—1) + £20(Vp(n) 15 Vp(n))
H30(Vg(n)—1, Va(n)) t €40(Vp(n)s Vain)) + €50(Vg(n) -1, Vp(n)))

(5519( o(n)—1> p(n))+5[5{€19( o(n)> Va(n)) + £10(Vg(n)s Vg(n)-1)}]
+020(Vp(n)-1, Vp(n)) + €30(Vg(n)—15 Va(n)) + €40(Vp(n), q(n)+€59(vq —1:Vp(n)))

(wa( o(n)—1> Vp(n)) T 57 fl@( Vp(n)> Va(n)) + S210(Vg(n)s Va(n)—1)
+020(Vp(n)-1, Vp(n)) + £30(Vg(n) 1, Va(n)) + S[lae(Vp(n)—1, p(n))+549( p(n)> Va(n))]
+S[£5Q(Vq(n)—layq(n))+€5@( 4(n)s Vp(n))])
F(S00(Vpm)—1, Vp(n)) + S°10(Wp(n)» Vo)) + S*10(Vg(n)s Va(n)-1)
F020(Vp(n) 15 Vp(n)) + L30(Va(n)—1 Vg(n)) + SCa0(Vp(n)—1 Vp(n)) + SLa0(Vp(n): Vg(n))
+5€50(Vg(n)—1> Va(n)) + Ss0(Vg(n) > Vp(n)))
Applying the limit as n — oo we get,

IN

IN

IN

T+ F(e) < F[(S*1 + Sty + Sts)el,
which is a contradiction.
Hence {v,} is a Cauchy sequence in X.
Since X is complete cone b-metric space, then the sequence {v,,} con-
verge to v* € X.
Suppose that there exists a sequence {p(n)} of natural numbers N such
that,
Up(ny+1 = Ttp(n) = Tv"
then we get lim vp,)41 = v*, which gives Tv* = v* or there exists
n——aoo

n € N such that v, =Ty, # Tv* for all n € N.
Now let Tv* # v* hence,
T+ F(o(Tvn, Tv*)) < Fl10(vn,v*) + lao(Vn, Tvy) + l30(v*, TV")

+€4Q(an TV*) + €5Q(V*a TVn)),

= F(t10(vn, ") + lao(Vn, vn+1) + L30(v*, TV*) + Lao(vy, TVY)
+l50(V", vpt1)).

But F is an increasing function, so we deduce that:
o(Tvn, Tv*) < lio(vn, V") + L20(Vn, Vnt1) + Lzo(v*, TV")
+a0(vn, TV™) + l50(Vny1, V")
as n — 00, we have,

o(V*, Tv*) < l3o(v*, TV*) + Lyo(v*, Tv*) < L30(v*, TV").
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This is a contradiction, hence Tv* = v* is a fixed point.
Now we will show that T" has a unique fixed point in X.
Suppose that v, u € X are two fixed points of T' € X such that Tv = v
and T'u = p.
We hayve,
o(Tv, TM) = o(v, M) > 0.

From the condition of Theorem (@) we have,

T+ Flo(v,p) = 7+ F(e(Tv,Tp))

< F(lio(v,p) + lao(v, Tv) + L30(p, Th)
+la0(v, Tu) + lso(p, Tv)),

= F(lio(v,p) + Lyo(v, ) + ls50(v, 1))

< Fl(ly + Ly + Us)o(v, ).

But 0< /¥y +44+ €5 <1. Thus,
T+ F(o(Tv, Tp) < F(o(v, 1t))
which is a contradiction.

Therefore, T has a unique fixed point in X. O

Following is an alternative technique for proving the existence and
uniqueness of fixed point as per Theorem 2.1 by considering the contin-
uous mapping 7T in a complete cone b-metric space.

Theorem 2.2. Let (X, 0) be a complete cone b-metric space and let
T : X — X be an F-contraction mapping with S > 1. If T is a
continuous mapping then it has has a unique fized point v € X and for
all vp € X the sequence {T"vp} converge to v.

Proof. Suppose T has a unique fixed point in X. If 11,5 € X such that,
Tvy =11 # 19 =T
we observe that,
T < Fo(v1,v2)) — F(o(Tv1,Tr)) = 0

which contradict the assumption. Thus, to show that T" has a unique
fixed point. Let 1y be an arbitrary fixed point in the space X. By
defining a sequence {v,} C X as follows:

vy = TI/(),
vg =Ty,
vy = T,
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Assuming that there exists n € N such that,
Un41 = Vn
implies that,
Tv, = vy

Hence, T has a unique fixed point.
Now, let v, 11 # v, and for every n € N then

Q(Vn-f—la Vﬂ) >0
for all n € N. Considering (@) then

F(Q(Vn+1ayn)) F(Q(Vnaynfl)) -7

F(o(vn—1,vn—2)) — 27

VAN VAN VARIVAN

F(o(vn,10)) = n.
From (@) above we get,
nh*H}looF(Q(Vn—‘rlu Vn)) = —00.

Hence, considering Deﬁnition(@) we have

lim oW1, vn) = 0. (2.5)
Therefore, there exists k € (0, 1) such that
nli_r{loo (o(Vn+1, Vn))k F(o(Vn+1,vn)) = 0. (2.6)
Then,
[Q(Vn+1vl/n)]kF(Q(Vn+1aVn)) - [Q(VnJrlvVn)]kF(Q(VnaVO))
—nT — [Q(Vn+17 Vn)]kF(Q(Vna VO)) = _[Q(Vn-‘rl; Vn)]knT <0
as n —» 00.
Thus,
lim_[o(vier v} = 0. (2.7)

From the above Equation (@) we can see that there exists n € N such
that,

(o1, v))" <1

for all n > ny. Hence,

Q(V’ﬂ+lay’n) S ) (28)

S
=] T

for all n > n;.
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Therefore, to show that {v,} is a Cauchy sequence, let us consider
m,n € N such that m > n > n;. Thus from the definition of cone
b-metric space and (R.§) we have,

Q(Vma Vn) < S[Q(Vma mel) + Q(mela meQ) + ... + Q(mena Vn)]

[eS)
< SZ Q(Vi+17Vi)
i=n

< sy

1
1k

Hence from the definition of convergence of series,
oo
Z 1
S j-
i=n LF

Then the sequence {v,, } is a Cauchy sequence in X. But X is a complete
space, then there exists v € X such that,

lim v, =v.
n—oo

From the continuity of T" we get the following,
oTv.v) = lim_o(Tvy, Tvn) = lim_o(vair. i) = 0,

hence Tv = v. Therefore, T has a unique fixed point in a complete cone
b-metric space.
O

From Theorem 2.1 we now use pair of maps to prove the existance and
uniqueness of fixed point in a complete cone b-metric space concerning
F'-contraction mapping.

The following theorem use pair of maps to prove that there exists a
common fixed point in a complete cone b-metric space.

Theorem 2.3. Let (S,T) be a pair of maps in a complete cone b- metric
space (X, 0) with o > 1, o*¢ < 1 and ol < 1. Suppose there exists T > 0
forallv,pe X,

o(TSv,TSp) > 0=7+4 F(o(TSv,TSn))
< F(bio(Sv, Sp) + L20(Sv, TSv) + L30(Sp, TS p)
+l40(Sv, TSp) + l50(Sp, TSv)),
where F' : RT — R is an increasing map and (1,02, 03,04, 05 are non
negative numbers,

1
by < > l3 <1, b1+la+Fl34+204=1, 0<l+4l3+05<1.
Then S and T have unique fized point v* € X.
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Proof. Let vy € X be arbitrary and a sequence {v, }nen € X satisfies:

TSVO = Slll,
TSVl = SI/Q,
TSv, = Svp11.

Now, let T'Sv,, = v,, = Sy, for all n € N. Hence, there exists n € N
such that;
0(Vn, T'Svy) = 0(Vn, Svy) = 0.

Therefore, this proves that v, is a fixed point of T and S.
Now, assume that,

0 < o(Svp, T'Svy,) = o(T'Svp—1,TSvy,),¥n € N.
Now, let d,, = 0(Svn, Svnt1). By the monotony of F', we have;
T+ F(o(Svn, Svny1) = 74 F(o(TSvp—1,TSwy,))
F(to(Svp—1,Svn) + lao(Svp—_1,TSvp_1) + l30(Svy, T'Svy)
+L40(Svp—1,TSvy) + l50(Svp, TSvp_1))
F(l0(Svn—1,Svn) + l20(Svn—1, Svn) + £30(Svn, Svpy1)
+L40(Svn—1, Svnt1) + l50(Svy, Svy))

IN

< F(glg(Sanla SVn) + EQQ(Sanly Sl/n) + 01[63Q(5Vn7 Sl/nfl)
+€3Q(5Vn—17 SVn+1)] + €4Q(Syn—1a SVn+1))
< F((flg(Sl/n_l, SVn) + £2Q(Sl/n—1u SVn) + a[ESQ(SVna SVn—l)

+alz0(Svn—_1,Svy) + l30(Svn, Svpt1)]] + a[lso(Svn—_1, Svy)
+040(SVn, Svp+1)])
= F(l10(Svp_1,Svy) + l20(Svp_1, Svy) + alzo(Svy_1, Svy)
+02030(Svp_1, Svp) + a*l30(Svn, Svni1) + alyo(Svn_1, Svy)
+alyo(Svy, Svpt1))
= F((f1 4 b2 + alz + a*ls + aly)o(Svy_1, Svy)
+(a?l3 + aly) o(Svn, Svpi1))
= F((ty + Loy + als + a®ls + aly)d, 1 + (0203 + aly)dy,).
Using the assumption that d,, = o(Svp, Svp+1) we get,
F(d,) < F(({1+ly+ als+ ol + aly)d,_1 + (aPls + aly)d,) — T
< F((01 + o+ alz + 03 + aly)dp_1 + (aPl3 + aly)d,)
By the monotony of F' we get,
dy < (01 + b + als + aPls + aly)d,—1 + (P43 + aly)d,
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Thus,
(1 —a®ls — aly)d, < (0 + Lo+ ol + a*ls + aly)d,

for all n € N.
But /5 # 1 and ¢4 # 1 therefore we obtain,

1—04263—0z€4>0

and so,

< by + 0y + als + a2€3 + aly
1 —a2l3 —aly

dn

for all n € N.
As observed above we deduce that the sequence {d,} is an increasing,
so there exists lim d, = d. Suppose that d > 0 then there exists

n—-ao0
lim F(v)= F(d+0). Taking n — oo, we get
v—dt

F(d+0) < F(d+0) - 7.

Which is a contradiction. Hence lim d,, =
n—~oo

Claiming that a sequence {1, } is a Cauchy sequence, let us assume that
there exists € > 0 and sequances {p(n)} and {g(n)} of natural numbers
such that

p(n) > gq(n) >n,
0(Vp(n), Van)) > € 0(Vpm)—1,Va(n)) < €

for all n € N.
Hence,

Q(Vp(n)v Vq(n))
Q(’/p(n)fla Vq(n)) + Q(Vp(n)fh Vq(n))

0(Vp(n)=15 Vp(n)) — €

ININ A

which follows that,
i o(Vp(n)s Vg(n)) = €

from

Q(Vp(n)a Vq(n)) >e> 0.



Common Fixed Point Theorems Concerning F-Contraction map... 399

Hence, by considering the monotony of F, we obtain the following;
T+ F(o(Svpny, Svgmy)) = T+ F(TSvy)—1, TSVg(n)-1)
< F(lo(Svpm)—1: Sqm)—1) + L20(SVpn) -1, TSVp(n)-1)
+30(SVg(n)—1, TSVg(ny—1) + E4Q(Sl/p(n),1, TSvymy-1)
+50(SVg(n)—1, T'SVp(n)-1))
F(l10(Svpn)—1, SVqn)—1) + £20(SVpn)—1, SVp(n))
H30(SV4(n)—1, S¥g(n)) + La(S¥p(n)-1 5vq<n>>
+50(SVg(n) =1, SVp(n)))
< F(al1[o(SVpmy—1, SVg(n)) + 0(SVg(n)s SVqn)—1)]
+20(SVp(n)—1, SVp(m)) + £30(S¥q(n)-1: SVq(m))
+10(SVp(n)—1, SVg(n)) + l50(SVq(n)—15 SVp(n)))
= F((aly + aly)o(Svpmy—1, SVpm)) + (ls + €3)0(Svy(ny, SVgm)—1)
+020(SVp(ny—1> SVp(n)) + l50(SVq(n)—1, SVpn))-
By applying the limit as n — oo we obtain,
T+ F(e) < Fle)

which contradict the assumption.

Hence, {v,} is a Cauchy sequence in X. But since (X, p) is a complete
cone b-metric space, then {v,,} converge to v € X.

Let {p(n)} be a sequence of natural numbers such that,

Sy 'p(n)+1 = TSI/p(n) = TSV, n@oo Sljp(n)+1 = Sv

so that, T'Sv = Sv = v. Suppose T'Sv # Sv and Svy,)41 = T'Svpn) #
TSv for all n € N.
Then,

T4+ F(o(TSvp), TSV)) < F(l10(Svpmy, Sv) + £20(SVpn), TSVp)) + £30(Sv, TSV)
+L10(SVp(n), T'SV) + 50(Sv, T'Svp(y))
= F(l10(Svpmy, Sv) + L20(Svp(n), S’I/ p(n)+1) + £30(Sv, Sv)
+10(SVp(ny, SV) + L50(Sv, SVpn)41))-
But F' is increasing, so we have,
(T SV, TSv) < L10(SVpny, SV) + £20(SVp(ny; SVpn)+1) + La0(SVp(ny, SV)
+50(Sv, Svpm)41)-

Taking n — oo we get,
0<0,
which is a contradiction, hence

Tv = Sv = .
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We show that (5,7 have a unique fixed point in X.
Suppose that v, € X be two fixed points of (S,7T) such that v # p.
Hence, Sv =Tv # Su =Ty,
which gives
o(Tv,Tu) = o(Sv, Sp) > 0.
Then, we have

T+ F(o(Sv, Sv))

r+ P(o(Tv, Tp)

F(l10(Sv, Sp) + L20(Sv, Tv) + £30(Sp, Tp)
+10(Sv, Tp) + ls0(Sp, Tv))

= F(l10(Sv,Sp) + Ls0(Sv, Tp) + l50(Sv, Sp))
F((ts + €4+ £5)o(Sv, Sp))

F(o(Sv,5p))

which is a contradiction. Therefore, (S, T') have a unique fixed point. [

IN

IA A

Corollary 2.4. Let (X,0) be a complete Cone b-metric space and let
T be a self mapping on X with S > 1 and S¢ < 1. Assume that there
exists F : Rt — R an increasing mapping and 7 > 0 such that:

T+ F(o(Tv,Tp)) < F(bo(v, p) + b2o(v, Tv) + L0(p, i)
forallv,u € X, Tv # Tu where €; > 0. Then T has a unique fized point.

Example 2.5. Let X = {p, :n€ N} U{q} and p: X x X — FE such
that o(pn,pn) = 0(q,q) =0 for every n € N,

1
0(Pns Pntb) = 0(Pn+b, Pn) = 0(q, Pn) = -

for all n,b € N.
Certainly (X, o) is a complete cone b-metric space.
Let T : X — X such that

Tpn =pny1 and Tq=gq.

Suppoese that there exists I : RT — R an increasing mapping and
7 > 0 such that

T+ F(o(Tv, Tp)) < F(o(v, ).

Let v = pp4i and g = ppyiy1 for every n > 1and i > 0
S0,

1 1
T+ (Q( Pn+i, pn+l+1)) T+ (n+z—|—1> — (7’L+Z>

Hence, we obtain

5 (e (o)) <5 (65)

=0 =0
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bT+F<1) SF(l).
n+b n

Let b integer such that b < nf < b+ 1.
By using (F3) we have,

which gives,

k
lim no_ 0,
n—oo b
So,
k
lim 1F<1>:: fim = = L <1)::m
n—soo n n—soo b nk n
and

.1 1 . (n+bF k1 1
nh—r>noo bF <n—|—b> _nh—>m<>o nk b ’(n—I—b)kF <n—|—b> =0
(2.9)
Thus, as n — oo in (@) above we get, 7 < 0 which is a contradiction.
Hence, there exists F' : R — R an increasing mapping and 7 > 0 such

that
T+ F(o(Tv, Tp)) < F(o(v, 1))

forall v,p € X, Tv # Tp.
Then we have,

1
T+ F(o(Tpn; Tpnys)) = 7+ F <n—i—1>
= 7—-n—1<-n

_ (1) = F(o(pn, pass))-

n

So

T+F@aﬁuMD+T+F<ni1)SF(;>

= F(o(pn,q))
for all 7 < 1.

3. AN APPLICATION

We shall present a fixed point theorem as an application for an asymp-
totically regular map in a complete cone b-metric space.
We define an asymptotically regular map which we are going to apply
to show the existence and uniqueness of a fixed point in a complete cone
b-metric space as follows.
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Definition 3.1. A self map T in a complete cone b-metric space is said
to be asymptotically regular at some v € X, if

lim o(T"v, T""'v) =0,
n—-o0
where T denotes the nth iterate of T" at v.

Theorem 3.2. Let (X, o) be a complete cone b-metric space with a
constant s > 1. Suppose that there exists F' : Rt — R an increasin
mapping with T > 0. Also let T € X be a self mapping satisfying:

o(Tv,Tp) >0 =7+ F(o(Tv, Tp))

< F(lo(v,p) + bao(v, Tv) + Lso(p, Tp) + Lao(v, Ti) + Ls0(p, Tv))
for allv,pu € X where £1,0s, l3,04,05 > 0. If T is asymptotically reqular
at some fized point v € X, then T has a unique fized point.

Proof. Suppose T is an asymptotically regular at vy € X. Therefore
considering the sequence {T"vy} for all m,n > 1.

o(T™ vy, T"vy) < Flio(T™ vy, T 1) + Loo(T™ vy, T™ 1)
H30(T" w0, TMvo) + Lao(T™ o, T o) + Lso(T" ™ vo, T 1))
Applying Deﬁnition(@) we get,
< F(SO[o(T™ vy, T™w) + o(T™ v, T 11p)]
+l20(T™ Yy, T™vg) + L30(T™ trg, T™v) + S[lao(T™ i, T™p)
+0(T™ vy, T" )] + S[ls0(T" tvp), T vy + Ls0(T™vo, T vp)])
F(Sti[o(T™ vy, T™vo) + S[o(T™vo, T v) + o(T" v, T 14)]]
+l20(T™ Yo, T™v0) + La3o(T™ vy, T"vg) + S[ao(T™ ' vo, T™ 1)
+o(T™ v, T )] + S[lso(T" ' vp), T"vo + Ls0(T™ v, T™1p)])
= F(Slo(T™ vy, Tvg) 4+ 821 0(T™ v, T"vg) + S210(T" 19, T 1)
HLo0(T™ tug, T™vg) 4 L30(T™ 1, T"vg) 4 Slyo(T™ 1y, T 1)
+8040(T™ vy, T"vo) + S[ls0(T" vg), T vy 4 ls0(T™vo, T 1p))).

IN

By the monotony of F' we have,
(1 — 5261 — Sty — S£5)Q(TmV0,TnV0) < (Sfl + 0y + S&;)Q(Tmflyo,Tml/o)

+(S%01 + 03 + Sls)o(T" v, T™wp)
and hence,

Sl + £y + Sty
1— 520y — Sty — St5
( 5201 + U3 + Sty

1— 8201 — Sty — St5

le(@™ v, T"wo)| < ( Vo™ v, Twg) |

Yo o, T"wo) .
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But 7T is an asymptotically regular at zq therefore o(T™ 1vg, T1p) —

0and o(T" vy, T"1) — 0as m,n — oo. Also implies that o(T™vg, T"vg) —
0 as m,n —» oco. Therefore, {T™x(} is a Cauchy sequence in a complete

cone b-metric space.

Since X is a complete space, then there exists v € X such that T"vy —

v asn— oo.

Hence,

lim o(T"wvy,v) = o(v,v) = lim o(T"vy, T"vp) = 0. (3.1)
oo

n—aoo n—

Then {T"vy} — v € X.
Now, we claim that v is a fixed point in X.
Hence we have,

o(Tv,v) Slo(Tv, T"v) + o(T"vo, v)]

Slero(v, T 'vo) + lao(v, Tv) + L30(T™ 1o, T"wp) + Lao(v, T 1)
+L50(T" 1, T)] + So(T" vy, v)

Styo(v, T" vg) + Stao(v, Tv) + Slzo(T™ v, T"v) + Stao(v, T"v)
+Sls50(T" v, Tv) + So(T"vo, v).

Using (@) we get,

o(Tv,v) < Slio(T" vy, T"w) + Sloo(v, Tv) + Stavo(T™ vy, T"1p)
Slso(v, Tv)

Collecting like terms gives,

(1— Sty — Sls)o(Tv,v) < (Sl + Sl3)o(T" vy, T"vp)
Sty + Sts 1

Tr) < (SAEI oty g
olTvv) < \7=g g5/ 00" v T)
Since T is asymptotically regular at vg, therefore o(T" vy, T"5) — 0
as n — 00.
Therefore this proves that Tv = v is a fixed point in X.
We shall show that v is a unique fixed point in X.
Let p be another fixed point of T such that Ty = p.
Hence,

o(v,p) = o(Tv,Tp)
< lio(v,p) + Lao(v, Tv) 4+ L30(p, Ti) 4+ Lao(v, T ) + Ls0(p, Tv).

Therefore, this proves that T has a unique fixed point in a complete
cone b-metric space. O

IA A
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