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ABSTRACT. This paper aims to study the oscillatory nature of so-
lutions for fourth-order neutral differential equations with mixed
deviating arguments and improved oscillation conditions obtained
in various cases. We reduced the problem to first-order differential
inequality by using suitable substitutions that enabled us to use
comparison theorems. Further, we discuss the asymptotic nature
of solutions, and in the end, an example is given to validate the
results.
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1. INTRODUCTION

The differential equations in which the highest-order derivatives appear
with and without delay are called neutral differential equations. Neutral
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differential equations are used in the modeling of many mathematical
phenomena in the field of natural science and technology. Initially, the
existence, uniqueness, and stability of solutions for different types of
neutral equations have been studied, and in recent years, a lot of atten-
tion has been paid to the oscillatory and asymptotic behavior of such
equations, see [4, b, 10, 11, 12, [15, 16, 18, 19, 20, 21, 24] and the refer-
ences therein. In the last few decades, the number of research activities
has been increased to obtain necessary and sufficient conditions on os-
cillation theory for higher order neutral type equations on time scales
[14, 17, 23]. Moreover, the papers [6, [7, 8, 9] provide a motivational
background for the present paper.

Basic definitions and a few approaches to investigating the oscillatory
and asymptotic properties of the solutions of neutral equations were
given in the book [13].

For similar results on various classes of fourth-order delay differen-
tial/dynamic equations, we refer the reader to the papers [, 2, 23]. In
paper [14], authors established the oscillation criterion for third-order
linear dynamics equations on time scales.

Fourth-order neutral differential equations can be used to model var-
ious mathematical phenomena in biological and chemical science; see,
for instance, the paper [10]. Due to the wide applicability of these equa-
tions in various fields of science and engineering, there is a great interest
in obtaining new oscillation criteria for higher-order neutral differential
equations; see, for instance, [3, [10, 12, 20].

Oscillation theorems for third-order delay equations were discussed by
Tiryaki et al. [20]. Arul and Shobha et al. [4] generalized neutral differ-
ential equations of order two, and by using the Riccati transformation,
they presented some new oscillation criteria under some conditions. Im-
proved sufficient conditions for the oscillation and asymptotic stability
have been obtained in the paper [22].

Motivated by all the above works, we obtain improved oscillation
results for fourth-order neutral differential equations with mixed delays.
We reduced (1.1) into the first-order differential inequality using suitable
substitutions. Further, some sufficient conditions for the oscillation of
solutions are obtained in various cases using comparison results, and
their asymptotic nature is also discussed.

Here, we start with the following model of fourth order neutral dif-
ferential equations with mixed delay terms:

(kg(t) <k1(t)u(2) (t))(l))(l) Y hs(Dulns(t) =0, t>to,  (L1.1)
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where v(t) = u(t) + au(ni(t)) + bu(n2(t)), @ > 0, b > 0, m(t) < t,
ma(t) > t, n3(t) < t, t > to, and v (t), denote the derivative of order i
with respect to t.

The remaining part of this paper is designed in such a way that section
2 consists of some assumptions and definitions with a lemma. In section
3, the statement and proof of the main results are provided; in section
4, an example is presented to validate the results.

2. PRELIMINARIES AND ASSUMPTIONS

Throughout the paper, we consider the following assumptions:

(C1) The functions k; : (tp,00) — R, r =1,2,3 are continuous.
(C2) ny : (to,00) — R, r = 1,2,3 are continuous functions with the
following conditions:
() m(t) <t ma(t) > L, n3(t) <t
(i) () = 1,
() lim 7,(8) = oc.

Definition 2.1. A function v € C([Ty,0)), T, > to is a solution of
(IL.1) if corresponding function v has two properties:

() ko (t) € C' (T2, 20)), and
1
(i) k() (k1 (0®(0)) " € C1 ([T, ),
and u(t) satisfies (@)

Definition 2.2. A solution u of (@) is said to be oscillatory if it is nei-
ther eventually positive nor eventually negative; otherwise, it is termed
nonoscillatory.

Lemma 2.3. [23] Let u(t) > 0 be an eventually positive solution of
). Then for sufficiently large o > tg such that for t > o, there are
only four possibilities:

(i) v(t) >0, vO(t) <0, v (t) >0, (k1 (1)o@ (#))D <0,
(i) v(t) >0, vD(t) >0, v@(t) > 0, (k1 (t)v@ ()M <0,
(iii) v(t) > 0, v (t) > 0, V@ (t) > 0, (k1 ()o@ ()M > 0,
(iv) v(t) > 0, v (&) > 0, v (t) < 0, (kr (V@)D >0

We define

Ki(t) = / - k;y)dy, K»(t) = / > I/:I((Z,U))dy’ Ks(t) = ooKQ(u)du,
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and

Ri(t) = /t " k() dv, Ralt) = /t h l:;((;)) dv.

3. MAIN RESULTS

Theorem 3.1. Suppose conditions (C1) and (C2) hold. Further, we
assume that

/ h [Aokg(u)Kg(y) - 4%3((”3)}@ = 0, (3.1)

to

00 n(v) 2 g 1
/to AoKl(V)k’g(I/)/Q /Q mdl/ldyg — 4k‘2(1/)K1(1/)] dv = 00(3.2)

and there exist positive continuously differentiable functions ¢, d defined
on [tg, 00) such that

o 2
/t Aoc()ks(v) (c(l)(V)) kz(l/)] dv = o0, (3.3)

K5(n3(v)) 4(0(1/))3
where Ag = 1—a—>b. Then each non zero solution of ) is oscillatory.

and

A0d<V)R2(I/> _ (d(l)(y))2]dl/ = 00, (34)

kl(y) 4d(1/)

Proof. Suppose that u(t) is an eventually positive solution of ()
Then for some t > p, u(n,(t)) > 0, r = 1,2,3. Now according to
Lemma P.3, there are four possibilities. Suppose case (i) holds. Since

(ko (1) (k1 ()o@ (£) D) D < 0, Eo(£) (k1 (£)0@ ()™ is decreasing for ¢ >
o. Therefore, we have

ke (v) (k‘l(u)’u(2) (y))

Integrating from ¢ to oo after dividing by k2(v), we have

_</€1(t)v(2)(t)> < ko(t) (kl(t)U(Q) (t))u) /too 1

ka(v)
which implies that

R (ka (1) (t))(”, Ve [t 00).

dv,

o) (ka0 (1))

e Ki(t).

v (t) > —
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Integrating from ¢ to co, we have

o)
/t T @)y > — /t - k2(”)<kll:();’)(2)(y)> K (v)dv,

which implies that

00 = —ho(t) (ka2 0)) (1) (35)

Again integrating the latter inequality from ¢ to co, we obtain

oit) > — /t () (kl(y)v(Q)(y)>(1)K2(y)dy
> —ky(t) (iﬁ (t)o? (t)>(1)K3(t). (3.6)
If we set
a(8) (ka (D0 (1)
X1 (t) = ’U(t) ’ (3 7)
then
Xl(t)Kg(t) Z —1. (38)

Since u(t) = v(t) —aﬁl(t)) —bu(n2(t)), we have u(t) > (1—a—>b)u(t) =
Apv(t). Using it in ([L.1]), we get

1y (D)
(k) (R (0@ ®) ) + Aoks(ulns() <0, t>to.  (3.9)
Differentiating (@) with respect to ¢, we obtain

o (RO20)) RO (ko20)"
X1 (t) = (D) - (D)2 v ().
Using (@), we get

(1)
ko (t) (k1 (£)v @ (t)
Xgl)(t) < _A0k3(t) - i ( (1U(t))2 ) U(l)(t)

Using (@), we have

V() < —Aoks(t) —

Using (@), we have
X (1) < —Aoks(t) — 3 (1) Ka(t). (3.10)
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Integrating the resulting inequality from o; to t after multiplying by
K3(t), we obtain
¢

x1(t)K3(t) — x1(01)K3(01) + /t x1(v) K2 (v)dv +A0/ ks (v) K3(v)dv

01 01

+ /t () Ko (v)K3(v)dy < 0.

01

Using (@), we get
t

/ t {Xl(V)Kg(V) + X%(V)KQ(V)Kg(u)}du + A / ks (1) K3 (v)dv

o1 o1
<1+ x1(01)K3(01).

Using the inequality Qv? — Py > —%, we get
t
Ks(v)
| [Aoksma) = 2 v < 14 (e Kaen)

01

On taking limit as t — oo, we get a contradiction to the condition (@)
Suppose case (ii) holds. Define

ka(t) (b (D02 (1)
x2(t) = OREID) (3.11)
From (3.5), we have
=1 < xa(t) K (). (3.12)

Since v (t) > 0, we have

t
o) > /U(2)(V1)dy1
0

t
1
= - (2)

/Q k‘l(lll) (kzl(yl)v (Vl))dyl.
As k1 (t)v?)(t) is nonincreasing, we have
t

o0(0) 2 k(o) [

0

Integrating from p to t, we obtain

U(t) > kl(t)U(Q)(t) /t /l/2 kl(lyl)dyldl/z,

1
k‘l(yl)

dl/1 .

which implies that

v(t) N LCH|
7/{:1@)1}(2)(0 Z/Q /g 7k1(yl)du1d1/2. (3.13)
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Differentiating (3.11) with respect to ¢, we obtain

5 (t) (k1 (t)v W o () (K1 ()o@
- (o0l )")” it

W,
k()@ (t) ]

k()o@ (t) ka(t)

Cks(Du(ms(t) X3
ki (t)v@(t)  ka(t)

e R@0Gs()) 30

ki(ns(t)v@ (ns(t))  ka(t)

Using (B.13), we get
3(t)  pr2 2
XU () < —Aoks (1) / ! / N (1V1)d1/ dvy — ’I;Et)) (3.14)

Integrating above inequality from g to t after multiplying by K (t),

Kl(t)XQ(t)—K1(02)X2(92)+/t xa(v )dy_|_ twdy

, a2 (v) o k2(v)
n3(v) 1
+A() Kl / / dyldljgdl/ <0.

0 ]{7 (1/1

Using (), we get

t 2
xe(v) | Ki(v)xa(v) sl /
+ + Ao K1 ( ———dvidve | dv
/gz [kQ(y) ka(v) i R Y yl) 1

< 14 Ki(02)x2(02)-
Using the inequality Quy? — P > — 4Q7 we get

t n3(v) 1 1
/92 AOKI(V)]‘B(V)/Q /Q mdl/ldw — 4/{2(1/)[(1(1/)] dv

<1+ Ki(02)x2(02)-

On taking limit as t — oo, we get a contradiction to the condition (
Suppose case (iii) holds. Since u(n3(t)) < v(t), we have from @

1y (@)
(k:g(t) (kl(t)v@) (t)> ) > ks (t)o(t). (3.15)
Integrating from p to ¢, we get
RN t
kg(t)<k1(t)v( )(t)) > / ks ()0 (V) dv.
4
As v(t) is increasing, we get

(k@ @) " = -2 g,
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Integrating from p to t, we get

o(t) [PKEwv) o) L,
v (t) > o J, k;(y) dv = 0 K3(t)
which implies that
v(t) E1(t)
v@(1) = _Klg(t)' (3.16)
Define
1)
k(v ) -
O = ) 0P i (0) 10
Differentiating () with respect to ¢, we have
kalt) (ka (90 (1) alt) (ka (0@ (1)
D) = O c
X = @) Y| @ <><n () ]
Using the fact that ( ) . is decreasing and (), we have
1)y (@)
(1) 2(t) (k1(H)v) (2)
by O ( (e ®) )"
Xs (8 = —mxa(t) +elt) )o@ @) () -
Using (EI) and inequality u(t) > Agv(t), we get
Wy < €00 0 Rs@uims®) ()
W0 < =l Aoelt) e B ) Oty

Using (), we have
(1) 2
(1) (1) Aoc(t)ks(t) X3(t)
t) < x3(t) — —c(t .
0= " ¢ RE () g
Using the inequality —Py — Qv? < L5, we get
() gy Aokl
4(c(t)? K3 (ns(1))
Integrating from o3 to t, we get

(M) c(v
x3(t) — x3(es) < / [(4(0((]/))))3 (V) — Ao(n)k’g(

x5 (t) < (3.18)

which implies that

/ CAve)ks(v)  (V))?
o | KEsW)  4(cw))®

kz(”)] dv < x3(03)-
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On taking limit as ¢ — oo, we get a contradiction to the condition (@)

Suppose case (iv) holds.
Define

v (t)
v(ns(t))

Differentiating with respect to ¢, we get

1)
W) = a2 +ﬂﬂ<vm@)>

xa(t) = d(?)

v(n3(t))

v (¢) v@(t) oD (¢)

W

: OM%@)de%@)dw<WMW
d (t) @ (1) Xi()

i MO OG0
Using the inequality u(t) > Agv(t) in (EI), we get

(ko) (ra(00 @) )" < —Akstyolns(e)).

Integrating the above inequality from ¢ to oo, we get

[e.o]

ha(#) <k1(t)fu(2)(t)>(1) < A, / ks ()0 (s () ).

t
As v(t) is increasing, we have
(1) A t
_ (kl(t)vm (t)) < —MRl (t).
ka(t)
Now integrating the resulting inequality from ¢ to co, we get

ky ()o@ () < —Agu(nz(t)) t°° 1;21((11//))

dv,

which implies that
v (1) - _ Ag
om®) = i)
Using the above inequality in (), we get

W)y < 400 Avd(t)Ra(t) _ x3(t)
R A 0 N )

Ro(t).

Using the inequality Py — Q% < %, we get

(1) [dD ()] Aod(t)Ra(t)
X41 (t) < O s kl(t)z .
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Integrating the above inequality from o4 to t, we get

!(d(l)(V))z _ Aod(v)Ra(v)

4d(v) ne) |

Xa(t) — x4(0a) < /

04

which implies that

/ [ Adw)Ro() (@M (w))°

— dv < .
ki (V) 4d(v) ] v < xales)
Condition (@) contradicted on taking limit as ¢ — oco. This completes
the proof. O

Corollary 3.2. Suppose u(t)_be an eventually positive solution of )
such that case (i) of Lemma holds. Further, if for o >ty

[e's) (e%9) 1 0o 1 12

k3(v1)dvidvedrsdry = oo, 3.20

/Q /V4 kl(ug)/y3 k2(y2)/g 3(v1)dvidvedyzdyy (3.20)
0

then tlglgo u(t) =

Proof. Suppose that u(t) is an eventually positive solution of (EI) Then
for some t > o, u(n,(t)) > 0, r = 1,2,3. Since case (i) of Lemma
holds.

So if lim v(¢t) = L, then L > 0. Claim L = 0, otherwise L > 0. Since

t—00
u(t) > Apv(t), from (@), we have

(ka1 (kl(t)v<2>(t))(”>(” < —Agks(t)u(ns(t)), > to.

Integrating the above inequality from p to t, we get

ea(t) (ke (002 () " < 4 / ks ()0 () .

As v(t) is decreasing, we have

g o(t) [
(2) < _
(k:l(t)v (ﬂ) < -4 oo 1) /g k3(v1)dvy.
Integrating the above inequality from ¢ to co, we get

k(@ () > A /t > ]:2((7;22)) / " ks (o) dvad,

As v(t) > L for t > p, we have

1

[e'e) 12
@) > A L/ / '
k1 (t)v' = (t) > Ao , R ), k3 (v1)dvydis
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Integrating the resulting inequality from ¢ to oo after dividing by ki (t),
we get,

o0 1 %) 1 Vo
—oM ) >
v\ (t) > AOL/t T (vs) /V Fa(a) /g k3 (v1)dvidvedys.

3

Integrating the above inequality from p to t, we get

t ) 1 ) 1 vo
v ZAL// / / ks (v1)dvidvedysdyy.
(0) 0 L Em) L, R/, 3(v1)dvidvadrsdyy

On taking limit as ¢ — oo, we get a contradiction to the condition ()
Hence, L = 0. Since u(t) < v(t), we have tlim u(t) = 0. Now the proof
—00

is completed. O

Corollary 3.3. Let u(t) be an_eventually positive solution of ) such
that the case (ii) of Lemma @ holds. Further if for o > tg

[e'e) V4 1 00 1 00
ks(v1)dvidvadysdry = —oo,  (3.21
/Q /@ Tl /V3 Fa(a) /112 3(v1)dvidvadyzdyy (3.21)

3)
then lim u(t) = oo.
t—ro0

Proof. Assume tlim v(t) = L. Since case (ii) of Lemma @ holds, we

have L < oco. Claim L = oo, otherwise L < oco. Since u(n3(t)) < v(t),
from ([L.1), we have

(ko®) (k002 ) )" = “Rstpute)

Integrating the above inequality from ¢ to co, we get

o0

_k2(t)<k1(t)u(2)(t))(l) > —/ Es(v1)v(vy)dyy.

t
As v(t) < L, we have

ko) (i (0®(0) " > L /t k(o).

Integrating the resulting inequality from ¢ to oo after dividing by ka(t),
we get

1)

00 1 00
@) > _
kl(t)v (t) = L/t kQ(VQ) /1/2 k‘g(l/l)dvldVQ.

Integrating the resulting inequality twice from g to t after dividing by
k1(t), we get

t V4 1 [e%e] 1 (e%e]
’U(t) Z —L/ / / / ]-’u‘g(l/l)dyldl/QdV3dl/4.
o Jo k1(v3) Juy ka(v2) /o,
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Condition () contradicted on taking limit as ¢ — oco. Hence, L =
oo. Since u(t) > Agv(t), we have tlim u(t) = oo. This completes the
—00

proof. O

Following the proof of above corollary, we can prove the following two
results:

Corollary 3.4. Let u(t) be_an eventually positive solution of ) such
that case (iii) of Lemma holds. Further if for o > tg

1 v2
k dvidredrgdry = —
/ / k1 (v3) /g kQ(Vg)/g 3(v1)dvidvadrsdyy 00,

then lim u(t) =
t—o0

Corollary 3.5. Let u(t) be an eventually positive solution of ) such
that case (iv) of Lemma @ holds. Further if for o > tg

1
k dvidvodyrsdry, = —
/ / k1(v3) /3 kQ(V2)/Q 3(v1)dvidvedrsdyy 0,

then lim wu(t) =
t—00

4. APPLICATION

Example 4.1. Suppose the following model of neutral differential equa-
tion:

(2)\ (D (D)
<€2t (e*t (u(t) + au(t — 27) 4+ bu(t + 77)) ) ) + 2elu (t - %) =0,
t>to, (4.1)
u9(t), denote the derivative of order i with respect to t.

Here k1(t) = 7!, ko(t) = €%, k3(t) = 2¢t, c(t) = €3, d(t) = t3, n3(t) =
t—Z.

6
We can easily calculate the following.

o) 1 [e) —2t o I
K]_(t) = / dl/ = / _2yd GT’ KQ(t) = l(y)d]/ —
t

) W)
/ K(v)dv = 2 e!, K{(t) = / k3(v)dy = 2(e! — e?),
Kz( ) = /g T (v ) = —2¢t el 4 e ¢ Ri(t) = oo and Ry(t) =

Q.

Next we check the conditions (@), (@), (@), and (@)

Clearly
/tOOO |:A0]€3(I/)K3(1/) — 4?3((”3)}(11/ = 00.
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Thus the condition (@) is satisfied.
/oo K )/773(1/) /”2 1 dvd 1 d
v)ks(v ———ddry — ————— | dv
w | 1()al i) dks(1)Si(v)

= / Age / / e dyvidry — %}di/ = 00.

Thus, the condition @) is satisfied.
oo (1) 2
/ Agc(W)ks(v) (D) ,W)] "
to

-/ 2o 1o v =
- t —9¢~—(W=m) 1 eot2me—2v 4 oo 46 V = o0.

K5(n3(v)) 4(c(u))3

Thus the condition (@) is satisfied. Similarly, we can show that condi-
tion (B.4) is satisfied. As all the conditions of Theorem @ are fulfilled,
therefore by applying Theorem B.1|, we conclude that each non zero so-
lution of the problem (|1.1)) is oscillatory.

5. CONCLUSION

The goal of this paper was to provide an investigation of the os-
cillatory and asymptotic behavior for fourth-order neutral differential
equations with mixed delay terms. We reduced the fourth-order neu-
tral differential equation using suitable substitutions into the first-order
differential inequality. We used the comparison theorem to ensure that
every solution of the studied equation oscillates. In Corollaries, we in-
vestigated the asymptotic nature of the solution.

It would be of interest to discuss the problem (EI) with different
neutral coefficients (where the neutral coefficients are not constants).
Studying the problem ([L.1}) with a nonlinear neutral term would also be
interesting.
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