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ABSTRACT. In this study, we examine biorthogonal wavelets that
are tailored to a specific discrete pseudo-differential equation of the
form T,u = f, where T5 is an invertible discrete pseudo-differential
operator defined on the lattice Z™ for every f € £*(Z™). Our focus
is on computing Galerkin approximations of the solution to this
problem using an adaptive algorithm.
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1. INTRODUCTION AND PRELIMINARIES

Wavelets theory has been developing intensively in the last decades
and has become a powerful tool to study mathematics, applied sciences
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and technology, like for example, the theory of the singular integral, sin-
gular integro-differential equations, and in applied sciences sound anal-
ysis, image compression, neural networks, mechanics, physics, see e.g.,
[8, 10, 18, B1] and references therein. Wavelets are a very powerful math-
ematical tool which enables to approximate functions by using both the
concept of scale and translation so that we can easily and efficiently rep-
resent a function in terms of a set of basis functions, namely wavelets,
which are localized both in location and scale. The translated instances
of a wavelet for all dilations form an unconditional orthonormal bases of
¢%(Z") and the translates of a scaling function for all dilations form an
unconditional orthonormal bases for V; C ¢?(Z") which is a great im-
provement over the standard polynomial basis or a trigonometric basis
for the Galerkin Method.

The numerical methods for the solution of PDE’s or integral bound-
ary problems are usually based on the Galerkin, also known as Petrov-
Galerkin, method which consists on the following steps:

1) finding a functional basis for the solution space of the equation,
2) projecting the solution on the functional basis, and at last
3) minimizing the residual with respect to the functional basis.

The majority of problems in science and engineering can be formulated
as boundary integral equations which can be solved numerically by sev-
eral methods like, in particular, wavelet-based adaptive algorithms for
the numerical solution of elliptic equations. Boundary value problems
in complex function theory [2, B] and the method of boundary reduction
for the oblique derivative problem in the plane, [5, [14] and references
therein, lead to singular integro-differential [, 17, 26], or more generally,
to pseudo-differential equations on a closed curve [[15, 27, 28]. Projection
methods with trigonometric polynomials for the approximate solution of
singular integral equations on the unit circle, also in the degenerate (i.e.
non-elliptic) case, have been studied in detail in [16]. In [20], the au-
thors investigated Galerkin methods with finite elements for an integral
operator with logarithmic kernel which can be considered as a strongly
elliptic pseudo-differential operator of order —1. Moreover, the authors
in [29] dealt with finite element collocation methods for one-dimensional
singular integral and pseudo-differential equations.

The singular integral operators arise naturally in the regularity study
of elliptic and parabolic equations. In particular, the pseudo-differential
operators are a special case of singular integral operator with Schwartz
kernel which are characterized by

P(a.D)f() = [ e p(a,)f(y)dyde
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where p € S™(R" x R") is a suitable function so-called the symbol
of pseudo-differential operator P(x, D) [l, 24]. It is well-konwn that
P(z, D) has a representation by a kernel in the form

P(z, D) f(z) = / k(oo —9)f(y)dy  Vr ¢ Supp(f),

n

where f € S(R™) for a suitable locally integrable function k£ : R™ x
(R™\{0}) — C, (see Theorem 5.12 in [1]). Pseudo-differential equations
are a special case of singular integral equations corresponding to the
pseudo-differential operators P(z, D), for more details see Chapter 7 in
[l] and [24]. The pseudo-differential operators on the lattice Z" are
suitable for solving difference equations on Z™. Such equations naturally
appear in various problems of modelling and in the discretisation of
continuous problems [[13, 22, 23]. One can define (see Section 2) a general
pseudo-differential operator with symbol ¢ : Z" x T" — C depending on
a spatial discrete variable £ by the similar formula

@@ = [ 3 e )i, ez (L)
™ ‘=0
nez
The main goal of this manuscript is to apply the Galerkin methods
for the approximate solutions of discrete pseudo-differential equations of
the type:

Tou=f (1.2)
where T, is a pseudo-differential operator as @, u is unknown function
on Z" x T™ and f is a given suitable function on Z". In particular
case, we study the n—dimensional discrete wave equation by the pseudo-
differential operator T, = 97 — A (see also [1, 4, 24])

In order to obtain approximate solutions to pseudo-differential equa-
tions, adaptive strategies have become very popular in recent years (see
e.g. [11, 19, 22, 28]). The aim is to compute a numerical solution in
such a way that the error i.e., the difference between the exact and
the approximate solution, is measured under a suitable norm as given
in the next section. In the following we will develop an adaptive re-
finement strategy and show that it will guarantee an improvement for
the approximate solution after the refinement step. We will extend the
adaptive strategy, already developed in [12. 19], to compute the inverse
of discrete pseudo-differential operators [@ on lattice Z"™. Our general-
ization is based on the discrete pseudo-differential calculus developed in
[13, 24]. In fact, we will apply some results about the ellipticity and the
concept of parametrix operators to compute the approximation solutions
via Galerkin method. The introduced algorithm here can be applied to
estimate for the approximation solutions and compare with the exact
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solution for many discrete system such as discrete wave system with the
discrete Laplacian or the discrete Riesz operator (see Examples and

. The pseudo-differential operators on the lattice Z" are suitable for
solving difference equations on Z™. Such equations naturally appear in
various problems of modelling and in the discretisation of continuous
problems. Several attempts of developing a suitable theory of pseudo-
differential operators on the lattice Z™ have been done in the literature
[13, 24].

2. WAVELETS AND DISCRETE MULTI-RESOLUTION ANALYSIS

In this section, we recall some definitions and preliminary results
about the wavelets theory and discrete pseudo-differential operators the-
ory from [10, 24]. A discrete multi-resolution analysis (DMRA) is a
sequence of closed subspaces {V;}z, of £2(Z") such that

V; C Vi1, jEZ, (Vi = {0}, Uvi=ez
jez jez
ueV; e DueVi jeL, u eV IT_uelVy kel

where ®9 and T_j are the dilation and the translation given, respec-
tively, by Daf(€) = (2€) and (T_4f)(€) = f(€ — k) for € € Z" and
k = (ki,....,kn) € Z" and for all measurable functions f on Z. Suppose
that 1 € £2(Z"), one can consider the translations and dilations ;5 of
1) defined as the following

V() = 229(DE k) EkEZjEL.
For any fixed j € Z, the sequence {¢; : k € Z"} is an orthonormal
sequence for V; for which the sequence is uniformly stable in the following

sense )
2
> Ciwtbin| ~ (Z Cj,k|2>
kezr 2 kezn

uniformly with respect to j € Z, i.e., there exist positive constants M
and M’ such that

! > )
M(Z \Cj,k|2> < HCj,Wj,k <M <Z ’Cj,k|2> , JEL
kezn 2 keznr

then we call ¢ a scaling function of the DMRA. For j € Z, it is denoted
the orthogonal complement of V;_1 in V; by W;. The raison d’étre for
W;_1 contains the details needed to pass from an approximation at level
j — 1 to an approximation at level j [9, 19]. Assume that ¢ € Wj. Thus
the translations and dilations ;. of ¢ are given as the following

Pin() = 25p(PE—k) & keTm
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for all j € Z. For any fixed j € Z, the collection {p;1 : k € Z"} forms
an orthonormal basis for W;. Then, ¢ is said to be a mother wavelet
and @; for j € Z and k € Z", the wavelets for the DMRA. As the
similar way in [9, 10], one can construct orthonormal bases for ¢*(Z")
consisting of compactly supported of wavelets that can be represented
by polynomials of a fixed degree.

Hence, if it is denoted for convenience Wy and Vj, then for all positive
integer n, every element v, € V,, given by v, = > 7 Cp gtbp i, where
every C,, 1 is complex number, has an alternative multiscale representa-
tion defined by the wavelets. In fact,

n
Up = Z Z Dj,k@j,ka
J=0 kezk
where every D; y is a complex number. In other words, one can represent
the subspace V,, as V,, = EB;L:O W, for every n.

Therefore, one can consider two biorthogonal DMRAs of £2(Z™). This
means that {V;}jez and {V;};cz are DMRAs of ((Z) for which the
primal DMRA {V;},cz and the dual DMRA {V;},cz can be equipped
with, respectively, Riesz bases V; = {¢;, : k € Z"} and \i/j =
{ﬁj,k : k € Z™} with the property of biorthogonality to the effect that
<1/}j7k71;j,k'>2 = 0y for all k, k' € Z", where (.,.)s is the inner produc‘f
in ¢2(Z"). Every primal scaling function v and dual scaling function 1)
is assumed to have compact support such that the measure of ;5 and
ﬁj,k are ~ 277 for all j € Z. Moreover, these biorthogonal bases define
the projection operators P;j : £2(Z") — V; and P; : (*(Z") — Vj, such
that are uniformly stable in ¢?(Z"). They are defined as the following

Pjo =" (v,djx)otir and Pjo =Y (0,0;x)at;
kezn kezZn
for all v € ¢%(Z") and j = 0,1,2,... . The nestedness of the DMRA
spaces gives the properties that PjPj 1 = P; and P;Pj;1 = F; for
all j € Z. Thus for j € Z, again the operators ; and (); defined by
Qj=Pi1— P and Q; =P — P

are projection operators. For j € Z, the wavelet spaces W; and Wj are
defined as the following

Wi=Vi 0V W=V nvy,

which are, respectively, the range R(Q;) of Q; and the range R(Qj)
of ;. The wavelet spaces {W;},cz and {W;};cz induce two multiscale
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decompositions of ¢?(Z) via
(0.9} oo
vaﬂH—ZQjU:Zij, v e (),
j=1 j=0
where Q¢ = P; and
o
o= P+ Zij, v e (7).
j=1

Moreover, for j € Z, the wavelet spaces W; and Wj are equipped with
compactly supported biorthogonal the Riesz bases is indicated , respec-
tively, by ®; = {pjr : k € Z"} and ®; = {¢p; : k € Z"}. For
every nonnegative integer n, one can introduce the canonical truncated
projection operators @, and Q;z which is defined by

Qnv = Z Z (v, @jr)20j  and Qv = Z Z (v, 05402058 Vv € C(Z").

=0 kezn j=0 kezn

3. DISCRETE PSEUDO-DIFFERENTIAL OPERATORS

Now, let us give some definitions and implications about the discrete
calculus of pseudo-differential operators on the lattice Z™ [13]. The

discrete Fourier transform f of a function f in ¢! (Z) is defined by
flz) =) e P 1)
gezr

for all x € T™ where T™ = R"/Z". The discrete Fourier transform can be
extended to £2(Z") using the usual density arguments. We normalize the
Haar measure on Z™ and T™ in such a way that the Plancherel formula

to the effect that
2 — R 2d
S 1R = [ If@)Ps

é’eZn

is valid. Then, the inverse discrete Fourier transform is defined as the
following

f(&) = /n ™8T (1) d, Ee7n.

We recall the discrete calculus developed in [13, 24]. Let f be a
function on Z" and e; € N" be such that e; has 1 in the 4t entry and
zeros elsewhere. The difference operator Ag; is given by

Ag; (&) = [(§+€5) = f(§)
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and take AZ = AZMAZZ AL for all a = (ag, ..., an) € Ny = N* U {0}
and & = (&1,...,&) € Z". We use the usual notations, Dy = Dgt...Dg",

n

D) = DDl DO = T] (18 _m>, leN.

The operators D,(Ua) are useful in the analysis in torus and details can be

found in [24]. The symbol classes are then defined as follows:

Definition 3.1. For m € R, we say that a function ¢ : Z" x T" — C
belong to S™(Z™ x T™) if o(&,.) € C°(T") for all £ € Z™ and for all
multi-indices «, 8 € Nj, there exists a positive constant M, g such that

< My p(1+ €)™l (¢,2) e 2" x T™

\(D;%?a)(g,x)

Therefore, the corresponding discrete pseudo-differential operator with
symbol ¢ is given by

(T, 1)(€) = / M (¢ 1) f(a)dr, € € TN

n

Example 3.2. For a complex-valued function on Z" its discrete Lpla-
cian is given by

A(FIE) =D 0,0 f(&) =D _0;0;f(), €€,
j=1 Jj=1

where 9;(€) = J(€ + ¢) — J() and 9 £(€) = J(€ — ¢;) — J(&). Then

one can get

n

A=) (f(s +ej) —2f() + f(6— ej>>.

J=1

The discrete Laplacian A is a bounded self-adjoint operator on ¢2(Z")
and one gets

Fon(ANE) ==Y e =12 Fzn(f)(€) = —4(2 sin2<wfj>)fzn<f><£>-
j=1 j=1
The symbol of the discrete laplacian is the function

oa6) = Yo (e 1),

k=1
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Example 3.3. The discrete Riesz transforms R;, j = 1, ..., n, associated
with A are defined on ¢2(Z") as the multiplier operators

ie "% sin(7é;)

Furn (R (f))(€) = %on(f)(i),
(Zzzl Sin2(7r§k)>

it can be interpreted as R; = GjA_%.

The following theorem gives the product of two discrete pseudo-differential
operators.

Theorem 3.4. [4, 13] Let 0 € S™(Z" x T") and T € S™(Z" x T").
Then the product T, T, of the pseudo-differential operators T, and Ty is
a pseudo-differential operator with symbol in S™ T2 (7" x T™).

Definition 3.5. A symbol o € S™(Z" x T") is called elliptic of order
m if there exist positive constants C' and M such that
o(&,2)] = C(A+ )™
for all £ € Z™ and all z € T™ with [¢] > M.
The corresponding discrete pseudo-differential operator T, is called

elliptic. The following theorem gives the parametrix for an elliptic dis-
crete pseudo-differential operator.

Theorem 3.6. Let 0 € S™(Z™ x T™), m € R, be elliptic. Then there
exists a symbol T € ST™(Z™ x T™) such that

T,T. =1+ R, T, T, =1+ S
where R and S are infinitely smoothing in the sense that they are pseudo-

differential operators with symbol in () ,cg S*(Z" x T").

Proof. Let o be the symbol of the operator T,. In special case, by using
of Proposition (3.6) in [21] and similar to Theorem (3.7) in [21], we
consider a function 7y(x,§) = U(; 5 € S™m(Z™ x T™). Now, we can

apply theorem of composition of two pseudo-differential operators [21]
to obtain
T, T, =1+ Ry and T,T,, = I + Sp,
with 7q(x, £), so(z, &) € S71. Using the formal expansion
I—Ry+R:—..~I+RecOPS°
and setting T = (I + R)T5, € OPS™™ we have
T T, =1+R, r(z,§) € S™.
Similarly, we obtain T, € OPS™™ satisfying
T,T, =1+8, s(x,6) € S™.
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But evaluating (T,7,)T, = Ty (T,T,) yields T, = T, mod OPS™.
Therefore, T,T = I mod OPS™ and T.T, = I mod OPS™°. In fact
we have that T, = I+ Rand T;T, = I+5 where R and S are infinitely
smoothing in the sense that they are pseudo-differential operators with
symbols in NgerS*. (]

Now, let us recall the definition of the Schwartz space S(Z™), on the
lattice Z™ the space of all functions ¢ : Z™ — C such that for all multi-
indices o, 8 € N,

sup
£€Z7L

(2800 <.
A sequence {y;} of functions in S(Z") is said to be converge to zero in
S(Z") if for all multi-indices a, 8 € N{, supgezn fa(A‘ggpj)(f)' — 0 as

j — 00. A linear functional T on S(Z") is called a tempered distribution
if for any sequence {;} of functions in S(Z") converging to 0, one has
T(p;) = 0 as j — oco. For s € R, it is usual denoted by Js the pseudo-
differential operator of which the symbol oy is defined by

os(&) = (1+ €2, £ezn.

It is noteworthy that the symbol of Jg is in S*(Z"™ x T™). The pseudo-
differential operator Js is often called the discrete Bessel potential of
order s. Hence, for s € R, one can define £2—Sobolev space, H*?(Z"), to
be the set of all tempered distributions u for which Jyu € £2(Z™). Then
H*%(Z™) is a Banach space with respect to the norm ||.||s 2 given by

ulls2 = [|J-sull2, u € HZHZ").
The following result is well-known.

Proposition 3.7. For s € R, J_ : H>2(Z") — (*(Z") is a surjective
isometry.

Proof. Since |julls2 = ||J_sull2 for any u € H%2(Z") it follows that
J_ s+ H®? — (%(Z") is an isometry. For every v € (?(Z") we take
u = (J_g) tv then J_yu = v € (2(Z"). Hence, Js : H*2(Z") — (2(Z")
is surjection. O

Theorem 3.8. Let 0 € S™(Z" x T"), m € R. Then T, : H**(Z") —
H5~™2(ZM) is abounded linear operator.

Proof. We factorize the pseudo-differential operator T, as in following
diagram and get

Ty = (Jm—s)_lTTJ—37
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where T, = Jy—sTy(J_s) 7t
st,2 (Zn) Ty stfm,Z(Zn)

i | =%

H0’2 — £2 (Zn) Tr £2 (Zn)

By Theorem @ and proposition @ we can see that T is a pseudo-
differential operator with symbol S°. Hence, by theorem (3.3) in [21],
T, : (*(Z") — (%(Z") ia a bounded linear operator. Therefor, T}, :
HS2(Z) — H~™2(Z") is bounded linear operator. O

The following result on spectral invariance [25] is well-known. See
also Theorem 4.2 in [13] in this connection.

Theorem 3.9. Let 0 € S™(Z" xT™) be such that the pseudo-differential
operator T, : H22(Z") — H~22(Z") is invertible. Then o is ellip-
tic and T; ' is an elliptic pseudo-differential operator with symbol in
STz x T™).
The following estimate is useful in continue of the paper.

Theorem 3.10. Leto € S™(Z"xT") be such that the pseudo-differential
operator T, : H22(Z") — H™22(Z") is invertible. Then there exist
positive constants My and My such that

My||Tyull_m s < Jullm o < Mol Toull_m s, we HEZEM.

Proof. The inequality on the left side is obtained by the boundedness
of the discrete pseudo-differential operator T, from Theorem B.§. More-
over, by using of Theorem and B.9, there exists a positive constant
M such that
lullg 2 = 1T Toully » < MIToul g o weHEX(2).
O

We let A = (j, k), where j is the level of resolution and k is the
location. We let J be the index set given by

J={A=0k) : j=0,1,2,.., ke Z"},

and for A = (j,k) in J, we define |A| := j. Thus, as similar result in
[10, 19], one can have the following result on the lattice Z".

Theorem 3.11. Suppose that ¥ = {¢)y : A€ J} and ¥ = {1%\ A€
J} are biorthogonal collections in (2(Z™) for which the sequence {Qn}5,
of the projection operators given by

Quv =YY (v, djk)2vi, v ez,

7=0 &Zn
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is uniformly bounded in the sense that there exists a positive constant
M such that

|Qnolls2 < M|v]|s,2, n=0,1,2,.. .

Then for every v € H*2(Z"), one can get

1
S g 2 /
o~ (2 0 daP) s s e (=)
AeJ
where v = sup{s € R : ¢ € H*2(Z")} and v =sup{s € R : o €
Ho2(2)).

It is noteworthy that v and ’y/ are, respectively, less than or equal
to the vanishing moments of 1 and 1/; The goal of this article is to use
adaptive wavelets to compute numerically the inverse of an invertible
discrete pseudo-differential operator T, : H™2?(Z") — (?(Z"), where
o € S™(Z" x T") and m = min{vy,7'}. This means to solving the
discrete pseudo-differential equation

Tou=f (3.1)

on Z" for all functions u € H™2(Z") and f € (*(Z"). In order to do
this, one can transform the equation to the equation

T Tyu =T f (3.2)

on Z", where T denotes the discrete formal adjoint of T,,. Further-
more, 177, is a discrete pseudo-differential operator T or order 2m and
T f € H™™2(Z"™). Moreover, T is asymmetric and there exist positive
constants M and M’ for which

Mful, 2 < (Tru,u)e < M |Jull3, o, ueH™(Z").  (3.3)
The right hand side inequality follows from Theorem @ In fact, there

exists a positive constant M " for which

(Tru,u)s < <N Trull-m2llullme < Mllulyz, — we H™(ZT).

<TTUJ 'LL>2

On the other hand, one gets from Theorem @ and @ a positive
constant M such that

lullf o = 1T Toull7, 2 < MIITS |7 u e H™(Z").

m,2

Therefore, by abusing the notations, the problem @ is the same as
solving for u € H™?2(Z") to the equation

Tou=f
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on Z" for any f € H~"™2(Z"), where T, is asymmetric discrete pseudo-
differential operator of order 2m such that there exist positive constants
M and M" for which

M||ullm2 < llullz, < M [[ullm,z, u € H™AZ),

where ||u||2TU = (T,u,u)s. The existence of a positive constant M  such
that

’
lullZ, > M ||ullm.2, u € H™AZ),

is a condition related to Garding’s inequality on the symbol o € S (Z" x
T"™). For example, see the paper [30] in this connection. Adaptive wavelet
methods in finding solutions to differential and integral equations can
be found in [[7, 12].

4. RESIDUAL ESTIMATE AND ERROR BOUNDS ON Z"

The process of calculating the inverse of the discrete pseudo-differential
operator T, : H"™?(Z") — H~"™2(Z") numerically is equivalent to the
computation of subspaces Vi of the form V) = span{ty, : A € A} that
are adapted to the unique solution u € H"™2(Z") of the discrete pseudo-
differential equation

Tou=f (4.1)

on Z" for any function f € H_"2(Z").

To illustrate the equation @, one can consider the Bessel potential
operator as discrete pseudo-differential operator as follows:

The function () := /1 + |£|? is a pseudo-differential symbol of order
1. According to Example and since 1+ [£|? is the symbol I — A, the
associated discrete pseudo-differential operator

Dayu= [ s

can be considered as the square root of I — A. More generally, one can

consider a symbol (€)™ € 8™ for every m € R and (D)™ = (I — A)% .
In order to do this, one can use the weak formulation of to the

effect of finding a solution up € V for which
(Toun,v)2 = (f,v)2, v € V. (4.2)

In other words, for an arbitrary tolerance eps, one attempts to find a
subset A of J for which the Galerkin approximation uy € Vi given by

satisfies the estimate ||up — u||m,2 < eps. This is to be achieved by
successively upgrading A based on appropriate a posteriori estimates of
a current Galerkin approximation u,. Consider the residual term ry =
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T,up — f which is the same as rp = Ty (up —u). Therefore,, by Theorem
@:\one can find positive constants M; and My such that

Milrall-mz2 < lua = ullm2 < Mal|ralll-m.2,

for all subsets A of J. Hence, one can find positive constants Mg and My
for which
1

M3< > 22m)\||<TAa¢A>2‘2>2 < |lrall-mz2 < M4< > 22m|)\||<7°A71/J/\>2‘2>2-

AEJ\A AEJ\A

For A € J\A, define 6, := 2_m‘)‘|‘<TA,1/~))\>2’. From up € V) implies that
UA = D yen Uy Py, Where uy = (uy,1y/)2. Thus, for A € J\A,
O =27 = Y (Tothyr, ha)auy

NeA

Let p be the Holder exponent of 97¢. Therefore, for all positive numbers
€ and § with § < p — %, one can choose positive numbers €; and €2 for

= _d
which ef(rﬂ) + 2 < < ¢, where 7 is the vanishing moment of ¢. For

any A € J and for an arbitrary positive number ¢, one can define the
tolerance set

e = Ned A= < & oML T q(supp (1)), supp(1yr)) < et}

Therefore, one can obtain the following lemma, which is Lemma 4.2 in
[12].

Lemma 4.1. For A € J\A, let ey be defined byey = > 2_m‘)‘|<Tg¢)\/,¢/\>2uA/.
N EeA\Jy
Then there exists a positive constant Ms such that

( 2 W)Q < M5 Qpfll-m.2;

AEJ\A

where Q) f = 3 (f,9x)29x.
AEA

For A € J\A, one can get the following estimates:

fA—( oo+ ) )<Towx,w>zux

NeAndye NeA\Jy,.

Oy = 2—m\)\|

< ’d)\’ + |6)\‘¢

where d)\ = 2—m\)\| f)\ — Z)\IEAHJA,e <Ta¢)\a ¢/\>2U>\'
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Suppose that Ny . is the set of all indices in the complement of A with
influence set intersecting A. In other words,
Nre:={re J\A : Jy.NA#D}

It can be shown that N = Uy .y Jyr . and Ny . has at most a finite
number of elements. Therefore,

N € IN(AUNp) = Jy ,NA=0.

Since f € H™™%(Z") if and only if 3, ;272" £1]2 < oo, it follows

that
Z 2—2m\)\| ‘fA’Q

AEJ\(AUN, )

can be made arbitrarily small by choosing A appropriately. Conse-
quently,

Z 2—2m|/\\ ’f)\‘Q _ Z 22m\)\|‘f/\’2 o Z 2—2m\)\|‘f/\’2

AEJ\(AUNR o) AeJ AE(AUNR )

= f = Qauny Sll=ma~  inf I = vf|—m2

’UEVAUNA&

IN

inf |1 — o]2-ms.
veEVA

Now, one can apply the basic assumptions to the effect that there are
positive constants Mg and M7 for which

Mg|| Q) fll=m2 < M| fl|—m.2
and

1
3
( Z 22m|)\’f)\‘2) < M7 inf Hf—UH—m2
vEVA

AEJ\A
for all subsets A of J. Suppose that A € J\A, consider ay by

S Ty, da)ouy

NeAndn .

ay =27

Proposition 4.2. Under the assumptions of Lemma @, one gets

1
2
[ua — wllm2 < M2M4{< > ai) + Mgel| f[|-m,2 + M7 inf Hf—vH—m,2}
veEVA

)\GNA)E

and

1

2 1 .

> ad) < lua —ullma + Meel| fll-m2 + My inf [|f —v]| -2
AENA MlMS veEV)
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Theorem 4.3. Assume that A C A C J. Then

1
2 1 .
>, &) < llug — wallma + Meel fll-ma + M7 inf |[f = vl
4 My M3 vEVA
)\EAI'W/\/A,6

Proof. Suppose that A € A. Then
(Trun, ¥a)2 = (To(un — ug), ¥r)2 + fi.

Thus, dy (A, €) < 27T, (up — ug),¥x)2|lex|. Furthermore,

Z 27N T, (up — ug), Pa)el? < WHTO—(UA - u[\)H%m,Q < WHUA - u]\”%ﬂ'
AeA\A 5 b

Therefore, from Lemma @ one can get,

1
2 1 ’
Z da(A,e)? ) < lua = ug |70 + Msel| Q4 fll—m,2-
. My M3
A€A\A

Hence, |ax(A, €)| < |da(A, €)]+2M| fy], and the proof is complete. [

5. AN ADAPTIVE ALGORITHM

In this section, we show that for a set A containing A, the solutions
in Vi approximate the actual solutions better than the one in V. In
order to do this, we recall our assumptions at the end of Section 2 that
the discrete pseudo-differential operator T, is symmetric and there exist
positive constants Mg and Mg for which

Mgllullmza < [lullz, < Molullm,2, u € H™HZ),
where ||ul|F, = (Tyu,u)s.

Theorem 5.1. Let eps be a given tolerance. For 6* € (0,1), we define
the number M, := ﬁ]\@ + %. Suppose that p* is a positive number
for which u*M, < m. Assume that € is the positive number

defined by € := Wé“"ﬂf%. Suppose that A is a subset of J for which

. 1
My inf ||f —v||l—m2 < pFeps.
veVy 2

Then for all subsets A of J such that A C A and

(£ &) san(s )

/\Ej\ﬁf\f/\,6 AENR

there exists a number k € (0,1) such that ||u — ui|lr, < kllu — uallT,.
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Proof. Let us consider the assumption ||up — w2 > & . By using of
Proposition and Theorem W{.3,

1
2
||uA—uAum,zzM1Ms{( > ) - Mocl e~ M inguf—vn_m,z}
ve

)\GZ\QNA,E

> M1M3{(1 - 9*)<

sz ulln = Mocl £l

— Mz inf Hf—v|m,2> — Mgel| f||-m,2 — M7 inf ||f—v||m,2}
vEVA vEVA

> M1M3(<1 )L un s — (2 — 6% M fl]

Mo My

- (2-6%)7 inf |fvum,2).

veVp
Thus,
||u1~x — uAng > My Ms (M;M4 Hu — uAHm,Q — (29*)M*eps)-
Indeed,
1—6* . M Ms(1 — 6*
g = ullme > MlMg(MQM — (20" Me) = ualm2 > Wuu — lm2-

On the other hand,
lug = uallime = (Toug — Toua,ug — un)2 = lugliF, + luallf, — (Toug, ua)e — (Toun, ug)2
= llugllF, + lluallz, = (f;un)2 = (un, f)2 = lluglF, + lualiz,
— (Tyun, un)2 — (un, Tyua)e = [lugll7, — lluallz,. (5.1)
Moreover,
lu = ugllome = (Tou — Toug)e = [lullz, + [lugllF, — (Tou,uz)2 — (Toug, u)2
2 2 2 2
= llullz, +llugliz, — (fiug)e = (ug, 2 = llullz, + lluillz,
—(Tyug, ug)e — (uz, Toug)e = [lullf, — luzllz, - (5.2)
Furthermore,
lu = uallF, = (Tou = Toun,u — un)2 = [[ull7, + lluallf, = (Tou, un)2 — (Toun, )2
= ullf, +lluallz, — (frun)e = (ua, 2 = [ullF, + luallz,

— (Tou, ua)2 — (un, Toun)2 = ||ull7, — [|ullZ, - (5-3)
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Hence, by using of the relations @, @ and @, lug — UAH2T(, = |ju —

uallf, = llu— uzll7, . or equivalently [lu —uzll7, + [luz —uallf, = llu—

uAHr_sz. On the other side,

My M3 Mg (1 — 6%)
2Mo M,

lug — uallz, = Msllug — unlm2 > [ = uallm,2

_ MMMy (1 - )
- 2Mo My My

lu = unz,- (5.4)
Therefore,
lu —uzllF, = lu—ual?, = lluz —uallZ,

< a2 - (MMM
- AT, 2Mo My Mg

2
Wheren—\/1_<l\%ﬁ/[;9*)> . -

We can give an adaptive algorithm by the following steps:
Suppose that 6* € (0,1) and the desired accuracy eps are given, we
proceed as follows:
. _ w*eps
Step 1: Compute € = m
Step 2: Determine an index set A C J such that

) 2
Ju—uall7, = Kllu—uall7,,

. L,
My inf ||f —v||l—m2 < zp'eps.
veV) 2

Step 3: Compute the Galerkin solution up with respect to Vj.
Step 4: Compute

1
MAe = ( Z ag\)Q'

AENA e

If nae < eps, then we stop and accept up as a solution. Otherwise,
go to the next step. . .
Step 5: Determine an index set A such that A C A C J and

2 % *
(X @) z0-0m.
AG[\QNA@
and go to Step 3 with A replaced by A.
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