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Abstract. We investigate 2-dimensional viscoelastic equations
with a view of Lie groups. In this sense, we answer question of
the symmetry classification. We provide the algebra of symmetry
and build the optimal system of Lie subalgebras. Reductions of
similarities related to subalgebras are classified. In the end by
using Bluman-Anco homotopy formula, we find local conservation
laws of the viscoelastic equation.
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1. Introduction

Viscoelastic equations are important mathematical models that have
many applications in various sciences. Recently, the calculation of vis-
coelastic equations has been considered by different methods. We check
out the following model

∂2u(x, y, t)

∂t2
− ε

∂∆u(x, y, t)

∂t
− γ∆u(x, y, t) = f, (1.1)

where f is a function. The Equation (1.1) has several applications,
for example, it is applied to describe the heat transfer with memory
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materials, viscous elastic mechanics, loose medium pressure [5], nuclear
reaction kinetics [14], Li et al. [10], used a proper orthogonal decom-
position (POD) technique to reduce the finite volume element (FVE)
method for two-dimensional (2D) viscoelastic equations. Error estimates
of the reduced-order fully discrete FVE solution and its implementation
are also provided in Ref. [10] for solving the reduced-order fully dis-
crete FVE algorithm. Performing the Lie symmetry group procedure,
the problem of symmetry classification for different equations is widely
considered in various spaces [1, 2, 7, 8, 9]. On the other hand, the sym-
metry group approach or Lie’s approach itself, which is a computational
method algorithmic for finding group-invariant solutions, is significantly
used in the resolution of differential equations. Using this procedure, one
can find appropriate solutions through known ones, study the invariant
solutions, and even decrease the order of ODEs [11, 3, 6, 4, 12]. Our
aim in this paper is to investigate two-dimensional viscoelastic equations
from Lie’s point of view. Because Lie’s theory is one of the useful and
effective methods for solving nonlinear equations. Then we apply this
method and obtain specified the symmetry algebra infinitesimal gen-
erators of Eq(1.1). According the optimal system of symmetry algebra
can detect invariant solutions,which is relevant one-dimensional Lie alge-
bra. In Lie’s method Using symmetric algebra, the optimal 1-parameter
device for viscoelastic equations can be found. In the following, more
details are given in different sections of the article. This paper is di-
vided into four sections. The second section are specified the symmetry
algebra infinitesimal generators of Eq(1.1). In the next Section by using
the symmetry group We obtain the one-parameter optimal system of
Eq(1.1) . We find in section 4 similarity reduction corresponding to the
infinitesimal symmetries of Eq(1.1) by using one-dimensional subalge-
bras. In the last section, we obtain the associated conservation laws for
the equation using the direct method and provide conclusion remarks.

2. The symmetry algebra of Eq.(1.1)

Generally,

∆α(X,U (p)) = 0, α = 1, ..., t, (2.1)

is a system of PDE of order pth, where X = (x1, ..., xm) and U =
(u1, ..., un) are m independent and n dependent variables respectively,
and U (i) is the i− order derivative of U with respect to x, 0 ≤ i ≤ p.
Infinitesimal transformations Lie group acts on both X and U , is:

x̃i = xi + εξi(X,U) + o(ε2), i = 1, ...,m, (2.2)
ũj = uj + εϕj(X,U) + o(ε2), j = 1, ..., n, (2.3)
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where ξi and ϕj represent the infinitesimal transformations for
{x1, ..., xp} and {u1, ..., uq}, respectively. An arbitrary infinitesimal gen-
erator corresponding to the group of transformations (2.2) is

V =

p∑
i=1

ξi(X,U)∂xi +

q∑
j=1

ϕj(X,U)∂uj . (2.4)

Now in order to apply the Lie group procedure for Eq.(1.1), an infinites-
imal transformation’s one parameter Lie group is considered: (we use x,
y and t instead of x1, x2 and x3 respectively in order not to use index.
So, x1 = x, x2 = y, x3 = t, u1 = u, u2 = f),

x̃ = x+ εξ1(x, y, t, u, f) + o(ε2),

ỹ = y + εξ2(x, y, t, u, f) + o(ε2),

t̃ = t+ εξ3(x, y, t, u, f) + o(ε2), (2.5)
ũ = u+ εϕ1(x, y, t, u, f) + o(ε2) (2.6)
f̃ = f + εϕ1(x, y, t, u, f) + o(ε2).

The corresponding symmetry generator is as follows:
V = ξ1(x, y, t, u, f)∂x + ξ2(x, y, t, u, f)∂y + ξ3(x, y, t, u, f)∂t+

ϕ1(x, y, t, u, f)∂u + ϕ2(x, y, t, u, f)∂f .
(2.7)

The proviso of being invariance corresponds to the equations:

Pr(3)V [
∂2u(x, y, t)

∂t2
− ε

∂∆u(x, y, t)

∂t
− γ∆u(x, y, t)− f ] = 0, whenever

∂2u(x, y, t)

∂t2
− ε

∂∆u(x, y, t)

∂t
− γ∆u(x, y, t)− f = 0.

Since ξ1, ξ2, ξ3,ϕ1 and ϕ2 are only dependent on x,y, t ,uand f , setting
the individual coefficients equal to zero, we have the following system of
equations: 

−aξ1t = 0, −aξ1t = 0,

aξ1f = 0, −aξ1t = 0,

aξ1t = 0, aξ2uf = 0,

aξ1f = 0, aξ3uuf = 0,

aξ1uu = 0, −2aξ1f = 0,

−3aϕ1
ff = 0, −aϕ1

fff = 0,

...
...

The total number of these equations is 227. By solving these PDE
equations, we earn the following result:
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Table 1. Lie algebra for Eq.(1.1).

[ , ] X1 X2 X3 X4 X5

X1 0 0 0 −X2 0
X2 ∗ 0 0 X1 0
X3 ∗ ∗ 0 0 0
X4 X2 −X1 ∗ 0 0
X5 ∗ ∗ ∗ ∗ 0

Theorem 2.1. The point symmetries Lie group of equation (1.1) pos-
sesses a Lie algebra generated by (2.7), whose coefficients are the follow-
ing infinitesimals:

ξ1 =c1y + c2y,

ξ2 =− c1y + c3,

ξ3 =c4,

ϕ1 =c5u+ F2(x, y, t),

ϕ2 =− a(
∂3

∂x2∂t
F2(x, y, t)) + c5f − a(

∂3

∂t3
F2(x, y, t))

− b(
∂2

∂x2
F2(x, y, t))− b(

∂2

∂y2
F2(x, y, t))

+
∂2

∂t2
F2(x, y, t)− a(

∂3

∂y2∂t
F2(x, y, t))− (

∂2

∂t2
F2(x, y, t)),

(2.8)

where ci ∈ R, i = 1, ..., 5 and α(u) is a function satisfying Eq.(1.1).

Corollary 2.2. Every point symmetry’s one-parameter Lie group of
Eq.(1.1) has the infinitesimal generators as follows:

X1 = ∂x,
X2 = ∂y,
X3 = ∂t,
X4 = y∂x − x∂y,
X5 = u∂u + f∂f ,
Xα = α∂u.

(2.9)

We provide Lie algebra for Eq.(1.1) by Table (1). The expression
[Xi, Xj ] = XiXj − XjXi determines the entry in row ith and column
jth, i, j = 1, ..., 5.

For example, the flow of vector field X4 in Corollary 2.2 is shown by
Φϵ = (ysin(ϵ) + xcos(ϵ), ycos(ϵ)− xsin(ϵ), t).

The flow Φϵ is plotted in Figures 1 and 2.
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Figure 1. The plot of flow Φϵ.

Figure 2. The projection of flow Φϵ into the (x, y, 0)-plane.

3. Classification of one-dimensional subalgebras

Using the symmetry group, we can determine the one-parameter opti-
mal system of Eq (1.1). It is important to obtain those subgroups which
present different kinds of solutions. Thus, we need to search for invariant
solutions that are not linked by a transformation in the full symmetry
group. This subject leads to the notion of an optimal set of subalgebras.
The problem of classifying one-dimensional subalgebras would be the



2D viscoelastic equation from the perspective of Lie groups 159

Table 2. Adjoint representation of the Lie algebra

Ad X1 X2 X3 X4 X5

X1 X1 X2 − sX4 X3 X4 X5

X2 X1 + sX4 X2 X3 X4 X5

X3 X1 X2 X3 X4 X5

X4 cos(s)X1 − sin(s)X2 sin(s)X1 + cos(s)X2 X3 X4 X5

X5 X1 X2 X3 X4 X5

same as the question of classifying the adjoint representation orbits. An
optimal set of subalgebras problem is solved by considering one repre-
sentative from every group of corresponding subalgebras [13] and [11].
The definition of the adjoint representation of each Xt, t = 1, ..., 5 would
be:

Ad(exp(s.Xt).Xr) = Xr − s.[Xt, Xr] +
s2

2
.[Xt, [Xt, Xr]]− · · · , (3.1)

where s is a parameter and [Xt, Xr] is defined in Table (1) for t, r =
1, · · · , 5 ([11],page 199). Let g, be the Lie algebra that produced by
(2.9). We obtain the adjoint action for g in Table (2).

Theorem 3.1. One-dimensional subalgebras of Eq.(1.1) are as follows:

1) X1 + c1X3 + c2X5,
2) X3 + c1X3 + c2X5,
3) X4 + c1X3 + c2X5,
4) X3 + c1X5,

where ci ∈ R are arbitrary numbers for i = 1, · · · , 5.

Proof. From Table (1), it is clear that the center of Lie algebra is
〈X3, X5〉. Hence, it would be sufficient to determine the sub-algebras
of

〈X1, X2, X4〉.

For t = 1, · · · , 5, the map:{
F s
t : g → g

X 7→ Ad(exp(sXt).X)
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Table 3. Lie invariants and similarity solution.

i Hi ξi ηi wi ui fi
1 X1 y t u h(ξ, η) g(ξ, η)
2 X2 x t u h(ξ, η) g(ξ, η)
3 X3 x y u h(ξ, η) g(ξ, η)
4 X1 +X3 x− t y u h(ξ, η) g(ξ, η)
5 X2 +X3 x y − t u h(ξ, η) g(ξ, η)

is a linear function. Considering basis {X1, · · · , X5}, the matrixes M s
t

of F s
t , t = 1, · · · 5 are given by:

M s
1 =


1 0 0 0 0
0 1 0 −s1 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

 , M s
2 =


1 0 0 s2 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

 ,

M s
3 =


1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

 , M s
4 =


cos(s4) −sin(s4) 0 0 0
sin(s4) cos(s4) 0 0 0

0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

 ,

M s
5 =


1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

.
By applying these matrixes on a vector field X =

∑5
i=1 aiXi alterna-

tively, we can simplify X as follows:
For a4 6= 0, the coefficients of X1 and X2 can be disappeared by setting

s2 = −(a4/a1) and s1 = (a4/a2) respectively. If needed, by scaling X,
we suppose a4 = 1. Thus, X turns into (3).

For a4 = 0 and a2 6= 0, the coefficients of X1 can be disappeared
by setting s3 = −tan−1(a1/a2). If needed, by scaling X, we suppose
a2 = 1. Thus, X turns into (2).

For a2 = a4 = 0 and a1 6= 0, if needed, by scaling X, we suppose
a1 = 1. Thus, X turns into (1).

For a1 = a2 = 0 and a4 = 0, X turns into (4). □
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Table 4. Reduced equations regarding infinitesimal symmetries.

i Reduction of equations
1 hηη − ahξξη − ahηηη − bhξξ − bhηη − g = 0,
2 hηη − ahξξη − ahηηη − bhξξ − bhηη − g = 0,
3 hηη − ahξξη − ahηηη − bhξξ − bhηη − g = 0,
4 hξξ + ahξξη + ahηηξ + ahξξξ − bhξξ − bhηη − bhξξ − g = 0,
5 hηη + ahξξη + ahηηη + ahηηη − bhξξ − bhξξ − bhηη − bhηη − g = 0.

4. Similarity reduction of Equation (1.1)

Here, we want to classify symmetry reduction of Eq.(1.1) concerning
subalgebras of Theorem 3.1. We need to search for a new form of Equa-
tion (1.1) in specific coordinates so that it would reduce. Such a coordi-
nate will be constructed by finding independent invariant ξ, η, h regard-
ing the infinitesimal generator. So, expressing the equation in new coor-
dinates applying the chain rule reduces the system. For 1-dimensional
subalgebras in the Theorem 3.1 the similarity variables ξi, ηi, and hi are
listed in Table 3. Each similarity variable is applied to find the reduced
PDE of Eq.(1.1) which, they are listed in Table 4.

For instance, we compute the invariants associated with subalgebra
H5 := X1 +X3 by integrating the following characteristic equation.

dx

0
=

dy

1
=

dt

1
=

du

0
.

Hence, the similarity variables would be:

ξ = x, η = y − t, h = u,

Substituting the similarity variables in Eq.(1.1) and applying the chain
rule it results that, the solution of Eq.(1.1) is:

u = h(ξ, η)

where h(ξ, η) satisfies a reduced PDE with two variables as follows:

hηη + ahξξη + ahηηη + ahηηη − bhξξ − bhξξ − bhηη − bhηη − g = 0. (4.1)

Subalgebra X1+X3 and the reduced equation (4.1) are shown in Tables
3 and 4, by the case (5).

5. Conservation laws

One of the important classes of partial differential equations is the law
of conservation, which is one of the important laws of nature. Due to its
importance, many methods have been proposed to study conservation
laws, and here we use a direct method to study conservation laws.
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Let P {x;u} be differential equation of order k with n independent vari-
ables x = (x1, · · ·xn) and one dependent variable u, Which is given as
follows

P [u] = P (x, u, ∂u, ..., ∂ku) = 0. (5.1)

Multiplying Λ(x, u, ∂u, ..., ∂lu) in can give the conservation law
Λ[u]P [u] = Diφ

i[u] = 0 for the differential equation P {x;u} if and
only if

EU

(
Λ(x,U, ∂U, · · · , ∂IU)P (x,U, ∂U, · · · , ∂kU)

)
≡ 0, (5.2)

that U(x) is an arbitrary function and EU is the Euler operator with
respect to U as follows

EU = ∂U −Di∂U + · · ·+ (−1)sDi1 · · ·Dis∂Ui1···is . (5.3)

Because the Viscoelastic equation depends on t , as a result, the
multipliers of the local conservation law for Equation (1.1) are λ =
ξ(t, x, y, z, U, ∂tU, · · · ∂l

tU) that l = 1, 2, · · · and we get all of its nontriv-
ial local conservation laws from multipliers.

It can be concluded that Λ = Λ(t, x, y, U, ∂tU, ∂xU, ∂yU), is a multi-
plier of the law of conservation of Equation (1.1) iff

EU [Λ(t, x, y, U, ∂Ut, ∂Ux, ∂Uy) (5.4)

(
∂2U(x, y, t)

∂t2
− ε

∂∆U(x, y, t)

∂t
− γ∆U(x, y, t)− f) ] ≡ 0,

that U(t, x, y) is an arbitrary function.
We search all multipliers Λ = Λ(t, x, y, U, ∂Ut, ∂Ux, ∂Uy), for Equation
(1.1). So, by splitting Equation (5.4) with respect to Ux, Utx, · · · , Uxxxx

, we get these equations

ΛUx, y = 0,ΛU,t,x = 0,ΛUx,y,y = −2ΛU,x,ΛU,t,y = 0,ΛUx,t,y = 0,ΛU,t,t = 0,

ΛUx,t,t = −
2ΛU,xb

−1 + b
,ΛUy ,t,t = −2ΛU, yb

−1 + b
,Λx,x =

1

b
(−2ΛU,ybUy

− 2ΛU,xbUx − 2UtΛU,tb+ Λt,t + 2UtΛU,t − Λy,yb− Λt,tb),ΛUx,x = 2ΛU ,

ΛUy ,x = −ΛUx,y,ΛUt,x = −
ΛUx,t(−1 + b)

b
,

ΛUy ,y = 2ΛU ,ΛUt,y = −
ΛUy ,t(−1 + b)

b
,ΛUt,t = 2ΛU ,

ΛU,U = 0,ΛU,Ux = 0,ΛU,Uy = 0,ΛU,Ut = 0,ΛUx,Ux = 0,ΛUx,Uy = 0,

ΛUt,Ux = 0,ΛUy ,Uy = 0,ΛUt,Uy = 0,ΛUt,Ut = 0, ϵ = 0.

Solving these equations leads to an infinite set of local multipliers:
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Λ(x, y, t, U, Ux, Uy, Ut) = (C1t+ C4x+ C2y + C3)U +
(
Clt

2+

2(C4x+ C2y + C3)t+
x2C1

b
− x2C1 + C7x+ C6 + C5y+

(−1 +
1

b
)y2C1 )Ut+

(
C4x

2 + 2(C1t+ C2y + C3)x− bt(tC4 + C7)

−1 + b
)−

C4y
2 + C8y + C9

)
Ux +

1

(−1 + b)e
√
C1xe

√
C2y

(
C14C15(e

√
C1x)2+

C16)((e
√
C2y)2C11 + C12)(−1 + b) cos(

√
b
√
C2 + C1t√
−1 + b

)+

C13(C15(e
√
C1x)2 + C16

)(
(e

√
C2y)2C11 + C12)(b− 1) sin(

√
b
√
C2 + C1t√
−1 + b

)

− e
√
C1xUye

√
C2y

(
C2(−1 + b)x2 − 2(−1 + b)(C4y −

1

2
C8)x

+ ((−y2 + t2)b+ y2)C2 + ((−2yC1 + C5)t− C10 − 2C3y)b

+ 2C3y + C10 + 2yC1t

))
.

Hence, using the Bluman-Anco homotopy formula, we obtain the con-
servation components of ϕt, ϕx, ϕy with respect to Λ:

Case 1

Λ(x, y, t, U, Ux, Uy, Ut) =

1

b
(tUb + Utt2b + Utx2 − Utx2b + Uty2 − Uty2b + 2xtUxb + 2Uyytb),

ϕt =
1

2

1

b
(U2b2 + Ut2Ux2 + Ut2Uy2 − U2b− 2UbxUx − 2UbUyy

+ 2UtUtb2 + 2Ub2xUx + 2Ub2Uyy − Ub2Uxxt2 − UbUxxx2 + Ub2Uxxx2

− UbUxxy2 + Ub2Uxxy2 − Ub2Uyyt2 − UbUyyx2 + Ub2Uyyx2 − UbUyyy2

+ Ub2Uyyy2 + Ut2t2b − 2Ut2x2b − 2Ut2y2b − Ut2t2b2 + Ut2x2b2

+ Ut2y2b2 − 2UxtUtxb − 2UytUtyb + 2UxtUtxb2 + 2UytUtyb2

+ 2UtxtUxb − 2UtUyytb − 2UtxtUxb2 − 2UtUyytb2),
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ϕx =UtbUx + UxUt − UxUtb +
1

2
UUtxt2b +

1

2
UUtxx2

− 1

2
UUtxx2b +

1

2
UUtxy2 −

1

2
UUtxy2b + UytbUxy

+
1

2
UxUtt2b −

1

2
UxUtx2 +

1

2
UxUtx2b +

1

2
UxUty2

+
1

2
UxUty2b − xtUx2b − UxUyytb + UxtUtt − UxtbUyy − UxtbUtt,

ϕy =UtbUy + UyUt − UyUtb +
1

2
UUtyt2b +

1

2
UUtyx2

− 1

2
UUtyx2b +

1

2
UUtyy2 −

1

2
UUtyy2b + UxtbUxy

− 1

2
UyUtt2b −

1

2
UyUtx2 + dfrac12UyUtx2b +

1

2
UyUty2

+
1

2
UyUty2b − UyxtUxb − Uy2ytb + UytUtt − UytbUxx − UytbUtt.

Case 2

Λ(x, y, t, U, Ux, Uy, Ut) =
1

−1 + b
(−yU + yUb + Utx2 − 2ytUt

+ 2ytUtb − 2yxUx + 2yxUxb + Uyx2 − Uyx2b + Uyy2b − Uyt2b − Uyy2),

ϕt =ytUt2 − UyxUtx − ytUt2b + UtyxUx +
1

2
UyUtx2b −

1

2
UyUty2b − UtbUy−

UyUtb −
1

2
UUtyt2b −

1

2
UUtyx2b +

1

2
UUtyy2b +

1

2
UyUtt2 − UyUt

− 1

2
UUtyx2 +

1

2
UUtyy2 +

1

2
UyUtx2 −

1

2
UyUty2 + UyxUtxb − UtyxUxb

− UytbUyy + UtybUxx,

ϕx =− 1

2

1

−1 + b
(2UbyUx − 2Ub2yUx − 2UbUyx + 2Ub2Uyx − UbUxyx2

+ Ub2Uxyx2 − Ub2Uxyy2 + Ub2Uxyt2 + UbUxyy2 − 2Ux2byx + 2Ux2b2yx

+ UxbUyx2 − Uxb2Uyx2 + Uxb2Uyy2 − Uxb2Uyt2 − UxbUyy2 + 2UyxUtt

− 2UxbytUt + 2Uxb2ytUt − 4UyxbUtt − 2UyxbUyy + 2UyxUyyb2 + 2UyxUttb2

+ 2UbytUtx − 2Ub2ytUtx),



2D viscoelastic equation from the perspective of Lie groups 165

ϕy =− 1

2

1

−1 + b
(U2

b2 − U2
b − 2UtUtb − 2UbxUx − 2UbUyy − UUttt2b

− 2UUttx2b + 2UUtty2b + 2UtUtb2 + 2Ub2xUx + 2Ub2Uyy + UUttt2b2

+ UUttx2b2 − UUtty2b2 − Uy2bx2 + Uy2b2x2 − Uy2b2y2 + Uy2b2t2 + Uy2by2

+ Ub2Uxxt2 − UbUxxx2 + Ub2Uxxx2 + UbUxxy2 − Ub2Uxxy2 + UUttx2

− UUtty2 − 2UbyxUxy + 2Ub2yxUxy + 2UybyxUx − 2Uyb2yxUx

− 2UytUtyb + 2UytUtyb2 + 2UtUyytb − 2UtUyytb2).

Case 3

Λ(x, y, t, U, Ux, Uy, Ut) = U + 2tUt + 2xUx + 2Uyy,

ϕt =− UUt − UxUtx − UyUty + UbUt + UbxUtx + UbyUty + tUt + UtxUx

+ UtUyy − tUtb − UtbxUx − UtbUyy − tUbUxx − tUbUyy,

ϕx =UbUx + UbtUt+ UbyUxy − UxbtUt − Ux2bx − UxbUyy + UxUtt

− UxbUyy − UxbUtt,

ϕy =UbUy + UbtUty + UbxUxy − UybtUt − UybxUx − Uyby + yUUtt

− yUbUxx − yUbUt.

Case 4

Λ(x, y, t, U, Ux, Uy, Ut) =
−tbUy − yUt + yUtb

−1 + b
,

ϕt =− 1

2
UbUy −

1

2
UbtUty +

1

2
UybtUt +

1

2
yUt2 −

1

2
yUt2b −

1

2
yUbUxx

− 1

2
UbyUyy,

ϕx =
1

2

1

−1 + b
(b(−UyUtx + UybUtx − UbtUy + UxtbUy + UxyUt − UxyUtb)),

ϕy =
1

2

1

−1 + b
(b(−UUt + UbUt − UyUty + UbyUty + tbUy2 + UtUyy − UtbUyy

− UtUtt + tUbUxx + UbtUtt.

Case 5

Λ(x, y, t, U, Ux, Uy, Ut) = Ut,

ϕt =
1

2
Ur2 −

1

2
Ur2b−

1

2
UbUxx −

1

2
UbUyy,

ϕx =
1

2
UbUtx −

1

2
UxUtb,
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ϕy =
1

2
UbUty −

1

2
UyUtb.

Case 6

Λ(x, y, t, U, Ux, Uy, Ut) =
−tbUx − xUt + xUtb

−1 + b
,

ϕt =− 1

2
UbUx −

1

2
UbtUtx +

1

2
UxbtUt +

1

2
xUt2 −

1

2
xUt2b−

1

2
UbxUxx

− 1

2
UxUyy,

ϕx =
1

2

1

−1 + b
(b(−UUt + UbUt − UxUtx + UbxUtx + tbUx2

+ UtxUx − UtbxUx − UtUtt + tUbUyy + UbtUtt)),

ϕy =
1

2

1

−1 + b
(b(−UxUty + UxbUty − UbtUxy + UxtbUy + UyxUt − UyxUtb)).

Case 7

Λ(x, y, t, U, Ux, Uy, Ut) = yUx − Uyx,

ϕt =− 1

2
UyUtx +

1

2
UybUtx +

1

2
UxUty −

1

2
UxbUty +

1

2
UxyUt −

1

2
UxyUtb

− 1

2
UyxUt +

1

2
UyxUtb,

ϕx =− 1

2
UbUy −

1

2
UbxUxy −

1

2
Ux2by +

1

2
UybxUx +

1

2
yUUtt −

1

2
UbyUyy

+
1

2
yUbUtt,

ϕy =
1

2
UbUx +

1

2
UbyUxy −

1

2
UxbUyy −

1

2
Uy2bx −

1

2
UxUtt +

1

2
UbxUxx +

1

2
UxbUtt.

Case 8

Λ(x, y, t, U, Ux, Uy, Ut) = Ux, (5.5)

ϕt =− 1

2
UUtx +

1

2
UbUtx +

1

2
UtUx −

1

2
UxUtb,

ϕx =− 1

2
Ux2b +

1

2
UUtt −

1

2
UbUyy −

1

2
UUttb,

ϕy =− 1

2
UbUxy −

1

2
UyUxb.

Case 9
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Λ(x, y, t, U, Ux, Uy, Ut) = Uy,

ϕt =
1

2
(UUty − UtUy)(−1 + b),

ϕx =
1

2
(UUxy − UxUy)b,

ϕy =− 1

2
Uy2b +

1

2
UUtt −

1

2
UbUxx −

1

2
UUttb.

Therefore, for all these cases we detected the local conservation law
of Equation (1.1) as follows:

Dtϕ
t +Dxϕ

x +Dyϕ
y = 0.
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