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1. INTRODUCTION

Ostrowski [19] proved the following integral inequality

Theorem 1.1. Let I C R be an interval. Let f : I — R, be a
differentiable mapping in the interior 1°of I, and a,b € I° with a < b.
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If |f'| < M for all x € [a,b], then
L (o)
/f Bt < ( )[ + 5] }M.

The above inequalities has attracted many researchers, various gen-
eralizations, refinements, extensions and variants have appeared in the
literature, one can mention [L-6,9-18,20], and references therein.

Iscan [[7], gave the following Ostrowski’s inequalities for harmonically
quasi-convex functions

Theorem 1.2. Let f: I C (0,00) — R be a differentiable function on
I°, a,b €I witha <band f € L([a,b]). If |f'|* (¢ > 1) is harmonically
quasi-convez on |a,b], then for all x € [a,b], we have

a
o)~ g [
< 2 {@- 0 (€ (an0,psu{lf @17 @)
+ (b= ) (Ca (b,,0, p) sup {1 ()|, 11 D)} }

where
C1 (a,x,0,p) = w xo F1 (20,p+1;p+2;1— 2)
Oy (b,z,0,p) = LD ) 1y (20,10 + 21— £)
where B (.,.) and o F} ( .+ .) are Beta and hypergeometric functions.

Theorem 1.3. Let f : I C (0,00) — R be a differentiable function on
I°, a,b €I witha <band f € L([a,b]). If |f'|* (¢ > 1) is harmonically
quasi-convez on [a,b], then for all x € |a,b], we have

[
)= g [
< {03 (a,2) (z = a)* (sup {|f (2)|*, 1/ ()"})
+ Gy (ba) b= ) (sup {17 @I | B,

Q=

where

. 1 ZIng
Cs (i,2) = 755 <z - mi—im) :

Motivated by the above results, in this paper, we prove a new inte-
gral identity, and then we establish some new Ostrowski’s inequalities
for fonctions whose first derivatives are harmonically quasi-convex via
Riemann-Liouville fractional integrals.
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2. PRELIMINARIES
In this sections we recall some definitions and lemma

Definition 2.1. [22] A function f : I C R\ {0} — R is said to be

harmonically convex, if
f (i) < sw i) £}
holds for all z,y € I and all ¢ € [0, 1].

Definition 2.2. [§] Let f € Li[a,b]. The Riemann-Liouville fractional
integrals % f and [;* f of order @ > 0 with a > 0 are defined by

I f(@) = (x =)L f)dt, x>a

I f(@) = wa

respectively, where I'(a) = [ e~tt*~1dt, is the Gamma function and

. f(z) = L) f(z) = f(=).
We also recall that the hypergeometric function is defined as follows
. 1
e [ = )1 — 2t) Tt
el KU (RS

0

o F'1 (a,b;c;2) =

where ¢ > b > 0,|z| < 1, and B is the Euler beta function given by
1

B (z,y) = /txl(l —t)¥lat .
0
Lemma 2.3. [21] For any 0 <a <b inR and 0 < p <1, we have
|[a? — | < (b—a)P.
3. MAIN RESULTS

Lemma 3.1. Let f : [a,b] C (0,400) — R be a differentiable mapping
on (a,b) with a <b. If f' € L([a,b]), then the following equality holds

D(E+1) (bfb)‘s (IEV (foh) (3) + 1y (Foh) (i)) —f(z) (3.1)

1 1
(1-t)°)

b a)
/( 1-t a+tb 2f ( 1- t a+tb dt + (1 t)a+tb)2f (1—t a+tb>
0 0
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where h (z) = 1 and

1ift e |0, 4b=2)
k= (l;) Y (3.2)
—1lifte 1
( a)
for all z € [a,b.
Proof. Let
1
— k / ab
1= [ aan ! (=)
0
and
1
(£ —(1-1)°
:/ 1— ta+tb)2 (1 ta+tb> dt.
0
Clearly,
a(b— z)
z(b—a) 1
ab
= / (1- ta+tb2f <(1 t)a+tb / (- ta+tb)2f ((1—t)a+tb> dt
0 a(b—z)
z(b—a)
t:a(b—m) —1
_ 1 ab z(b—a) ab
- ab(a—b)f((l—t)a—&-tb)‘t_o " abla— b)f<(1 ta—l—tb)‘ aEZ Z;
==y (F (0) + £ (@) — =y £ (@) (3.3)

By integration by parts, Io gives

5 —(1-t)° ab =1
Iy = ( ab(a—b) )f <(1—t)a+tb>

1
- ab(j—b)/ (t5_1 +(1- t)5_1> f ((1_5Z+tb> dt
0

— — i (@) + ()

1 1
[ 6—1 o— 1 ab
" ab(a—b) (/t f( 1— t)a+tb dt+/ (1-1) (1 t)a+tb> dt) :
0 0

(3.4)

Making the change of variable (1_'27;)”% = u, (@) becomes

d
I = sty (f (a) + £ (1) — S0 (a2 )
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1
6—1 0—1
<oy [ =7 du ol [ G- 7 (2 d
1
b

v\H\@\H

= — aiy ([ (@) + £ ()
i fb((if?) <%>5 (IE;)_ (foh)(3) +1€%)+ (foh) (;)) (3.5)

Summing (@) and (@), and then multiplying the resulting equality
by ab(b;a), we get the desired result. O

Theorem 3.2. Let f : [a,b] C (0,+00) = R be differentiable mapping

n (a,b) with a < b, such that f € L([a,b]). If |f'| is harmonically
quasi-convez, then for all x € la,b] the following fractional inequality
holds

1) (bfb)‘S (Izi) (Foh) (%) +I€%)+ (foh) (i)) —f @)
! <ab(b o max {|f" (@), [ 0)} + gy max {|f ()], |f (x)]}
(3112)‘ I (b } (216+21(1—§))

f/<3%> ()|} (215+21(1—%))),

where o F (., .;.;.) is the hypergeometric function.

+ 2a2(6+1) max {

1
+ 2b2(57+1 maX{

Proof. Using Lemma @ and properties of modulus, and then by Apply-
ing Lemma @ and the harmonic quasi-convexity of |f’| to the resulting
inequality, we get

D(E+1) <%>6 (]((51)_ (foh)(3) Jrff%)+ (foh) (i)) — f ()

IN

a(b—x)
z(b—a)
ab(b—a) 1 /
2 ( { ((1—t)a+tb)? f ((1 t)a+tb>’dt
ny

I ((1 t)a+tb) ‘ dt

(1—t¢ a+tb

a(b— z)
z(b—a)

1
2 ( 5
(-1 —t)
+£ 1—t)a-+tb)?

f/<(1 fz%b)‘dt—i_i (1=t)a +tb)2
3

7 (=) dt)
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a(b—z)
z(b—a)

W (max{f/($)7f/( )|} f ((1— ta+tb)2dt

IN

1

tmax{|f' (@] 1f @I} | e

ales) a—+tb)

z(b—a)
1
) PRSP
—|—max{f’<3+%) ; (b)|}£((1(_1;)j4lfb)2dt
1 5
+ 1 [ 2ab &dt
max{ f (a+b) )‘}gf ((1—t)a+tb)>

a(b—z)
z(b—a)

. e (blamax{f' LI O [ e e

1
tlpmax {1 @] 1 @} [ st

a(b—x)

z(b—a)
g max {|7 (25)]. “’)'}z <1—§<365:>> “
+262 max{f’ (%) ; (a)|}i(1_1(1(_22))2d>

ab(b—a)

= 3 (ab(b o max{[f" (x)], [ ()1} + gty max{|f" (@)l , [/ ()]}
(25)] 17 01}, B s 2g (1= 1)

+ sty max { | (24)].17 (@ )|} (2155425 (1-9))).
The proof is completed. O

Theorem 3.3. Let f : [a,b] C (0,+00) = R be differentiable mapping
n (a,b) with a < b, such that f € L([a,b]). If |f'|? is harmonically
quasi-convexr where ¢ > 1 with % + % = 1, then the following fractional
inequality

I (bfb)‘S (121) (foh) (5) +10, 4 (foh) (i)) — /(@)

1
< 20 (i) (B max (7 @117 O")

+m max{

Q=

1 1
+ (et ) (L= max (| ()|, | (@)1})"
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, L
(L) (o
Spt2:%(1-2
N <2F1 (217,211;21(’(;;2_3)(1 b))> ( maX{

holds for all x € [a,b].

hSA

(%)

")’
Ly (a)q})‘ll)

B =

r ()

Proof. From Lemma @, properties of modulus, and Hoélder inequality,
we have

L@+1) (%)6 (Izl>_ (foh)(3) +I€%)+ (foh) (}1)) — f ()

1
aglb)—z; ) aglg—z; q
b(b—a) 1 / ab a
<@ [ S ___ab
=73 / (T arm f ((l—t)a-i-tb)‘ dt
0 0
1 1
1 P 1 ?
q
1
/ ((lft)a+tb)2pdt / = ta—‘rtb)‘ dt
a(b—x) a(b—x)
z(b—a) z(b—a)

l=
S I=
Q

((1—t)°—%)” q
+ /((1—t)a+tb)2pdt TR ( dt
0 0
1 1
1 p q
(téf(lft)g)p ab q
+ /((l_t)mwzpdt f’ (7(1_@%%)‘ dt . (3.6)

1

N

2

Now, using Lemma @, and the harmonic quasi-convexity of |f’|?, we
obtain

D ()’ (I‘él) (Fom) (})+10, 4 (Foh) (;)) ~ /(@)

a(b—=x) P
z(b—a) 7
< G (f Wdt) (&5 max (1 @I 1 )11
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3=

1 1
+| | it (g mad{lf @)1 @)})

+(aeltitiye) (sl ) aror))
(elgatpe) mel oy

1 1

2p—1_,2p—1 = 1
((bfa)lEZI;fl)aQ;)—leP—l)p <r(b a) max {|f' (z)|*,]f" (b )q
2p—1_,2p—1 - b(z—a) =
+ (restitir)” (2w @17 @)’

*(ﬁl@pi&iﬁiﬂ ) g {|7 (2" 17 7))
21 (2p’1’6p+2 (1 ’)) g / ( 2ab ' 7
+ ( 2 (5pT 1) > ( max{ f (m> Af (a })

which is the desired result. O

)
>
BN
¥IT
S
N
/N

8

Theorem 3.4. Let f : [a,b] C (0,+00) — R be differentiable mapping
on (a,b) with a < b, such that f € L([a,b]). If |f'|%, ¢ > 1 is har-
monically quasi-convez, then for all x € [a,b] the following fractional
inequality holds

o (i) (Ifs,y (Fom) () +1, . (o) (;)) 1@
e ( b (max (| (@), 1 (5)|))
gt (max (| (0)]", 1 (0)|})7
el ifiiﬂﬁ D ({1 (28)[" 17 07}
P (o () o))

262(6+1)
where oFy (., .;.;.) is the hypergeometric function.

Q=

IN
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Proof. From Lemma @, properties of modulus, and power mean in-
equality, we have

T'(6+1)
SO (foh)(zl,)wa(foh)(l))—f(:c)
a(b—zx) 1_% a(b—x)
z(b—a) z(b—a)
1 ! ab g
/ (1— ta+tb / (1—t)a+tb)? I ((lft)athb)‘ dt
0 0
1
1 1 q
1 ! ab g
/ (1-t) +tb2dt / (1—t)a+tb)* f <(17t)a+tb>’ dt
a(b— Z) a(b—zx)
z(b a) z(b—a)
1- 1
q
—t)°—t° —t)°—td ab a
/ - t)a+tb 7dt (1 t)a+tb ((l—t)a—i-tb)‘ dt
0 0
1-1 1
q
5 —(1-1)° ab 1
(1 t)a+tb e / = t)a+tb ((1—t)a+tb)‘ dt
(3.7)
Now, using Lemma @, harmonic quasi-convexity of |f’|?, we deduces

D(@+) ( “ba) ( o h) (1) +I€%)* (foh) (i)) —f ()

il ((bb - (max {|f (0)]*, ] ()]))

Tty (max {|f ()|, £ (5)]))
AL (e ()] )

(25)[" 17 <a>|Q})3> :

1 a
N 2F1 (2,1:0425(1-%)) (max{
which is the desired result. O

Q

IN

Q=

2(5+1)

Q=



1]

(19]

20]
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