
Caspian Journal of Mathematical Sciences (CJMS)
University of Mazandaran, Iran
http://cjms.journals.umz.ac.ir
https://doi.org/10.22080/CJMS.2022.15597.1369
Caspian J Math Sci. 12(1)(2023), 94-104 (Research Article)

New Ostrowski type inequalities for differentiable
harmonically quasi-convex functions via fractional

integral

B. Meftah 1 and M. Merad 2 and A. Souahi3
1Laboratoire des télécommunications, Faculté des Sciences et de la

Technologie, University of 8 May 1945 Guelma, P.O. Box 401, 24000
Guelma, Algeria. 2 Département des Mathématiques, Faculté des
mathématiques, de l’informatique et des sciences de la matière,

Université 8 mai 1945 Guelma, Algeria. 3Laboratory of Advanced
Materials, University of Badji Mokhtar-Annaba, P.O. Box 12, 23000

Annaba, Algeria

Abstract. In this paper, we prove a new integral identity, and
then we establish some new Ostrowski’s inequalities for fonctions
whose first derivatives are harmonically quasi-convex via Riemann-
Liouville fractional integrals. Keywords: integral inequality, Os-
trowski inequality, harmonically quasi-convex functions.

2000 Mathematics subject classification: 26D15; Secondary 26D20,
26A51..

1. Introduction
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Theorem 1.1. Let I ⊆ R be an interval. Let f : I → R, be a
differentiable mapping in the interior I◦of I, and a, b ∈ I◦ with a < b.
If |f ′| ≤ M for all x ∈ [a, b], then∣∣∣∣∣∣f(x)− 1

b−a

b∫
a

f (t) dt

∣∣∣∣∣∣ ≤ (b− a)

[
1
4 +

(x−a+b
2 )

2

(b−a)2

]
M.

The above inequalities has attracted many researchers, various gen-
eralizations, refinements, extensions and variants have appeared in the
literature, one can mention [1–6,9–18,20], and references therein.

İşcan [7], gave the following Ostrowski’s inequalities for harmonically
quasi-convex functions

Theorem 1.2. Let f : I ⊂ (0,∞) → R be a differentiable function on
I◦, a, b ∈ I with a < b and f ∈ L ([a, b]). If |f ′|q (q ≥ 1) is harmonically
quasi-convex on [a, b], then for all x ∈ [a, b], we have∣∣∣∣∣f(x)− ab

b−a

b∫
a

f(t)
t2

dt

∣∣∣∣∣
≤ ab

b−a

{
(x− a)2 (C1 (a, x, θ, ρ) sup {|f ′ (x)|q , |f ′ (a)|q})

1
q

+ (b− x)2 (C2 (b, x, θ, ρ) sup {|f ′ (x)|q , |f ′ (b)|q})
1
q

}
,

where{
C1 (a, x, θ, ρ) =

B(ρ+1,1)
x2θ ×2 F1

(
2θ, ρ+ 1; ρ+ 2; 1− a

x

)
C2 (b, x, θ, ρ) =

B(1,ρ+1)
x2θ ×2 F1

(
2θ, 1; ρ+ 2; 1− x

b

)
where B (., .) and 2F1 (., .; .; .) are Beta and hypergeometric functions.

Theorem 1.3. Let f : I ⊂ (0,∞) → R be a differentiable function on
I◦, a, b ∈ I with a < b and f ∈ L ([a, b]). If |f ′|q (q ≥ 1) is harmonically
quasi-convex on [a, b], then for all x ∈ [a, b], we have∣∣∣∣∣f(x)− ab

b−a

b∫
a

f(t)
t2

dt

∣∣∣∣∣
≤ ab

b−a

{
C3 (a, x) (x− a)2 (sup {|f ′ (x)|q , |f ′ (a)|q})

1
q

+ C3 (b, x) (b− x)2 (sup {|f ′ (x)|q , |f ′ (b)|q})
1
q

}
,

where
C3 (i, x) =

1
x−i

(
1

i
− lnx−ln i

x−i

)
.

Motivated by the above results, in this paper, we prove a new inte-
gral identity, and then we establish some new Ostrowski’s inequalities
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for fonctions whose first derivatives are harmonically quasi-convex via
Riemann-Liouville fractional integrals.

2. Preliminaries

In this sections we recall some definitions and lemma

Definition 2.1. [22] A function f : I ⊂ R\ {0} → R is said to be
harmonically convex, if

f
(

xy
tx+(1−t)y

)
≤ sup {f(x), f(y)}

holds for all x, y ∈ I and all t ∈ [0, 1].

Definition 2.2. [8] Let f ∈ L1[a, b]. The Riemann-Liouville fractional
integrals Iαa+f and Iαb−f of order α > 0 with a ≥ 0 are defined by

Iαa+f(x) =
1

Γ(α)

x∫
a
(x− t)α−1 f(t)dt, x > a

Iαb−f(x) =
1

Γ(α)

b∫
x
(t− x)α−1 f(t)dt, b > x

respectively, where Γ(α) =
∞∫
0

e−ttα−1dt, is the Gamma function and

I0a+f(x) = I0b−f(x) = f(x).

We also recall that the hypergeometric function is defined as follows

2F1 (a, b; c; z) =
1

B (b, c− b)

1∫
0

tb−1(1− t)c−b−1(1− zt)−adt,

where c > b > 0, |z| < 1, and B is the Euler beta function given by

B (x, y) =

1∫
0

tx−1(1− t)y−1dt .

Lemma 2.3. [21] For any 0 ≤ a < b in R and 0 < p ≤ 1, we have
|ap − bp| ≤ (b− a)p .

3. Main results

Lemma 3.1. Let f : [a, b] ⊂ (0,+∞) → R be a differentiable mapping
on (a, b) with a < b. If f ′ ∈ L ([a, b]), then the following equality holds

Γ(δ+1)
2

(
ab
b−a

)δ (
Iδ( 1

a

)− (f ◦ h)
(
1
b

)
+ Iδ

( 1
b )

+ (f ◦ h)
(
1
a

))
− f (x) (3.1)
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=ab(b−a)
2

 1∫
0

k
((1−t)a+tb)2

f ′
(

ab
(1−t)a+tb

)
dt+

1∫
0

(tδ−(1−t)δ)
((1−t)a+tb)2

f ′
(

ab
(1−t)a+tb

)
dt


where h (x) = 1

x and

k =

 1 if t ∈
[
0, a(b−x)

x(b−a)

]
−1 if t ∈

[
a(b−x)
x(b−a) , 1

]
,

(3.2)

for all x ∈ [a, b].

Proof. Let

I1 =

1∫
0

k
((1−t)a+tb)2

f ′
(

ab
(1−t)a+tb

)
dt,

and

I2 =

1∫
0

(tδ−(1−t)δ)
((1−t)a+tb)2

f ′
(

ab
(1−t)a+tb

)
dt.

Clearly,

I1 =

a(b−x)
x(b−a)∫

0

1
((1−t)a+tb)2

f ′
(

ab
(1−t)a+tb

)
dt−

1∫
a(b−x)
x(b−a)

1
((1−t)a+tb)2

f ′
(

ab
(1−t)a+tb

)
dt

= 1
ab(a−b)f

(
ab

(1−t)a+tb

)∣∣∣t=a(b−x)
x(b−a)

t=0
− 1

ab(a−b)f
(

ab
(1−t)a+tb

)∣∣∣t=1

t=
a(b−x)
x(b−a)

= 1
ab(b−a) (f (b) + f (a))− 2

ab(b−a)f (x) . (3.3)

By integration by parts, I2 gives

I2 =
(tδ−(1−t)δ)

ab(a−b) f
(

ab
(1−t)a+tb

)∣∣∣∣t=1

t=0

− δ
ab(a−b)

1∫
0

(
tδ−1 + (1− t)δ−1

)
f
(

ab
(1−t)a+tb

)
dt

=− 1
ab(b−a) (f (a) + f (b))

− δ
ab(a−b)

 1∫
0

tδ−1f
(

ab
(1−t)a+tb

)
dt+

1∫
0

(1− t)δ−1 f
(

ab
(1−t)a+tb

)
dt

 .

(3.4)
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Making the change of variable (1−t)a+tb
ab = u, (3.4) becomes

I2 =− 1
ab(b−a) (f (a) + f (b))− Γ(δ+1)

ab(a−b)

(
ab
b−a

)δ
×

 1
Γ(δ)

1
a∫
1
b

(
u− 1

b

)δ−1
f
(
1
u

)
du+ 1

Γ(δ)

1
a∫
1
b

(
1
a − u

)δ−1
f
(
1
u

)
du


=− 1

ab(b−a) (f (a) + f (b))

+ Γ(δ+1)
ab(b−a)

(
ab
b−a

)δ (
Iδ( 1

a

)− (f ◦ h)
(
1
b

)
+ Iδ

( 1
b )

+ (f ◦ h)
(
1
a

))
(3.5)

Summing (3.3) and (3.5), and then multiplying the resulting equality
by ab(b−a)

2 , we get the desired result. □

Theorem 3.2. Let f : [a, b] ⊂ (0,+∞) → R be differentiable mapping
on (a, b) with a < b, such that f ∈ L ([a, b]). If |f ′| is harmonically
quasi-convex, then for all x ∈ [a, b] the following fractional inequality
holds ∣∣∣∣∣Γ(δ+1)

2

(
ab
b−a

)δ (
Iδ(

1
a

)− (f ◦ h)
(
1
b

)
+ Iδ

( 1
b )

+ (f ◦ h)
(
1
a

))
− f (x)

∣∣∣∣∣
≤ ab(b−a)

2

(
b−x

ab(b−a) max {|f ′ (x)| , |f ′ (b)|}+ x−a
ab(b−a) max {|f ′ (a)| , |f ′ (x)|}

+ 1
2a2(δ+1)

max
{∣∣∣f ′

(
2ab
a+b

)∣∣∣ , |f ′ (b)|
}
2
F1

(
2, 1; δ + 2; 12

(
1− b

a

))
+ 1

2b2(δ+1)
max

{∣∣∣f ′
(

2ab
a+b

)∣∣∣ , |f ′ (a)|
}
2
F1

(
2, 1; δ + 2; 12

(
1− a

b

)))
,

where 2F1 (., .; .; .) is the hypergeometric function.

Proof. Using Lemma 3.1 and properties of modulus, and then by Apply-
ing Lemma 2.3 and the harmonic quasi-convexity of |f ′| to the resulting
inequality, we get∣∣∣∣∣Γ(δ+1)

2

(
ab
b−a

)δ (
Iδ(

1
a

)− (f ◦ h)
(
1
b

)
+ Iδ

( 1
b )

+ (f ◦ h)
(
1
a

))
− f (x)

∣∣∣∣∣
≤ ab(b−a)

2

a(b−x)
x(b−a)∫

0

1
((1−t)a+tb)2

∣∣∣f ′
(

ab
(1−t)a+tb

)∣∣∣ dt
+

1∫
a(b−x)
x(b−a)

1
((1−t)a+tb)2

∣∣∣f ′
(

ab
(1−t)a+tb

)∣∣∣ dt
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+

1
2∫
0

((1−t)δ−tδ)
((1−t)a+tb)2

∣∣∣f ′
(

ab
(1−t)a+tb

)∣∣∣ dt+ 1∫
1
2

(tδ−(1−t)δ)
((1−t)a+tb)2

∣∣∣f ′
(

ab
(1−t)a+tb

)∣∣∣ dt


≤ ab(b−a)
2

max {|f ′ (x)| , |f ′ (b)|}

a(b−x)
x(b−a)∫

0

1
((1−t)a+tb)2

dt

+max {|f ′ (a)| , |f ′ (x)|}
1∫

a(b−x)
x(b−a)

1
((1−t)a+tb)2

dt

+max
{∣∣∣f ′

(
2ab
a+b

)∣∣∣ , |f ′ (b)|
} 1

2∫
0

(1−2t)δ

((1−t)a+tb)2
dt

+ max
{∣∣∣f ′

(
2ab
a+b

)∣∣∣ , |f ′ (a)|
} 1∫

1
2

(2t−1)δ

((1−t)a+tb)2
dt


= ab(b−a)

2

 1
b−a max {|f ′ (x)| , |f ′ (b)|}

a(b−x)
x(b−a)∫

0

b−a
(a+t(b−a))2

dt

+ 1
b−a max {|f ′ (a)| , |f ′ (x)|}

1∫
a(b−x)
x(b−a)

b−a
(a+t(b−a))2

dt

+ 1
2a2

max
{∣∣∣f ′

(
2ab
a+b

)∣∣∣ , |f ′ (b)|
} 1∫

0

(1−t)δ

(1− 1
2
t(1− b

a))
2dt

+ 1
2b2

max
{∣∣∣f ′

(
2ab
a+b

)∣∣∣ , |f ′ (a)|
} 1∫

0

(1−t)δ

(1− 1
2
t(1−a

b ))
2dt

)
= ab(b−a)

2

(
b−x

ab(b−a) max {|f ′ (x)| , |f ′ (b)|}+ x−a
ab(b−a) max {|f ′ (a)| , |f ′ (x)|}

+ 1
2a2(δ+1)

max
{∣∣∣f ′

(
2ab
a+b

)∣∣∣ , |f ′ (b)|
}
2
F1

(
2, 1; δ + 2; 12

(
1− b

a

))
+ 1

2b2(δ+1)
max

{∣∣∣f ′
(

2ab
a+b

)∣∣∣ , |f ′ (a)|
}
2
F1

(
2, 1; δ + 2; 12

(
1− a

b

)))
.

The proof is completed. □

Theorem 3.3. Let f : [a, b] ⊂ (0,+∞) → R be differentiable mapping
on (a, b) with a < b, such that f ∈ L ([a, b]). If |f ′|q is harmonically
quasi-convex where q > 1 with 1

p + 1
q = 1, then the following fractional

inequality∣∣∣∣∣Γ(δ+1)
2

(
ab
b−a

)δ (
Iδ(

1
a

)− (f ◦ h)
(
1
b

)
+ Iδ

( 1
b )

+ (f ◦ h)
(
1
a

))
− f (x)

∣∣∣∣∣
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≤ ab(b−a)
2

((
b2p−1−x2p−1

(b−a)(2p−1)a2p−1b2p−1

) 1
p
(
a(b−x)
x(b−a) max {|f ′ (x)|q , |f ′ (b)|q}

) 1
q

+
(

x2p−1−a2p−1

(b−a)(2p−1)a2p−1b2p−1

) 1
p
(
b(x−a)
x(b−a) max {|f ′ (x)|q , |f ′ (a)|q}

) 1
q

+

(
2F1

(
2p,1;δp+2;

1
2(1−

b
a)

)
2a2(δp+1)

) 1
p (

1
2 max

{∣∣∣f ′
(

2ab
a+b

)∣∣∣q , |f ′ (b)|q
}) 1

q

+

(
2F1

(
2p,1;δp+2;

1
2(1−

a
b )

)
2b2(δp+1)

) 1
p (

1
2 max

{∣∣∣f ′
(

2ab
a+b

)∣∣∣q , |f ′ (a)|q
}) 1

q


holds for all x ∈ [a, b].

Proof. From Lemma 3.1, properties of modulus, and Hölder inequality,
we have∣∣∣∣∣Γ(δ+1)

2

(
ab
b−a

)δ (
Iδ( 1

a

)− (f ◦ h)
(
1
b

)
+ Iδ

( 1
b )

+ (f ◦ h)
(
1
a

))
− f (x)

∣∣∣∣∣
≤ab(b−a)

2




a(b−x)
x(b−a)∫

0

1
((1−t)a+tb)2p

dt


1
p


a(b−x)
x(b−a)∫

0

∣∣∣f ′
(

ab
(1−t)a+tb

)∣∣∣q dt


1
q

+


1∫

a(b−x)
x(b−a)

1
((1−t)a+tb)2p

dt


1
p


1∫
a(b−x)
x(b−a)

∣∣∣f ′
(

ab
(1−t)a+tb

)∣∣∣q dt


1
q

+


1
2∫
0

((1−t)δ−tδ)
p

((1−t)a+tb)2p
dt


1
p


1
2∫
0

∣∣∣f ′
(

ab
(1−t)a+tb

)∣∣∣q dt


1
q

+

 1∫
1
2

(tδ−(1−t)δ)
p

((1−t)a+tb)2p
dt


1
p
 1∫

1
2

∣∣∣f ′
(

ab
(1−t)a+tb

)∣∣∣q dt


1
q

 . (3.6)

Now, using Lemma 2.3, and the harmonic quasi-convexity of |f ′|q, we
obtain∣∣∣∣∣Γ(δ+1)

2

(
ab
b−a

)δ (
Iδ(

1
a

)− (f ◦ h)
(
1
b

)
+ Iδ

( 1
b )

+ (f ◦ h)
(
1
a

))
− f (x)

∣∣∣∣∣
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≤ ab(b−a)
2


a(b−x)

x(b−a)∫
0

1
(a+t(b−a))2p

dt


1
p (

a(b−x)
x(b−a) max {|f ′ (x)|q , |f ′ (b)|q}

) 1
q

+

 1∫
a(b−x)
x(b−a)

1
(a+t(b−a))2p

dt


1
p (

b(x−a)
x(b−a) max {|f ′ (x)|q , |f ′ (a)|q}

) 1
q

+

(
1

2a2

1∫
0

(1−t)δp(
1−1

2 t(1−
b
a)

)2pdt

) 1
p (

1
2 max

{∣∣∣f ′
(

2ab
a+b

)∣∣∣q , |f ′ (b)|q
}) 1

q

+

(
1
2b2

1∫
0

(1−t)δp(
1−1

2 t(1−
a
b )

)2pdt

) 1
p (

1
2 max

{∣∣∣f ′
(

2ab
a+b

)∣∣∣q , |f ′ (a)|q
}) 1

q


= ab(b−a)

2

((
b2p−1−x2p−1

(b−a)(2p−1)a2p−1b2p−1

) 1
p
(
a(b−x)
x(b−a) max {|f ′ (x)|q , |f ′ (b)|q}

) 1
q

+
(

x2p−1−a2p−1

(b−a)(2p−1)a2p−1b2p−1

) 1
p
(
b(x−a)
x(b−a) max {|f ′ (x)|q , |f ′ (a)|q}

) 1
q

+

(
2F1

(
2p,1;δp+2;

1
2(1−

b
a)

)
2a2(δp+1)

) 1
p (

1
2 max

{∣∣∣f ′
(

2ab
a+b

)∣∣∣q , |f ′ (b)|q
}) 1

q

+

(
2F1

(
2p,1;δp+2;

1
2(1−

a
b )

)
2b2(δp+1)

) 1
p (

1
2 max

{∣∣∣f ′
(

2ab
a+b

)∣∣∣q , |f ′ (a)|q
}) 1

q

 ,

which is the desired result. □

Theorem 3.4. Let f : [a, b] ⊂ (0,+∞) → R be differentiable mapping
on (a, b) with a < b, such that f ∈ L ([a, b]). If |f ′|q, q ≥ 1 is har-
monically quasi-convex, then for all x ∈ [a, b] the following fractional
inequality holds

∣∣∣∣∣Γ(δ+1)
2

(
ab
b−a

)δ (
Iδ(

1
a

)− (f ◦ h)
(
1
b

)
+ Iδ

( 1
b )

+ (f ◦ h)
(
1
a

))
− f (x)

∣∣∣∣∣
≤ ab(b−a)

2

(
b−x

(b−a)ab (max {|f ′ (x)|q , |f ′ (b)|q})
1
q

+ x−a
(b−a)ab (max {|f ′ (x)|q , |f ′ (b)|q})

1
q

+
2F1

(
2,1;δ+2;

1
2(1−

b
a)

)
2a2(δ+1)

(
max

{∣∣∣f ′
(

2ab
a+b

)∣∣∣q , |f ′ (b)|q
}) 1

q
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+
2F1

(
2,1;δ+2;

1
2(1−

a
b )

)
2b2(δ+1)

(
max

{∣∣∣f ′
(

2ab
a+b

)∣∣∣q , |f ′ (a)|q
}) 1

q

)
,

where 2F1 (., .; .; .) is the hypergeometric function.
Proof. From Lemma 3.1, properties of modulus, and power mean in-
equality, we have∣∣∣∣∣Γ(δ+1)

2

(
ab
b−a

)δ (
Iδ( 1

a

)− (f ◦ h)
(
1
b

)
+ Iδ

( 1
b )

+ (f ◦ h)
(
1
a

))
− f (x)

∣∣∣∣∣
≤ab(b−a)

2




a(b−x)
x(b−a)∫

0

1
((1−t)a+tb)2

dt


1− 1

q


a(b−x)
x(b−a)∫

0

1
((1−t)a+tb)2

∣∣∣f ′
(

ab
(1−t)a+tb

)∣∣∣q dt


1
q

+


1∫

a(b−x)
x(b−a)

1
((1−t)a+tb)2

dt


1− 1

q


1∫
a(b−x)
x(b−a)

1
((1−t)a+tb)2

∣∣∣f ′
(

ab
(1−t)a+tb

)∣∣∣q dt


1
q

+


1
2∫
0

(1−t)δ−tδ

((1−t)a+tb)2
dt


1− 1

q


1
2∫
0

(1−t)δ−tδ

((1−t)a+tb)2

∣∣∣f ′
(

ab
(1−t)a+tb

)∣∣∣q dt


1
q

+

 1∫
1
2

tδ−(1−t)δ

((1−t)a+tb)2
dt


1− 1

q
 1∫

1
2

tδ−(1−t)δ

((1−t)a+tb)2

∣∣∣f ′
(

ab
(1−t)a+tb

)∣∣∣q dt


1
q

 .

(3.7)
Now, using Lemma 2.3, harmonic quasi-convexity of |f ′|q, we deduces∣∣∣∣∣Γ(δ+1)

2

(
ab
b−a

)δ (
Iδ(

1
a

)− (f ◦ h)
(
1
b

)
+ Iδ

( 1
b )

+ (f ◦ h)
(
1
a

))
− f (x)

∣∣∣∣∣
≤ ab(b−a)

2

(
b−x

(b−a)ab (max {|f ′ (x)|q , |f ′ (b)|q})
1
q

+ x−a
(b−a)ab (max {|f ′ (x)|q , |f ′ (b)|q})

1
q

+
2F1

(
2,1;δ+2;

1
2(1−

b
a)

)
2a2(δ+1)

(
max

{∣∣∣f ′
(

2ab
a+b

)∣∣∣q , |f ′ (b)|q
}) 1

q

+
2F1

(
2,1;δ+2;

1
2(1−

a
b )

)
2b2(δ+1)

(
max

{∣∣∣f ′
(

2ab
a+b

)∣∣∣q , |f ′ (a)|q
}) 1

q

)
,

which is the desired result. □
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