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Quaternions

Vahide Bulut [[
! Department of Engineering Sciences, Izmir Katip Celebi University,
Cigli, Izmir, 35620, Turkey

ABsTrRACT. Kinematics studies the motion of a rigid object, such
as displacement, velocity, acceleration, etc. A general planar mo-
tion can be defined as a combination of translation and rotation.
Planar motion is widely used in many fields. Since most mobile
robots move on flat terrain, many grippers and kinematic linkages
use planar motion. The dual quaternion is the generalization of the
quaternion and is used in various fields. In this paper, we introduce
a new approach to planar motions by using the dual quaternion to
study the pole points and pole trajectories, the triple coordinate
system and the canonical system, and find the Euler-Savary equa-
tion.

Keywords: Dual quaternion, planar kinematic, velocity, pole tra-
jectory, Euler-Savary equation.
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1. INTRODUCTION

A rigid body can be expressed as a model of an object that does not
deform or change shape. This object has the property that the distance
between each pair of points of a rigid body is constant. If all points of
a rigid body move along paths equidistant from a fixed plane, then this
rigid body is said to have planar motion. Dual quaternions are of great
importance in many fields such as computer graphics, robotics, etc., as
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they provide a simpler and more robust solution for these areas. They
combine translation and rotation in a single state. Dual quaternions
are studied in computer graphics [7], [4], inverse kinematics [10] and
robotics [3], [I3]. In [I] we represented a point and its velocities in
planar kinematics in terms of dual quaternions. In this study, we give
the pole points and pole trajectories, the triple coordinate system, the
canonical system, and the Euler-Savary equation in planar kinematics
based on dual quaternions. Our contribution is a novel approach to
planar kinematics with dual quaternions.

2. DUAL QUATERNIONS

Quaternions represent the rotation of a rigid body about an axis.
Quaternions, especially unit quaternions, are widely used because they
provide better opportunities for interpolation of key images. Moreover,
they do not suffer from singularity problems [5], [6] [8], [14].

A quaternion in R? is a 4-tuple and a quaternion is defined as.

g=a+bi+cj+dk

with a, b, ¢, d real numbers, %, 7, k are the standard orthonormal basis
in R® and i® = j2 = k* = ijk = —1.

Dual quaternions, which are an extension of real quaternions, were
discovered by William Kingdon Clifford in 1873 [2]. They are used for
both rotations and translations. A dual quaternion can be represented
as follows.

Q=Q+Q" (2.1)

where
Q=q¢+q and Q" =q, +q"

and €2 = 0. Alternatively, a dual quaternion whose four terms are dual
numbers can be interpreted as follows.

Q = (jr + (frz + (fy] + szk (2'2)

or

A~

Q=s+zi+yj+zk+ec(sc+zt+y:J+ 2k).
When ¢, = 0, a dual quaternion is transformed into a dual vector. Dual

numbers and dual vectors are special cases of dual quaternions [12]. If
two dual quaternions can be taken as

Q1=Q1+¢eQ} and Qo =Qy+eQ5.
then the dual quaternion multiplication (®) can be written as

Q1 ® Q2= Q1.Q2 +¢ (Q1.Q3 + Q2.Q7) .
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The dual conjugate 5 and the dual quaternion norm are defined as

Q=0Q-eQ"
and 0.0
A < >
QI =lQl +e—77—
el
A dual quaternion satisfying the conditions ||Q|| = 1 and . = 0 is

called an unit dual quaternion. A second conjugation operator for a
dual quaternion is given as

—*
Q = (87 —Ty, =Y, =%, —Segy Ley Ye, ZE) .

Transformations represented by dual quaternions can be combined to
form a dual quaternion. Suppose that Q and P are two transforma-
tion dual quaternions and @, is a position vector dual quaternion. The
combined transformation C' can be applied to @, as

Q=Po(QeQueQ)eP =(PeQ)e@)e(Q oF ) (23)
or B
C=P20=Q,=C2Q,aC .
The pure rotation about the vector n with angle § and the pure trans-
lation can be written as follows using the unit dual quaternion.

Qr = [cos (g) , Ny sin (Z) , My sin <Z> , msin (Zﬂ [0, 0,0, 0],
(2.4)

and

fe Ly tz]. (2.5)

) = 17 07 07 0 07 ' o) o
Combining the rotation and translation transformations into a single
unit quaternion to represent rotation followed by translation, we obtain

Q: QT®QR

= (145 [tei +t,5 +t.k]) @ Qr (2.6)

= R—I—s%

We can write its inverse as [9], [§]

TR\ ! R*T
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3. PLANAR KINEMATIC USING DUAL QQUATERNIONS

Let be two planes M (moving) and F' (fixed), and let us define the
orthonormal coordinate systems in these planes as M:{On; €1m, €2m}

and F:{Oy;e1y,ezz} (see Figure (I))).

Figure 1. Planar kinematic of two planes M and F

First, we can agssume that these two frames coincide in their points of
origin (Op,) and (Oy) (see Figure (2)) and we can take the same point
X (z1,22) in both frames. Next, we rotate and translate the moving

A
€2

O=0

Figure 2. Planar kinematik of two frames M and F

frame using dual quaternions and denote the point X (z1,x2) as X,, in
the moving frame and X ; in the fixed frame. We can define the point
X (x1,x2) in dual quaternion form as

Qx = [1+¢ (21, 22, 0)]. (3.1)
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We can apply the equation (2.6 to Qx, then we obtain the final position
of the point X (z1, z2) according to the fixed frame F' with the following
equation:

Qy=Q®Qx®Q = (1,0,0,0)
+5 (0, 221 cos p — 2z sin ¢ + 2d1, (3.2)

21 sin ¢ + 29 cos ¢ + 2da, 0)

where (di, d2) denotes the coordinates of the origin (O,,) of the moving
frame M in the fixed frame F' and ¢ denotes the angle of rotation of M
relative to I, i.e. i.e., ¢ is the angle between vectors €1, and ey and is
called the angle of rotation. Finally, we can write the point X (x1, x2)
in the fixed frame F' as
Xy= (z1cosp—xpsinp+dy)ers
(3.3)
+ (z1sing + o cos p + da) eag
On the other hand, we can use the following equations obtained via dual
quaternions,
€1f = €1m COSY — €2y Siny

€2f = €1, SN Y + €2y, COS Y
we can define the point Xy in the moving frame M with the following
equation:
Xy= (z1+dicosp+dasing)eim

(3.4)
+ (z9 — dysinp + dy cos @) eam
We can also express the point X,, in the moving frame M as
Xom = Z1€1m + T2€2m (3.5)

3.1. Evaluation of Velocities. We determined the relative, absolute,
and drift velocities in [I] respectively as follows:

vV, = X =T1e1m + i’gezm, (3.6)
Vg = T1€1m + T2€2m
+ (dl cos ¢ + dysin — 3?2@) €1m (3.7)

(—dl sin ¢ + dg cos p + xlcp) €2m,
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and
vg = <d1 cos ¢ + da sin ¢ — 3024?) €im
(3.8)
+ <—d1 sin ¢ + da cos ¢ + 931@) €2m-

where we denote the derivative by dot.

3.2. Pole Points and Pole Trajectories. First, the following theorem
can be expressed for pole points.
Theorem 1: There is only one point (pole point) that remains station-
ary in both planes at any instant of the motion with a non-zero angular
velocity.

Let us determine the pole point P (p1,p2) that satisfies the equation
vgq = 0. Using the equation for vqg = 0, we can write

dlcoscerdgsingo—xggb:O

—d; sin ¢ + do cosp +x1p = 0.

Then we can find the pole point P (p1, p2) using the unit dual quaternion
as follows. ) )
dy sin ¢ — dg cos

¢

P11 =
(3.9)

dl Ccos ¢ + d2 sin
2

The drift velocity of point X can be written using the pole point P (p1, p2)
with the following equation:

P2 =

vg = [—e1 (2 — p2) + ez (1 — p1)] & (3.10)

Therefore, the following results and theorems based on dual quaternions
can be written as in [11] as follows:

i) PXvg=0,ie. PX | vq.

i) [val = /(21 — p1)* + (22 — p2)° = [P X[ 5.

Theorem 2: Each point X of the moving plane M performs a rota-
tional motion with pole point P-centered and angular velocity (¢) at
each instant.

Theorem 3: A one-parameter planar motion is the rotation of the mov-
ing plane M about the instantaneous rotation pole P with angular ve-
locity ¢.

Theorem 4: In a planar motion with one parameter, the points X of
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the moving plane M draw paths on the fixed plane F. The geometric
position of the pole point P in the moving plane M is called the trajec-
tory of the moving pole (pm, ), and in the fixed plane F' the trajectory of
the fixed pole (pg).

Theorem 5: In a one-parameter planar motion, the curve of the moving
pole (pm ) rolls without sliding on the curve of the fixed pole (py).

4. TRIPLE COORDINATE SYSTEM AND PLANAR KINEMATIC BASED
ON DUAL QUATERNIONS

We have studied planar kinematics using dual quaternions with mov-
ing and fixed planes M and F, respectively. In this section we take
three planes M ( moving ), F (fixed) and the other plane A which is
moving plane according to planes M and F. Let us represent the or-
thonormal coordinate systems in these planes as M : {O,; €1m, €2m },
F :{Oy;e1f,eap} and A: {O; é1, ég}. We assume that the motion will
be examined according to the frame A : {O; é1, éz}. Next, the following
equations can be defined as follows.

Omé =Qm = aml1€1 + am2e2
OfO:af: afi€1 + afoes
and
db,, = wm dfy = wy
dam1 — am2dby, = fim1 dagy — apadfy = g (4.1)
dam2 — am1dOy, = fim2 dafs — afp1dfy = pipo

where d is used to denote the differential form. Therefore, we can obtain
the linear differential forms, called Pfaff forms, as follows.
i) The motion A with respect to M (A/M):

dm€1 = €W, dp€2 = —€1Wm, dam = €1fim1 + E2/tma  (4.2)
ii) The motion A with respect to F' (A/F):
dm€1 = Eawm, dfé2 = —ejwy, daf = e1pf1 + ealifo (4.3)

where dp,, and dy are used to denote differential forms with respect to
M and F, respectively. Let us determine the velocities of the point X
with respect to the frame A. Using the following equations below via
dual quaternions

el = é€ycostly —e&zsinby

ey = é€1sinfy + ézcosly
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and
€1m = €1C0S Y,y — Eg8in Yy,

€am = €18in, + €2 cos Y,
we can write the point X in the moving plane M with respect to the
basis vectors of the frame A as

Xm = (5151 + a1 cos T;Z)m + ama2 sin wm) e
(4.4)

+ (51:2 — Qg1 SIN Yy + A2 COS ¢m) es.
The differential of the point X about to moving frame M can be written
with the following equation:

dXym =dn (1:1 + dim@m1 oS Yy + dipGma SIN Py, — xZWm) e
(4.5)
+dp (2 — A1 SIN Y, + dpama oS Yy, + T1wy,) E2.

Then we can write the relative velocity vector of the point X with respect

to the moving frame M as v, = ——. If v, = 0 or dX,,, = 0, then the
condition of fixing the point X in the moving frame M as
dmx1 = —dmam1 COS Y — dpmae Sin Yy, + Town,
(4.6)
dmxo = dpQm1 SiN Yy, — diGmo COS Wy — T1Wny,.
Using the equations in (4.1]), the equation (4.6} can be expressed as
A1 = = (fim1 + GmawWm) CO8 Y,
- (ﬂm? - amlwm) sin wm + Xowm
(4.7)

dmx2 = (fm1 + Gmawm,) sin Y,

— (Hm2 — am1wWm) cOS Yy — T1Wn,.
On the other hand, we can write the point X in the fixed plane F' with
respect to the basis vectors of the frame A as
Xy = (x1+asicosly+apsinby)e
(4.8)
+ (22 —af1sinfy + apycosby) €.
The differential of the point X about to fixed frame F' can be expressed
by the following equation:
de = (df!El + dfafl cos Gf + dfafg sian — SUQLUf) e
(4.9)
+ (dfwo —dyagisinfy + dragpacosfy + x1wy) €.
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Then we can write the absolute velocity vector of the point X about to
dX
fixed frame F' with v, = Wf If v, = 0 or dXy = 0, then the condition

of fixing the point X in the fixed frame F' is as follows.

dyx1 = —dyayicosOf —drayasinly + xowy
(4.10)
dyxg = dypagsinfy —draygcosty — xiwy.

Using the equations in (4.1]), the equation (4.10)) can be written using
the following equation:

dyzrr = (—pp +apowys)cosOp + (2 — apwy)sinfy + xowy
(4.11)
dyxy = (puf1 — apowys)sinfy + (pup2 — afiwy) cosfp — xiwy.

We can define the vector of the drift velocity of the point X if the point
X remains fixed in the moving plane M according to the fixed plane F
o

dgX
with vy = —=~. Using equations li and (

9), we can express the
7 ), p

dqgX as

dgX = [(pf1c080f — pim1 cOSYp) — ama (wg cos b — wy, cOSPyy,)
+ (fp2sin€y — pim2 sin ) — am1 (wysinfy — wy, sin )
—x2 (W — wm)] €1
+ = (pfp18in0f — pm1 sin ) + ama (Wr sin @y — wyy, sinty,)
+ (p2c080f — pima cOSYp) — am1 (Wg cos b — wp, cos )

+21 (wf — wm)] €2
(4.12)
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Let us now determine the pole point P (p1,p2) from dgX = 0 as
(pp18in0f — pm1 SiNYp,) — ama (Wi sin @y — wy, siny,)

P =
(Wf — Wm)
B (g2 cosbf — fima cOSYpm) — am1 (W cos Of — wp, cOs Py,
(Wf — W)
by = (pp1cosOf — fm1 cOSYpm) — ama (W cos O — wp, cOsYp,)

(wf — wm)

(pasin€y — pmo siny,) — am1 (Wysinfy — wy, siny,)
(wf — wm)

(4.13)
If the point X is a fixed point in the plane A, since d,x1 = dpyze =0
with respect to the frame M, we can define the pole point R (ry,r2) as
follows:

(m1 + @mawm) Sin ¥y, — (lm2 — GmiwWm) €OS P,
Wi

rn =
(4.14)

(le + am2wm) COS Py, + (Mm2 - amlwm) sin ¥,
Wm

ro =

If the point X is a fixed point in the plane A, since dyrqy = dyxe = 0
with respect to the frame F', we can define the pole point S (s1, s2) as
follows:

(pf1 — amawy)sinby — (pr2 — apiwy) cos by,
wy

S1 =
(4.15)

(Nfl — afgwf) cos Gf + (MfQ - aflch) sin 6,,,
wr

SS9 =

4.1. Canonical System. In this section, we will use the system A :
{O; é1, éz} as a special system with the following restrictions:

i) The origin point O of the frame A coincides with the pole point P,
since A = P.

ii) A : {O;él} axis coincides with the common pole tangent vector
of the pole curves (py,) and (pg). From the first constraint it follows
that p; = po = 0 is written, then the relations g1 = pp1 and pma = 2
are true. From the second constraint the relation pi,2 = ppo = 0 can
be written. The differential of the point X with respect to the mov-
ing frame M and the fixed frame F' can be written with the following
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equations:
dXym = (dmxl + (M + Clmem) COS Yy — Q1 Wip SIN Yy, — xQWm) é
+ (dmr2 — (4 Qmawnn) S0 Y, + Am1Wm COS Y, — T1wn,) €2
(4.16)
and
dXy = (djz1+ (b — amawm) cos b — amiwm sin Oy — xowy,) €1

+ (dfxo — (1 — amowm) SINOF + 1w, cos b — T1wp,) €2
(4.17)
So we can express the condition of fixing the point X in the moving
frame M and in the fixed frame F' as follows:

dmry = — (1 + amowm) €08 Uy + AW, SIN Yy, + Tow,
(4.18)
dmre = (b + Qmawm) SIN Wy, — Q1w COS Uiy + T1Wh,
and
drr1 = — (b — amawy) cos 0 + amiwn, sin O + zows
(4.19)
dyry = (1t — amawy) sin O — amiwm, cos b + x1wy
In addition, the following equation can be written as follows:
dgX = [—ama (Wfcosbf + Wy, siny,) — am1 (W sin b — wy, cos P,

—x2 (Wf —wm)| €1
+ [ama (W sin O + wy, sin ) — am1 (wf cos b — wy, 0S8 Py,)

+21 (wr —wm)] €2
(4.20)

4.2. The Curvature of The Trajectory Curves. Let us determine
the curvatures of the trajectories in the fixed plane F' drawn from the
points of the moving plane M. We will use the canonical system. The
points Xy, Xy, and the pole point P located on the instantaneous
trajectory normal belong to the X,, at every moment ¢. Therefore, the
following vectors have the same direction through the point P as:

PX,, =ximeé1+ rome2

PXf =xir€1 + Tof€2
Therefore, the following relationships apply to the coordinates:

Tim @ To2m = T1f * T2f
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or
TimTaf — T1fTam = 0. (4.21)

If we now take the differential of equation (4.21)) and substitute equations
(4.18) and (4.19)), we obtain the following equation as:

o (—22f COS Yy + T1m SiNOf + Ty, cOS O — 158N Yy, )
+ama (T2 W, COS Yy — Timwsin @y — Tomwy cos O + 1 pwy sin ¢y, )
+am1 (T2 W SIN Yy, + T1mw s cos0f — Tomwy sin by — 1 pwi, COS Py, )
+ (T1mT1f + TamTof) Wim — ($72n1 + xfﬂ) wy = 0.
(4.22)
We can use polar coordinates as follows:
Tim = Am COS Q0 Tom = Am Sin Qv
Ty = Afcosa Tof = Arsina
Therefore, we can express the equation as
Afsina [(—p 4 amawm) €08 Yy + Q1w Sin Yy, |
+Apcosa[(—p + amawy) Sinty, — Amiwm, COS Yy ( |
4.23

+Amsina [(n — amawy) cos O — amiwy sin fy]

+ A cos o [(p — amawy) sin @y + amiwy cos O] = 0.

So, using the above equation, we can determine the Euler-Savary formula
as follows:

1 1 1 1 1
— (%) + — (*3)} sin a+ [ (¥2) + — (x4)| cosax = — (Apws — Apwi,)
Am /\f Am )\f /\f
(4.24)
where
(¥1) = (—p + amawm) oS Yy + Q1w sin Yy,
(*2) = (—M + amzwf) SiNn Yy, — Q1 Wi COS Yy,
(x3) = (p— amQWf) CoS 9f — am1wy sin Hf

(x4) = (1 — amowy)sinfy + aywycosby.
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5. CONCLUSION

In this study, we have developed a new approach by using dual quater-
nions to study the pole points and pole trajectories, the triple coordinate
system, the canonical system, and the Euler-Savary equation in planar
kinematics. Thus, we have given a new perspective to planar motion.

REFERENCES

[1] V. Bulut. On the planar kinematic using dual quaternions. In The International
Conference on Materials Science, Machine and Automotive Engineerings and
Technology in Cesme/IZMIR (IMSMATEC), 2018.

[2] W. Clifford. Preliminary sketch of bi-quaternions. Proc. London Math. Soc., 1873.

[3] K. Daniilidis. Hand-eye calibration using dual quaternions. International Journal
of Robotics Research, 18:286—298, 1999.

[4] Q. J. Ge and B. Ravani. Computer aided geometric design of motion interpolants.
ASME Journal of Mechanical Design, 116(3):756-762, 1994.

[5] W. R. Hamilton. Xxii. on quaternions; or on a new system of imaginaries in
algebra. The London, Edinburgh, and Dublin Philosophical Magazine and Journal
of Science, 1846.

[6] W. R. Hamilton. Elements of quaternions. Vol. I & II, Newyork Chelsea, 1869.

[7] B. Juttler. Visualization of moving objects using dual quaternion curves. Com-
puters and Graphics, 18(3):315-326, 1994.

[8] Zara J. Kavan L., Collins S. and O’Sullivan C. Skinning with dual quaternions.
In In Proceedgings of ACM SIGGRAPH Symposium on Interactive 3D Graphics
and Games, 2007.

[9] B. Kenwright. A beginners guide to dual-quaternions: What they are, how they
work and how to use them for 3d character hierarchies. In In The 20th Interna-
tional Conference on Computer Graphics, Visualization and Computer Vision,
2012.

[10] C.Luciano and P. Banerjee. Avatar kinematics modeling for telecollaborative vir-
tual environments. In Proceedings of the 32nd conference on Winter simulation,
Society for Computer Simulation International, pages 15633-1538, 2000.

[11] H.R. Muller. Kinematische geometrie. Jahresber, DMV, 72:143-164, 1970.

[12] E. Pennestri and P. Valentini. Dual quaternions as a tool for rigid body motion
analysis: A tutorial with an application to biomechanics. Archive of Mechanical
Engineering, 57(2):187-205, 2010.

[13] A. Perez and J. M. Mccarthy. Dual quaternion synthesis of constrained robotic
systems. Journal of Mechanical Design, 126:425-435, 2004.

[14] E. Salamin. Application of quaternions to computation with rotations. Technical
report, Al Lab, Stanford Univ., 1979.



	1. Introduction
	2. Dual Quaternions
	3. Planar Kinematic using Dual Quaternions
	3.1. Evaluation of Velocities
	3.2. Pole Points and Pole Trajectories

	4. Triple Coordinate System and Planar Kinematic Based on Dual Quaternions
	4.1. Canonical System
	4.2. The Curvature of The Trajectory Curves

	5. Conclusion
	References

