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ABSTRACT. As a generalization of the Artinian module, we in-
troduce the class of pseudo Artinian modules. We explore some
algebraic properties of this class, and we study some topological
properties of the prime spectrum of pseudo Artinian modules.
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1. INTRODUCTION

Throughout the article, all rings are commutative with a nonzero
identity and all modules are unitary. We recall some definitions.

Definition 1.1. Let M be an R-module and N be a submodule of M.

(1) (N :gr M) denotes the ideal {r € R | rM C N} and the anni-
hilator of M, denoted by Anng(M), is the ideal (0ps :g M). If
there is no ambiguity, we will write (N : M) (resp. Ann(M))
instead of (N :g M) (resp. Anng(M)).
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(2) N is said to be prime if N # M and whenever rm € N (where
r€ Rand m € M), thenr € (N : M) or m € N. If N is prime,
then the ideal p := (/N : M) is a prime ideal of R. In this case,
N is said to be p-prime (see [13] 21]).

(3) The set of all prime submodules of M is called the prime spec-
trum of M and is denoted by Spec(M). Similarly, the collection
of all p-prime submodules of M for any p € Spec(R) is desig-
nated by Spec,(M). Recall that an R-module M is said to be
primeless if Spec(M) = (.

(4) The set of all prime submodules of M containing N is denoted
by V*(N) (see [22]). Following [16], we define V (V) as

{P € Spec(M) | (P:M)2(N:M)}.

By N < M (resp. N < M) we mean that N is a submodule
(resp. proper submodule) of M. Set Z(M) = {V(N)|N < M}.
Then the elements of the set Z(M) satisfy the axioms for closed
sets in a topological space Spec(M ). The resulting topology due
to Z(M) is called the Zariski topology relative to M and denoted
by 7 (see [16]).

In recent decades, the theory of prime submodules has been widely
considered as a generalization of the theory of prime ideals in commu-
tative rings. There are many articles that seek to generalize the various
properties of the prime ideals of a ring to the prime submodules of a
module (see [3, B [7, [, O 10, 13]). To see a common generalization
of the notion of prime submodule, we refer the reader to [11]. Also,
there are some interesting applications of prime submodule theory in
[10], where the authors show that an R-module M is Von-Neumann reg-
ular if and only if every submodule of M is an intersection of prime
submodules of M.

The prime submodules of different types of modules were investigated
by many researchers in the last decades. It is shown by Azizi in [4]
Corollary 2.4] that any submodule N of an Artinian R-module M is
prime if and only if (N : M) is a maximal ideal of R. This is our
motivation for the following definition.

Definition 1.2. An R-module M is said to be pseudo Artinian if either
Spec(M) = 0 or Spec(M) # () and for each prime submodule P of M,
(P: M) is a maximal ideal of R.

In the next section, we show that the class of pseudo Artinian modules
is more extensive than the class of Artinian modules. In Lemma [2.2] we
will present some properties of pseudo Artinian modules. Theorem
explicitly expresses the radical of specific submodules of pseudo Artinian



542 Hassanzadeh, Roshan

modules. Finally, in Theorem some topological properties of the
prime spectrum of pseudo Artinian modules are investigated.

2. PSEUDO ARTINIAN MODULES

By definition, any Artinian module is pseudo Artinian, see [4, Corol-
lary 2.4]. However, the converse is not true in general. For example,
every infinite vector space over a field is pseudo Artinian which is not
Artinian. So, the class of pseudo Artinian modules is more extensive
than the class of Artinian modules. Now, we present other examples of
pseudo Artinian modules.

Example 2.1. If R is a ring of (Krull) dimension 0 (e.g, Artinian or
absolutely flat ring), then every R-module is a pseudo Artinian module.
Let S be a one-dimensional integral domain and M be a S-module such
that Spec()(M) = 0. Then, M is a pseudo Artinian S-module. For
instance, if S is a Dedekind domain, then every torsion S-module is
pseudo Artinian.

In the next lemma, we will present some properties of pseudo Artinian
modules. Recall that, the saturation of N with respect to a prime ideal
p of R, denoted by S, (IN), is the kernel of the composite homomorphism

M — M/N — M,/N,

where the first homomorphism is the canonical homomorphism (see [0,
p.69]). More precisely,

Sp(N) ={m e M|sm e N for some s € R\ p}.

Lemma 2.2.

(1) Let R be an integral domain over which every R-module is pseudo
Artinian. Then R is a field.

(2) Let R be an integral domain. If M is a non-primeless pseudo
Artinian R-module, then either M is torsion or R is a field.

(3) An R-module M is a pseudo Artinian module if and only if the
Ry-module M, is a pseudo Artinian module for every prime (or
mazimal) ideal p of R.

(4) Let {M;}icr be a family of R-modules. Then @, M; is a pseudo
Artinian R-module if and only if M; is a pseudo Artinian R-
module for each i € I.

(5) Let 0 - M' — M — M" — 0 be an exact sequence of R-
modules. If M' and M" both are pseudo Artinian, then M is
pseudo Artinian. Also, if M is pseudo Artinian, then so is M" .

(6) If Supp(M) C Max(R), then M is pseudo Artinian.

Proof.
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Let K be the field of quotients of R. Then (0) is the only (0)-
prime submodule of the R-module K (see, for example [15], The-
orem 1]). Since K is pseudo Artinian, we have (0) € Max(R).
This implies that R is a field.

Suppose that M is not torsion. By [I7, Lemma 4.5], S(()(0) is a
(0)-prime submodule of M. Since M is pseudo Artinian, (0) is
a maximal ideal of R. Hence, R is a field.

Let M be a pseudo Artinian R-module and @ be a qR,-prime
submodule of M, where p and q are prime ideals of R. According
to [15, Proposition 1], @ N M is a g-prime submodule of M.
So q € Max(R), therefore ¢ = p. Hence, qR, is (the unique)
maximal ideal of R,. This shows that M, is a pseudo Artinian
module.

Now, suppose that the Ry-module M, is a pseudo Artinian

module for every prime ideal p of R and M is not a pseudo Ar-
tinian module. Then there exists a prime submodule P of M
such that p := (P : M) is not a maximal ideal of R. Thus, there
exists a maximal ideal m of R such that p C m. By [15, Propo-
sition 1], P¢ is a pRp-prime submodule of the pseudo Artinian
Ry-module My,. In the light of our assumption, p Ry, is the max-
imal ideal of Ry. Therefore, p = m, which is a contradiction.
So, M is pseudo Artinian.
Suppose that M; is a pseudo Artinian R-module for each i € I.
Let P be a p-prime submodule of @,.; M;. Then, M; ¢ P for
some j € I. By [22, Lemma 1.6], PN M; is a p-prime submodule
of M;. Since M; is a pseudo Artinian R-module, p is a maximal
ideal of R. This implies that @,.; M; is a pseudo Artinian R-
module.

Conversely, suppose that @,.; M; is a pseudo Artinian R-
module and let P; be a pj-prime submodule of M;, for some
j € I. Then by [18, Lemma 4.6],

P; @ @ M; e Specpj (@ M;).

jiel il

Hence, p; is a maximal ideal of R. This shows that M; is a
pseudo Artinian module.

We may assume that M’ is a submodule of M and M" = M/M’.
Suppose M’ and M" are both pseudo Artinian. Let P be a
p-prime submodule of M. If PN M’ = M’, then P/M’ is a
prime submodule of M”. Since M" is pseudo Artinian, (P/M’:
M") = (P : M) is a maximal ideal of R, as desired. Otherwise,
if PN M’ # M', then PN M’ is a p-prime submodule of M’



544 Hassanzadeh, Roshan

by [22, Lemma 1.6]. Since M’ is pseudo Artinian, p must be a
maximal ideal of R. This implies that M is pseudo Artinian.
Now, suppose that M is pseudo Artinian. Let Q/M’ be a
prime submodule of M”. Then @ is a prime submodule of M,
hence (Q : M) = (Q/M' : M") is a maximal ideal of R. This
shows that M” is pseudo Artinian.
(6) Let P be a prime submodule of M. Then

{(P: M)} = Ass(M/P) C Supp(M/P) C Supp(M) C Max(R).
This implies that (P : M) € Max(R). So, M is pseudo Artinian
(]

Example 2.3. We note that Lemma enables us to construct more
examples of pseudo Artinian modules. For instance, let ¢ be a prime
integer. Then Z/qZ is a pseudo Artinian Z-module. Hence, @p Z/pZ
as a Z-module, where p runs through the set of all prime integers, is
pseudo Artinian, by Lemma [2.2]

Remark 2.4.

(1) By Lemma any direct sum of arbitrary family of pseudo
Artinian modules is a pseudo Artinian, again. But this is not
true for the case of direct product. For example, consider L =
Hp Z/pZ as a Z-module, where p runs through the set of all prime
integers. Since L is not torsion, according to the Lemma it
is not a pseudo Artinian module.

(2) Let M be a pseudo Artinian R-module. Then, a proper sub-
module N of M is a prime submodule of M if and only if
(N : M) € Max(R), by [13], Proposition 2].

(3) Every minimal prime submodule of M is of the form mM, for
some maximal ideal m of R. In particular, if R is semi-local,
then M has only finitely many minimal prime submodules.

Let M be an R-module. Then, M is called primeful if either M = (0)
or M # (0) and the natural map v : Spec(M) — Spec(R/Ann(M)) de-
fined by ¢)(P) = (P : M)/Ann(M) for every P € Spec(M), is surjective
(see [18]).

Proposition 2.5. Let M be a nonzero R-module. If M is pseudo Ar-
tinian, then dim(R/Ann(M)) = 0 in each of the following cases:

(1) M is primeful;

(2) M is free;

(3) M is finitely generated;

(4) M is faithfully flat;

(5) R is an integral domain and M is projective.
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Proof. 1t is shown in [I§] that in each cases (1)-(5), for every prime
ideal p containing Ann(M ), there is a prime submodule P of M such
that (P : M) = p. By assumption, p must be a maximal ideal of R.
This completes the proof. O

Corollary 2.6. Let M be a nonzero finitely generated pseudo Artinian
module over a Noetherian ring R. Then M has finite length.

We recall that, an R-module M is called catenary if for any prime
submodules P and @ of M with P C @, all the saturated chains of
the prime submodules of M starting from P and ending at ) have the
same length (see [23]). Let N be a submodule of an R-module M. The
radical of N, denoted by rady;(N) or briefly rad(V), is defined to be
the intersection of all prime submodules of M containing N. In the case
where there are no such prime submodules, rad(N) is defined as M. If
rad(N) = N, we say that N is a radical submodule (see [14, 20]).

Theorem 2.7. Let M be a pseudo Artinian R-module. The following
statements holds:

(1) M is catenary.
(2) If I is an ideal of R, then rad(IM) = (Nyenax(r)nv (1) WM -

Proof.

(1) Consider a chain of the prime submodules P C @ of M. By
definition, p := (P :g M) is a maximal ideal of R. Let N
be a prime submodule of M such that P C N C . Then
(N :g M) =pand N/P is a (0)-prime submodule of R/p-vector
space M /P. Therefore, any chain of the prime submodules P C
Ni C Ny C -+ C @ of M is a saturated chain if and only if
P/P C Ni/P C Ny C --- C Q/P is a saturated chain of R/p-
subspaces of M/P. Consequently, length of any saturated chain
of the prime submodules of M starting from P and ending at @
is equal to rankg,(Q/P).

(2) If V*(IM) = 0, then by [13, Proposition 4], mM = M for any
maximal ideal m 2 I. Hence, rad(IM) = Nyenax(r)nv () WM =
M. Thus, we suppose that V*(IM) # (. Let P € V*(IM) be
a m-prime submodule of M. This implies that IM C mM C
P # M. Again by [13| p.63, Proposition 4], mM is a prime
submodule of M. So, mM is a minimal element of Spec,(M).
Therefore, rad(IM) = (Nyemax(r)nv (1) MM

O

We conclude the paper by investigating some topological properties
of the prime spectrum of pseudo Artinian modules.
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Remark 2.8. Let M be an R-module. By [16, Theorem 6.1], the following
statements are equivalent:

(1)
(2)

(Spec(M), ) is a Ty-space;
|Spec,,(M)| < 1 for every p € Spec(R).

Remark 2.9. Let X be a topological space.

(1)

Let M ba an R-module and set Z*(M) = {V*(N) : N < M}.
There is a topology, 7 say, on Spec(M) due to Z*(M) as the
collection of all closed sets if and only if Z*(M) is closed under
finite union. When this is the case, we call the topology 7" the
quasi-Zariski topology on Spec(M) and M is called a top module
(see [22]).

X is said to be Noetherian if the open subsets of X satisfy the
ascending chain condition. X is said to be irreducible if X # ()
and if every pair of non-empty open sets in X intersects ([6]).
For examples of modules with Noetherian spectrum, we refer the
reader to [11 [19].

Let M be an R-module and Y be a subset of Spec(M). We will
denote the intersection of all elements in Y by ¥(Y) and the
closure of Y in Spec(M) w.r.t the (quasi-)Zariski topology by
Cl(Y). By [16l Proposition 5.1], we have V(X(Y)) = CI(Y). An
element y € Y is called a generic point of Y if Y = Cl({y}).
Following M. Hochster [12], we say that a topological space Y is
a spectral space in the case where Y is homeomorphic to Spec(.S),
with the Zariski topology, for some ring S. Spectral spaces have
been characterized by Hochster [12 Proposition 4] as the topo-
logical spaces Y which satisfy the following conditions: (1) Y is
a Ty-space; (2) Y is quasi-compact; (3) the quasi-compact open
subsets of Y are closed under finite intersections and form a ba-
sis of open sets; (4) each irreducible closed subset of Y has a
generic point. For examples of modules whose prime spectrum
is spectral, see [11 [16].

A Noetherian space is spectral if and only if it is Ty and ev-
ery non-empty irreducible closed subspace has a generic point
(12, pp. 57-58]). We recall that if M is a top R-module, then
(Spec(M ), 7*) is a Tp-space and every irreducible closed subset
of Spec(M) has a generic point (see [2, Theorem 3.3]).

Theorem 2.10. Let M be a pseudo Artinian R-module. The following
statements holds:

(1)

If 7 == {P € Spec(M) | (P : M)M # M} is a finite set, then
(Spec(M),T) is a Noetherian space. Moreover, M /rad(0) is a
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Noetherian R-module if and only if M/rad(0) is an Artinian
R-module.
(2) Let (Spec(M),T) be a To-space. Then we have

(a) Spec(M) = Max(M).

(b) If M s content, then M is top. Moreover, if Spec(R) is
Noetherian, then (X, 1) is spectral.

(c) If R is a one-dimensional integral domain with the Noether-
ian spectrum, then M is top.

Proof.
(1) Let
V(N1)) DV(Ng) D -+
be a descending chain of closed subsets of (Spec(M), 7). So, we
have an ascending chain

S(V(N)) € S(V(Ng)) € -

of radical submodules of M and the ascending chain of radical
ideals

(S(V(N1)) : M) € (S(V(N2)) : M) € -
Since ) is a finite set, there exists a positive integer k such that
(S(V(N) : MM = (S(V(Niss)) : M)M

foreachi =1,2,---. By [16, Result 3], V(I(V(Nk))) = V(S(V (Ng+i

By Remark V(Ng) = V(Nkyi), and so (Spec(M),7) is a
Noetherian space.

For the second assertion, note that by assumption and Theo-
rem Wthere are finitely many maximal ideals my,, ..., my, such
that rad(0) = my, M N---Nmy, M. This implies that M /rad(0) is
annihilated by my, - --my,. Therefore, M /rad(0) is a Noetherian
R-module if and only if M /rad(0) is an Artinian R-module.

(2) (a): Clearly Max(M) C Spec(M). Let P € Spec(M). Then,
there is a maximal ideal m of R such that m = (P : M). Suppose
that L is a proper submodule of M such that P C L. Then
m = (P : M) = (L: M) By [13, Proposition 4], mM and
L are m-prime submodules of M. Since (Spec(M), ) is a Tp-
space, P = L = mM by Remark Consequently, P =mM €
Max(M). (b) and (c) are direct consequences of part (a) and [I}
Theorem 3.9].

O

Let M be an R-module and N be a submodule of M. We say that
N is j-semiprime if N is an intersection of some prime submodules P
of M such that (P : M) is a maximal ideal of R.
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Proposition 2.11. Let M be a pseudo Artinian R-module. Then (X, 1)
is a Noetherian (and so is quasi-compact) topological space in each of
the following cases:
(1) R satisfies ACC on j-semiprime ideals;
(2) M satisfies the ascending chain condition on submodules of the
form IM, where I is an j-semiprime ideal of R;

Proof. (1) Let
V(N1) DV(Ng) D ---
be a descending chain of closed subsets of (X, 7). Then, we have
an ascending chain of j-semiprime submodules of M,

S(V(N1)) CS(V(N)) € -,
and the ascending chain of j-semiprime ideals,
(S(V(N)) : M) € (S(V(N2)) : M) C -
Thus, there exists a positive integer k such that
(S(V(Nk)) : M)M = (S(V(Nyi)) : M)M
for each i =1,2,---. By [16, Result 3],
V(S(V(Ni))) = V(S(V(Ni+i)))-

By Remark[2.9] V(Ny) = V(Nj4), and so (X, 7) is a Noetherian
space.

(2) Let V(Ny1) D V(N2) D --- be a descending chain of closed sub-
sets of (X, 7). Then we have an ascending chain of j-semiprime
submodules of M, S(V(N1)) € $(V(N2)) C ---, and the ascend-
ing chain of j-semiprime ideals, (3(V(Ny)) : M) C (S(V(N2)) :
M) C ---. Thus, by assumption there is a positive integer k
such that (S(V(Ng)) : M)M = (I(V(Ng4i)) : M)M for each
i=1,2,... . By [16, Result 3], V(S(V(Nk))) = V(S(V(Nkti)))-
So, by Remark 2.9 V(Ny) = V(Nj4), and so (X, 7) is a Noe-
therian space.

(]

REFERENCES

[1] A. Abbasi and D. Hassanzadeh-Lelekaami, Modules and spectral spaces, Comm.
Algebra 40 (2012), no. 11, 4111-4129.

[2] H. Ansari-Toroghy and D. Hassanzadeh-Lelekaami, On the prime spectrum of
top modules, Algebra Discrete Math. 11 (2011), no. 1, 1-16.

[3] A. Azizi, Strongly irreducible ideals, J. Aust. Math. Soc. 84 (2008), 145-154.

[4] , Prime submodules of Artinian modules, Taiwanese J. Math. 13 (2009),
no. 6B, 2011-2020.

[5] M. Behboodi, A generalization of the classical krull dimension for modules, J.
Algebra 305 (2006), 1128-1148.




A generalization of Artinian modules 549

[6] N. Bourbaki, Commutative algebra, chap. 1-7, Paris: Hermann, 1972.

[7] J. Dauns, Prime modules, J. Rein. Ang. Math. 298 (1978), 165-181.

[8] E. H. Feller and E. W. Swokowski, Prime modules, Canad. J. Math. 17 (1965),
1041-1052.

[9] D. Hassanzadeh-Lelekaami and H. Roshan-Shekalgourabi, Prime submodules and
a sheaf on the prime spectra of modules, Comm. Algebra 42 (2014), no. 7, 3063—
3077.

[10] D. Hassanzadeh-Lelekaami and H. Roshan-Shekalgourabi, On regular mod-
ules over commutative rings, Bull. Malays. Math. Sci. Soc (2017),
https://doi.org/10.1007/s40840-017-0501-0.

[11] Dawood Hassanzadeh-Lelekaami, A closure operation on submodules, Journal of
Algebra and Its Applications 16 (2017), no. 12, 1750229.

[12] M. Hochster, Prime ideal structure in commutative rings, Trans. Amer. Math.
Soc. 142 (1969), 43-60.

[13] Chin-Pi Lu, Prime submodules of modules, Comment. Math. Univ. St. Pauli 33
(1984), no. 1, 61-69.

[14] , M-radicals of submodules in modules, Math. Japonica 34 (1989), no. 2,
211-219.

[15] , Spectra of modules, Comm. Algebra 23 (1995), no. 10, 3741-3752.

[16] , The Zariski topology on the prime spectrum of a module, Houston J.

Math. 25 (1999), no. 3, 417-432.

, Saturations of submodules, Comm. Algebra 31 (2003), no. 6, 2655—2673.

, A module whose prime spectrum has the surjective natural map, Houston

J. Math. 33 (2007), no. 1, 125-143.

, Modules with Noetherian spectrum, Comm. Algebra 38 (2010), no. 3,
807-828.

[20] R. L. McCasland and M. E. Moore, On radicals of submodules, Comm. Algebra
19 (1991), 1327-1341.

[21] , Prime submodules, Comm. Algebra 20 (1992), no. 6, 1803-1817.

[22] R. L. McCasland, M. E. Moore, and P. F. Smith, On the spectrum of a module
over a commutative ring, Comm. Algebra 25 (1997), no. 1, 79-103.

[23] S. Namazi and Y. Sharifi, Catenary modules, Acta Math. Hungar. 85 (1999),
no. 3, 211-218.

(17]
(18]

(19]




	1. Introduction
	2. pseudo Artinian modules
	References

