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1. INTRODUCTION

If (G, %) is a group, and 7 is a topology on G, then we say that (G, *, 7)
is a topologized group. Given a topologized group G, a question arises
about interactions and relations between algebraic and topological struc-
tures: which topological properties are satisfied by the multiplication
mapping m : G x G — G, (z,y) — = *y, and the inverse mapping
i:G — G, x — x~'. The concept of ideals in topological spaces has
been introduced and studied by Kuratowski [3] and Vaidyanathaswamy,
[4]. An ideal Z on a topological space (X, 7) is a nonempty collection of
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subsets of X which satisfies (i) A € Z and B C A implies B € 7 and
(il) A € Z and B € 7 implies A U B € Z. Given a topological space
(X, 7) with an ideal Z on X and a set operator (.)*: P(X) — P(X),
where P(X) is the set of all subsets of X, is called the local function
[4] of A with respect to 7 and Z and is defined as follows: for A C
X, AX(1,Z) = {x € X|UNA ¢ T for every U € 7(x)}, where 7(x) =
{U € 7:2 € U}. A Kuratowski closure operator cl*(-) for a topology
7*(1,Z) called the *-topology, finer than 7 is defined by cl*(A) = A U
A*(1,Z). When there is no chance of confusion, A*(Z) is denoted by A*.
If 7 is an ideal on X, then (X, 7,7) is called an ideal topological space.
In this paper, we introduce and study a new class of topologized groups
called B-Z-topological groups.

2. PRELIMINARIES

Throughout this paper (G,*,7), or simply G, will denote a group
(G, %) endowed with the topologies 7 on G. The identity element of G
is denoted by e, or e when it is necessary, the operation x : G x G —
G, (xz,y) — x %y, is called the multiplication mapping and sometimes
denoted by m, and the inverse mapping i : G — G, x — ! is denoted
by i. For a subset A of a topological space (X, 7), cl(A) and Int(A)
denote the closure of A and the interior of A in (X, 7), respectively. A
topological space is extremely disconnected if closure of an open set is
open. A subset S of an ideal topological space (X, 7,7) is said to be (-
Z-open [2] if S C cl(Int(cl*(S))). The complement of a S-Z-open set is
called $-Z-closed [2]. The intersection of all 8-Z-closed sets containing S
is called the 3-Z-closure of S and is denoted by gzcl(S). The -Z-interior
of S is defined by the union of all 8-Z-open sets contained in S and is
denoted by gzInt(S). The family of all 5-Z-open (resp. S-Z-closed) sets
of (X,7,Z) is denoted by SZO(X) (resp. BZC(X)). The family of all
B-Z-open (resp. [-Z-closed) sets of (X, 7,Z) containing a point x € X
is denoted by BZO(X,x) (resp. fZC (X, x)).

Definition 2.1. Let (X, 7,Z) be an ideal topological space. The family
Q of 5-Z-open sets is called a 8-Z-base if and only if for each 8-Z-open
set is a union of members of €.

Definition 2.2. A subset M (z) of an ideal topological space (X, 7,7) is
called a 8-Z-neighbourhood of a point « € X if there exists a 8-Z-open
set S such that z € S C M(x).

Definition 2.3. A function f : (X,7,Z) — (Y,0,Z) is said to be:
(1) B-Zcontinuous if f~1(V) € BZO(X) for every V € o.
(2) B-Z-irresolute if f=1(V) € BZO(X) for every V € BZO(Y).
(3) p-Z-open if f(U) € BZO(Y) for every U € BZO(X).



520 P. Gnanachandra, S. Jafari, N. Rajesh

(4) B-Z-homeomorphism if f is bijective, [-Z-irresolute and [-Z-
open.

Lemma 2.4. If f: (X, 7,Z) — (Y,0,Z) is a 3-Z-homeomorphism, then:

(1) pzel(f(A)) = f(szcl(A)) for all A € X;
(2) prInt(f(A)) = f(pzInt(A)) for all A C X.

3. ON B-Z-TOPOLOGICAL GROUPS

Definition 3.1. A topologized group (G, *,7,Z) is called an ideal topo-
logical group if for each =,y € G and each neighbourhood W of z * y !
in GG there exist Z - open neighbourhoods U of x and V of y such that
UxV-1Cw.

Definition 3.2. (G,o,7,7) is said to be 8-Z-topological group if (G, o)
is a group, (G,7,Z) is an ideal topological space and left translation
L, : G — G for all x € G and right translation R, : G — G for all
x € G are f-Z-continuous and the mapping of inversion i : G — G
defined by i(x) = 27! is 3-Z-continuous on G.

Example 3.3. Any group with the discrete topology, or indiscrete topol-
ogy, is a topological group, hence B-Z-topological group.

Example 3.4. The set G = {—1,1} is a group under usual multiplica-
tion. Let topology and ideal on G be 7 = {0, G,{1}}, Z = P(G). Then
open sets of G are the only 8 - Z - open sets and so (G, o,7,Z) is not a
B-Z-topological group.

Example 3.5. The set Z,, = {0,1,2,...n—1} is a group under addition
modulo n. Let topology and ideal on Z,, be 7 = (), {0}, Zp, Z = {P(Zy) \
M} where M ={M CZ, :0€ M}. Here M* = {0}VM € M and so
{0} is 8 - Z - open but {z € Z,, : © # 0} is not B - Z - open. Thus,
(Zp,®,7,7) is not a S-Z-topological group.

In addition, every ideal topological group is S-Z-topological group but
converse need not be true by the following example.

Example 3.6. Consider the addition modulo group Z, with discrete
topology and an ideal Z = {0,0}. Then {0}* = 0,{1}* = {0,1}* =
{0,1}. Thus the collection of Z - open sets and 5 - Z - open sets are
P(Z2) \ 0 and P(Zz). Hence (Z2,7,T) is [ - Ideal topological group but
not an Ideal topological group.

Theorem 3.7. Let (G,o,7,T) be a B-Z-topological group and B, be the
base at identity element e of G. Then:
(1) for every U € S, there is an element V € SZO(G,e) such that
v-lcu.
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(2) for every U € B, there is an element Vox C U, and xoV C U
for each x € U.

Proof. (1) Since (G,o,7,7) is a 8-Z-topological group, for every U € f3,
there exists V' € BZO(G,e) such that i(V) = V™! € U because the
inverse mapping ¢ : G — G is S-Z-continuous.

(2) Since (G, o, 7,7) is a B-Z-topological group, for each U € 7 containing
x, there exists V € BZO(G, e) such that R, (V) =V oz CU. O

Lemma 3.8. Let A be a subset of a B-Z-topological group (G,o,7,T).
Then grcl(A™1) C cl(A71).

Proof. Let x € (g7cl(A))™! and U € 7 containing . Then, U~! is a (-
Z-open neighbourhood of 71, Since 71 €47 cl(A), U7 N A # (). This
implies that U N A~ 2 0. That is, x € cl(A™') and so (gzcl(4))™1 C
cl(A~1). O

Theorem 3.9. Let (G,o0,7,Z) be a S-Z-topological group. If U is B-I-
open set in (G,o,7,T), then U~1 is B-T-open in (G,o, 71, Z71).

Proof. The proof follows from the respective definitions. O

We denote that Z=1 = {I~! : T € T}. It is easily verify that Z~! is an
ideal on X.

Theorem 3.10. If (G, o, 7,T) is a B-I-topological group, then (G, o, 7=+, T1)
s also a B-I-topological group.

Proof. Since (G, o) is a group and (G, 7,7Z) is an ideal topological space,
(G,o,771,Z71) is an ideal topological group. We need to prove that:
i (Gyo,m L ITY — (Gyo,r 1, T7Y), and L, : (G,o0,7 1, Z7!) —
(Gyo, 771, 7Y and R, : (G, 771) — (G,771) are B-Z-continuous map-
pings. First, we show that L, is 3-Z-continuous. For this, let V € 7L
Then V-! = U € 7. Since (G,o,7,T) is B-I-topological group, the
left (right) translation is 8-Z-continuous. Hence L (U) € SZO(G, 1,T),
that is, (U o2~ 1)~! € BZO(G, 771, Z71), that is, Uox™! = V1o
b= (xo V)t = LE(V) € BIO(G,7=1,Z71). This proves that L, :
(G0, 771 T7Y) = (G,0,771,T7Y) is B-T-continuous for every z € G.
Similarly, we can prove that right translation R, : (G 0,771, T71) —
(G, 0,771, T71) is B-T-continuous. Trivially i : (G,o0,771,Z71) = (G,0,771,Z71)
is continuous and hence 3-Z-continuous. Hence (G,o,771,Z71) is also
a (B-Z-topological group. O

Theorem 3.11. If H is a discrete subgroup of a B-L-topological group
(Gyo, 771, Z71), then srcl(H) is a subgroup of G.

Proof. Let z,y €pz cl(H). If U and V are respective 7~ 1-open neigh-
bourhoods of  and y, then L,~1(U) =z~ 'oU and L,~1(U) =y toU
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are f3-Z-open neighbourhoods of e. Since H is a discrete subgroup of a
B-I-topological group G, x~1oUNH # () and y " toUNH # (). Therefore,
(zoy toz loUNzoy toH)U(zoy toy toVNroy toH) # (). That
is, WNaloy ltoH #0, where W = zoy toz toUUzoy loy toV
is a -Z-open neighbourhood of x o y~!. Thus, for each z,y €pz cl(H)
implies that z o y~! €47 cl(H). Hence gzcl(H) is a subgroup of G. [

Corollary 3.12. If H is a discrete subgroup of a B-L-topological group
(G,o,7,7T), then cl(H) is a subgroup of G.

Theorem 3.13. Let (G,o0,7,Z) be a B-Z-topological group. If A is open
in G, then Ao B and B o A are 3-Z-open in (G,o,7,Z) for any subset
B of G.

Proof. Let x € B and z € A o x we show that z is S-Z-interior point
of Aox. Let z = youx for somey € A = Aox oz~ This implies
that y = zoxz™'. Now R,-1 : G — G is B-I-continuous, that is, for
every open set containing R,-1(z) = zo 2~ ! = g, there exists a 3-Z-
open set M, containing z such that R, -1(M,) C A. Now we have that
M,oz=' C Aor M, C Aoz. This implies z is 8-Z-interior point of Aozx.

Thus Ao x is §-Z-open. It follows that Ao B = UBA ox is B-Z-open in
xe

(G,o0,7,Z). Similarly we can prove that for every open set A of G and
arbitrary subset B of G, B o A is B-Z-open in a §-Z-topological group
(G,o,7,7). O

Proposition 3.14. Let (G,o0,7,Z) be a $-Z-topological group. If C is
closed in G, then for any a € G, ao C and C o a are B - T - closed.

Proof. Let x € gzcl(aoC), b= a~tox and D be an open neighbourhood
of b. Then by Definition 3.1, there exist an 5 — Z - open set F' of z in
G such that ™! o F C D. Since z € gzcl(a o C) we have FNaoC # 0.
Let c€ FNaoC,then a'oce CNa!oF CCND which implies
CND # (. Thus b is a limit point of C. Since C is closed we have
beC. Nowz = aobandsox € aoC. By the above argument,
grcl(aoC) C aoC and since a o C Cpr cl(a o C) is trivial we have
aoC = grcl(aoC). Hence aoC is - T - closed. Proof of C o a is
similar. U

Theorem 3.15. Let (G,o0,7,Z) be a 3-Z-topological group. Then each
left (right) translation Ly : G — G, Ry : G — G is a B-Z-homeomorphism.

Proof. Since (G,o,7,Z) is -Z-topological group, L, : G — G is [-Z-
continuous. So it is enough to show that L, : G — G is 5-Z-open. Let V
be an open set in G. Then by Theorem Ly(V)=goV € BIO(G).
Hence L, : G — G is a $-Z-open mapping. O
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Theorem 3.16. Suppose that a subgroup H of a B-L-topological group
(G,0,7,Z) contains a nonempty open subset of G. Then H is -Z-open
in G.

Proof. By Theorem3.15]for every g € H, Ry : G — G is f-Z-homeomorphism.
Let U € 7 and U C H, then for every g € H, the set Ry(U) = U o g is
B-Z-open in (G,o0,7,Z). Now H =U{Uog:g € H} is f-Z-open in G
being the union of 5-Z-open sets of G. U

Definition 3.17. A topological space (G, T,7) is said to be 8-Z-homogeneous
if for all x,y € G, there is a -Z-homeomorphism f of the space GG onto
itself such that f(x) = y.

Theorem 3.18. If (G,o,7,Z) is a [-Z-topological group, then every
open subgroup of G is also B-Z-closed.

Proof. Since (G,o,7,Z) is a [-Z-topological group and H is an open
subgroup of G, then any left or right translation x o H or H o x is 8-Z-
open for each x € G. So the set Y = {z o H : z € G} of all left cosets of
H in G forms a partition of G. Thus Y is a 8-Z-open covering of G by
disjoint B-Z-open sets of G. This gives G\ H is union of §-Z-open sets
and hence B-Z-open. This proves that H is 5-Z-closed. O

Corollary 3.19. FEvery (-Z-topological group is a B-I-homogeneous
space.

Proof. Let us take elements z and y in (G,0,7,7) and put z = 21 o y.
Since R, : G — G is a f-Z-homeomorphism of (G,o,7,7) and R,(z) =
roz = zo(z toy) = eoy =y, (G,0,7,T) is B-I-homogeneous space. [

Lemma 3.20. If f : (X,7,Z7) — (Y,0) is B-Z-continuous and H is
an open subset of X, then fyg : (H,7|H,Z|H) — (Y,o|H) is B-I-
continuous.

Theorem 3.21. FEvery open subgroup H of a B-Z-topological group
(G,0,7,7) is also a B-I-topological group (called B-Z-topological sub-
group) of G.

Proof. Let (G,o0,7,Z) be a p-Z-topological group and H an open sub-
group of G. We need to prove that (H,o,7|H,Z|H) is a $-Z-topological
group. For this, we showthati: H - H,L,: H - Hand R,: H > H
are 5-Z-continuous with respect to the relative topology. Since H is an
open subgroup of G, by Lemma ig : (H,7|H,Z|H) — (Y,0|H),
Ly : (H,7|H,T|H) — (Y,0|H) and Ry : (H,7|H,Z|H) — (Y,0|H) are
B-Z-continuous. This proves that (H,o,7|H,Z|H) is a ($-Z-topological
group. O
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Theorem 3.22. Let f : (G,0,76,Zg) — (H,o, 7, Zr) be a homomor-
phism of B-Z-topological groups. If f is B-L-irresolute at the neutral
(identity) element eq, then f is B-I-continuous on G.

Proof. Let x € G be an arbitrary element. Suppose that W is an open
neighbourhood of y = f(x) € H. Since the left translation in H is a 5-Z-
continuous mapping, there is a -Z-open neighbourhood V of the neutral
element e of H such that L, (V) =yoV C W. Since f is f-Z-irresolute
at e, therefore, f(U) C V for some [3-Z-open neighbourhood U of eg,
in G. Since f(U) C V, now yo f(U) C yoV C W. This implies that
(xoU) C W. By the fact that (G, o, 7q,Z¢) is a S-Z-topological group,
thus x o U is f-Z-open in G. This proves that f is S-Z-continuous at x.
Since x was the arbitrary element of G, therefore f is 8-Z-continuous on

G. O

We recall that, an ldeal topological space X is 8 - | - connected if X
cannot be written as union of two disjoint non - empty 3 - | - open sets
in X.

Theorem 3.23. Let (G,0,7,Z) be a extremely disconnected 3 - Tdeal
topological group and M be a subgroup of G. If M and G/M are 5 - T
- connected, then G is § - T - connected.

Proof. Suppose G is not 8 - 7 - connected. Let us assume that G = EUF
where F and F' are disjoint non - empty S - Z - open sets. Since M is
B - 1 - connected, each coset of M is either a subset of E or a subset of
F'. Thus, the relation

G/M={aoM:aoM CE}U{aoM:ao0M C F}
={aoM:acE}U{aoM:acF}

It expresses G/M as the union of disjoint non - empty (3 - Z - open sets
which is a contradiction to § - Z - connectedness of G/M. Thus, G is
- T - connected. O

Theorem 3.24. Let a [ - Zdeal topological group (G,o,7,Z) be B - T
- connected and e be its identity element. If S is any B - L - open
neighbourhood of e, then G is generated by S.

Proof. Let S be a 8 - Z - open neighbourhood of e. For each n € N,
we denote S™ by the set of elements of the form sj.s9....s, where each
s; € S. Let T'=U92 ;5™ If we prove T'is 3 - Z - open and 3 - Z - closed,
Since G is - T - connected, we have G = T and so G is generated by
S. Since each S™ is 8 - T - open and arbitrary union of 5 - Z - open
sets is 8 - Z - open, therefore T is B - Z - open. Now we prove that
T is B - T - closed. Let a € gzcl(T). Since ao S~ isa - T - open
neighbourhood of a, it must intersect T'. Thus, let b € TNaoS~!. Since
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beaoS ! then b =aos ! for some s € S. Since b € T then b € S™
for some n € N which implies b = $1$5...5, with each s; € S. Now, we
have a = §15...5,.5s and so a € 8" C T. Hence T is B - T - closed.
Since G is B - Z - connected and T is 5 - Z - open and 8 - Z - closed,
we have T'= G. Thus, G is generated by S. (]

Theorem 3.25. If (G,o0,7,7) is a 5 - L - connected, extremely discon-
nected 3 - Ldeal topological group and H, a discrete invariant subgroup
of G, then H C Z(G), where Z(G) denotes the center of G.

Proof. Suppose H = {e}, then the result is trivial. Suppose H is non
- trivial. Let h # e € H. Since H is discrete, we can find an open
set D of h in G such that D N H = {h}. Now, by definition of 3
- Zdeal topological group, there exists a 5 - Z - open neighbourhood
FE of e and a 8 - 7 - open neighbourhood E o h of h in G such that
(Eoh)oE~! C D. Let b € E be arbitrary. Since H is an invariant
subgroup of G, we have b o H = H o b which implies that boh € Ho b
and so bohob~! € H. It is also clear that bohob™! € EohoE~! C D.
Therefore, bohob™! € DNH = {h} which implies bohob~! = h. Thus,
boh = hob for each b € E. Since the group G is 8 - Z - connected, E"
with n € N covers the group G. Thus, a¢ € G can be written in the form
a = by1.by...b, where by, bo,...,b, € F and n € N. Since h commutes
with every element of E, we have

a.h = by.by....by.h = by.by....h.b, = : = by.h.by....b, = h.by.by....b, = h.a

Hence h € H is in the center of GG. Since h is an arbitrary element of G,

we proved that the center of G contains H. O
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