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ABSTRACT. In this paper, we investigate on two new subclasses
S;(a,b) and vs(a,b) of o consisting of analytic and bi-univalent
functions satisfying subordinations in the open unit disk U. We con-
sider the Fekete-Szego inequalities for these new subclasses. Also,
we establish estimates for the coefficient for these subclasses.
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1. INTRODUCTION

Let A denote the class of functions of the form
f(2) :z—l—Zakzk (1.1)
k=2

which are analytic in the open unit disc U = {z|z € C : |z| < 1}. Further,
by & we shall denote the class of all functions in A which are univalent

T

in U. The Koebe one-quarter theorem [3] states that the image of U
under every function f from S contains a disk of radius %. Thus every
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such univalent function has an inverse f~! which satisfies
fHf@) =2 (€.
and

FE ) =w  (wl<ro(f),  rolf) =)

=

where
FHw) = w — asw?® + (243 — az)w® — (5a3 — Sasaz + aq)w + ...

A function f € A is said to be bi-univalent in U if both f and f~! are
univalent in U. Let o denote the class of bi-univalent functions defined
in the unit disk U.

Although, the familiar Koebe function is not in the class of o, there are
some examples of functions member of o, such as [§]

1 1
S, log(l-2), sloa(;—

)

1—2z’ 1—2z
so on. Other common examples of functions in S for example
2
z z
z— — and  —
2 1— 22

are also not members of o.

Let Q be the family functions w(z) in the unit disc U satisfying the
conditions
w(0) =0, |w(2)|] <1for z € U. Note that f(z) < g(z) if there is a
function w(z) € 2 such that f(z) = g(w(z)), (see [3]).

Recently, Srivastava et al.[§] and Frasian and Aouf [4] and Caglar et
al. [2] have introduced and have investigated various subclasses of bi-
univalent functions and found estimates on the coefficients |az| and |as|
for functions in these classes. In this paper we introduce two subclasses
Si(a,b) and v,(a,b) of bi-univalent functions and estimates on the co-
efficients |ag|, |as| and |as4| and also Fekete-Szegd coefficient inequality
for functions in these subclasses are given.

Definition 1.1. A functions f given by [L.1]is said to be in class S (a,b),
if the following condition are satisfied:

2f'(2)
feo, —al <b, Ja—1|<b<a, 1.2
- <h a1l (12)
and
wy'(w)
| —a|<b, |a—1]<b<a, (1.3)

g9(w)
where w = f(2), g=f~!, w e A and z € A.
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Also,

Definition 1.2. A functions f given byis said to be in class v, (a, b),
if the following condition are satisfied:

[y 72 2 /Z —a a — a 4
and
7"1] 2/UJ —a a — a .
|( (w))g( ) |<b, | 1|<b§ s (15)

where w = f(2), g = f~!, w e A and z € A.

Lemma 1.3. (see5] or [3]) If p € P then |pi| < 2 for for each k and
|p2 — %p%\ <2-— %]pl\Q, where P is the family of all functions p analytic
in U for which Rep(z) > 0, p(z) = 1+ p1z + p2z? +p32® + ... for z € U.

2. COEFFICIENTS ESTIMATES FOR THE FUNCTIONS IN S¥(a,b) AND
Vy(a,b)

In the section by using subordination structure and definitions of S}(a, b)
and v, (a,b) the coefficents of functions in these classes are obtained.

Theorem 2.1. Let (a — b) = B and f(z) given by[1.1] be in the class
Si(a,b), la—1| <b<a. Then

las| < 4/2(1 - B), (2.1)
las] < (1= B) +4(1 - B)? (2.2)
and
it < 22D 10— ). (2.3)
Proof. 1t follows from [I.2] and [I.3] that
') e
78 =B+ (1-5)
and ()
wg' (w B
() =B+ (1-p)
then
G e
79 51— o) (2.4
and
L) _ 51 (1 - Bgtw) (25)
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where p(z) and ¢(w) in P and have the forms

p(2) =1+ prz+p22® +p32® + ... (2.6)
and
g(w) = 1+ qrw + gow’ + gzw’ + ... (2.7)
where
z2f'(z
]{(i)) =14 asz + (2a3 — a3)2® + (3a4 — 3agaz + a3)z> + ...
and
wg'(w) 2 2 3\,,,3
) =1 —asw + (3a5 — 2a3)w” — (3as — 12a2a3 + 10a3)w” + ...
g(w
Now, equating the coefficients in and we get
az :pl(lfﬁ)a (28)
2a3 — a3 = (1 — B)pa, (2.9)
2a3 = (1= B)p2 + (1 = B)°pi, (2.10)
3ay — 3agaz + a3 = (1 — B)ps, (2.11)
as = —q1(1 - ,3) (2.12)
and
3a3 — 2a3 = (1 — B)qa, (2.13)
da3 —2a3 = (1 - B)g2 + (1 - B)°q3 (2.14)
and
—(10a3 — 12aza3 + 3a4) = (1 — f)gs. (2.15)
From and we get
P1=—q (2.16)
and
203 = (1= B)* (0 + 7). (2.17)

Now from [2.10} [2.14] and 2.17], we obtain
4a3 = (1= B)(p2 + @2) + (1 — B)*(pT + q})
= (1 - B)(p2 + q2) + 243

Therefore, we have

a3 = %(1 — B)(p2 + q2)-
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Applying Lemma [T.3] for the coefficients ps and g2, we immediately have
laz| < v/2(1 - B).

This gives the bound on |ag| as asserted in [2.1] Next, in order to find
the bound on |as|, by subtracting from [2.10] we get

dag—4a3 = (1-B)p2+(1—8)%pi — (1 - B2
+(1-8)%q}). (2.18)
It follows from 2.14H2.18] that
dag = (1= B)(p2 — q2) + 2(1 — B)*(p} + qi)

or, equivalently,

_(1=B)p2—a) , (1-8)°0i+d)
a3 = + .

4 2

Applying Lemma [1.3] once again for the coefficients p1, p2, g1 and gs, we
readily get

Jas| < (1-8) +4(1 - 8)*.
Addition of 2.9 with yields:

203 = (1= B)(p2 + ¢2)- (2.19)
Putting ay = (1 — 8)p; from we have after simplification:

2 _ P2+ @2
P —py

Next, we subtract from add the equations and and

get respectively:

(2.20)

dag = 4a3 + (1 — B)(p2 + q2) (2.21)

and
—9a§’ + 9azas = (1 — B)(ps + q3) (2.22)

We shall now find an estimate on |as4|. We wish express a4 in terms of
the first three coefficients of p(z) and ¢(w). For this we subtract

from 2.11] and get
6ay = —11la3+ 15asa3+ (1 —B)(p3 — q3)
= —9a§ + 9aga3 — 2a§ + 6azas + (1 — B)(p3 — g3)-

We replace —9a3 + 9azag by the right hand side of put
az = (1-8)*p? + @(pg — q2)(see ) and ag = (1 — B)p1. Thus, we
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have:
6as = (1—B)(ps+aq3) —2(1— B)*p}
16— B (1~ 17+ L iy - )
+(1 = B)(ps — g3)
6(1— )

= 2(1—B)ps +4(1 - B)°pi +
Next replacing p? by (2.20) we finally get
p2taqa | 6(1—5)°

1 p1(p2 — @2).

6ay = 2(1—B)ps+4(1— 6)31712(1 — 5 + 1 p1(p2 — q2)
a2
= 20— Aps 20 - AP+ )+ 0 (- )
22 2
= 2(1-B)ps+ a—p) pip2 + -5 P1q2-

2 2
By applying the inequalities |p1| < 2, |p2| < 2, |p3| < 2 and |g2| < 2 we
have

blasl < 201 - Alpal + P 1o + C D gl
< 4(1—B) +16(1 — B)%
Or equivalently:
i < 2D a0 py),

O

Theorem 2.2. Let (a —b) = B and f(z) given by[1.1] be in the class
Vg(a,b), la—1| <b<a. Then

las] <1, (2.23)
las) <328 (2.24)
and
9
il < 2 -5, (2.25)

Proof. Tt follows from [1.4] and [1.5] that

g, 8
(GG =p+ -9

W _ B)w
(o) < B+ (1= 8)

and
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then
_Z 2 _ _F Ay
VOl (O R (5]
= B+(1—=P8)p(z) (2.26)
and
Wy, w W
G = g )
= B+ (1 -p)q(w) (2.27)
and
% - z(fé) Y =1+ (a3 — a3)2* + 2(ay — 2aza3 + a3)2> + ...
and
g(?u) - w(g(qfu))/ =1 — (a3 — a3)w? — 2(ay — 3asaz + 2a3)w> + ...
where p(z) and ¢(w) in P and have the forms
p(2) = 14+ prz+ pa2® + p32® + ... (2.28)
and
q(w) =1+ qw + guw? + ggw® + ... (2.29)
Now, equating the coefficients in [2.26] and [2.27], we get
0=pi(1-7), (2.30)
(a3 —a3) = p2(1 = B), (2.31)
2(as — 2a2a3 + a3) = p3(1 - ) (2.32)
and
0=aq(-5), (2.33)
—(az — a3) = g2(1 - B), (2.34)
—2(aq — 3agaz + 2a3) = q3(1 — B). (2.35)
From from we have
P2 = —q2 (2.36)
By subtracting from we get
2(az — a3) = (1 = B)(p2 — @2)- (2.37)

Addition of with yields:
—2a3 + 2asa3 = (1 — B)(p3 + ¢3) (2.38)
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substituting from [2.37] into [2.38 we get
az(1 = B)(p2 — q2) = (1 — B)(p3 + g3).

Applying Lemmal[T.3|for the coefficients pa, g2, ps and g3, we immediately
have

0] < [ps| + |gs]
Ip2| + |g2|
we obtain

‘CL2| S 1.

which is the bound on |az| as given in Next, in order to find the
bound on |ag|, by following from we have

az = %((1 — B)(p2 — @2)) + a3

Applying Lemma [I.3] for the coefficients ps and g, so for the inequality
lag| < 1 we get:

jas] < 5= B)(lpal + laa]) + lasP
< 2(1-B)+1.

Therefore, we have
las| <3 —28.
This is precisely the assertion of We shall next find an estimate on
|asl.
By subtracting from [2.32] we get
4ay + 6a3 — Sazaz = (1 — B)(p3 — q3)

now after simplification and from [2.37] we have

day — 2a3 — 4(1 = B)(ps + g3) = (1 — B)(p3 — ¢3)
Therefore, we get
11 1,
ay = (1-B)(p3 +q3+ nche qu) + 592
Applying Lemma for the coefficients p3 and g3, so for the inequality
lag| <1 we get:

ail < 20— B)Glpsl + 3las) + glaal?

4
1
< 4(1-p5)+ 3
Therefore, we have
9
|las| < 5 43.
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3. FEKETE-SZEGO COEFFICIENT INEQUALITY FOR THE FUNCTION
CLASSE SZ(a,b) AND THE FUNCTION CLASS v,(a,b)

In the last section by using the analytic functions r and s and definitions
of §}(a,b) and v,(a, b) the Fekete-Szego inequality on functions in these
classes are investigated.

Theorem 3.1. Let p(z) = 1+ Biz + Boz? + ..., (2 € U), where B,
are real with By > 0 and By > 0. If (a — b) = B and f(z) given by[1.]]
belongs to Sk(a,b), then
1
jag — pa3| < [21Ba|(1 = B) + (7 — 4p) Bi(1 = B)*). (3.1)

Proof. It f(z) € Sk(a,b), there exist two analytic functions r,s : U — U,
with
r(0) = 0 = s(0) such that,
2f'(2)
f(2)

wy'(w)
g(w)
Define the functions p and ¢ by
147(2)
p(z) = 1—7r(2)

=B+ (1= B)e(r(2)). (3.2)

=B+ (1= B)p(s(w)). (3-3)

=1+pz +p222+...

and
14 s(w)

- =1 24
1= s(w) + qw + qpw” +

q(w)

or equivalently,

fzy=PH -1 1 i

= —(p1z+ (p2 — 5

p(z) +1 2 )

3

+(p3 — % —pip2)2 4+ .) (3.4)

and

sw) =T = Cqwt (-0

3

H%—%—m@mhmq (3.5)

Using [3.4] and [3.5 in [3.2] and we have

2f'(z) B p(2) —
f@)—5+ﬂ m%M@+1

). (3.6)



48 H. Rahmatan, H. Haji and Sh. Najafzadeh

and
wg'(w) q(w) — 1
g(w) q(w) +1

Again using and along with ¢(z) = 1+ Bz + Bgz? + ..., it is
evident that

=B+ (1= B)p( )- (3.7)

p(z) —1 1 1 i
- 1+.-B “Bi(pr -2
80(p(z)+1) +2 1p12+(2 1(p2 2)
B 2
Piy.zy (3.8)
4
and
g(w) —1 1 1 @
W =2 — 14 B “Bi(gp - L
w(q(w)—i—l) +2 1Q1w+(2 1(q2 2)
B 2
+qu1)w2 ¥ (3.9)
It follows from and that
B
as = 12p1 1-B) (3.10)
1.1 1 1
— C[(=Bi(ps — =p) + = Bop?)(1 —
as 5[(5B1(p2 = 5p1) + 7 Bap) (1~ B)
1
+L B - 8y (3.11)
B
as = — 12‘]1 (1-B) (3.12)
13 1 1
az = §[§B%CI%(1 —B)* — (531(612 - §€J%)
1
B - ) (3.13)
Therefore from and we have,
1
a5 = g BI(1 = B) (i + i)

Adding and we get

= 1*16[33(1 — B)%[p? + 643 + (1 — B)[2B1((p2

57— (@~ 5a) + Balo} + )] (3.14)

as
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Therefore
ag — paz = 1%[3%(1 — B)*[p} + 6¢7) + (1 = B)[2B1((p2 — %p?)
—(q2 — %fﬁ)) + By(p} + 4]
—éuBf(l - B} + a}).

Taking the absolute values we obtain:

1 1 1
jas —pa3| < —[Bi(1— B)*[Ipf* + 6lar]’] + (1 — B)[2B1(|p2 — 5p%| + g2 - ifﬁ!)

16

+Ba(lpal” + laa )] = éuBf(l = B*(Ip1* + s )-

Applying Lemmafor the coefficients pi, ¢1 and |pa— %pﬂ <2— %\pl 2,

g2 — %q%’ <2- %!q1\2 we have:
1
jag — pa3| < E[B%(l — B)2[p1> + 6|12 + (1 — B)[2B1 (2
1 1
_5‘]71’2 +2— §‘Q1|2) —+ B2(’p1|2 + |C]1|2)H

1
—guBf(l = B)2(Ilp1* + ).

Upon simplification we obtain:

jas — pa3| < J2IBaI(1— B) + (7 — 4n) B(1 ~ )]
O

Theorem 3.2. Let (a —b) = B. further let p(z) = 1+ Bz + Boz? +
.., (2€0U), where By, are real with By > 0 and By > 0. If f(z) given
by (1.1) belongs to v,(a,b),

z

2 f(2) = - r(z)).
(fz))f() B+ (1= B)p(r(z))

o 2¢ (w) = B+ — B)e(s(w)).
then

las — a3| < |Ba|(1 - B).

4. CONCLUSION

The Fekete-Szegd problem have always been the main interest of re-
searchers in Univalent and bi-Univalent classes. Many studies related
to this problem are around analytic normalized functions. Here the the
Fekete-Szego inequality is obtained for functions in S} (a, b) and v, (a, b).
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Using subordination structure. Also by using the integral and differen-
tial operators we may obtain the bounds of coefficients and Fekete-Szego
problem in future.
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