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ABSTRACT. In this study, position vectors of admissible curve in
the natural representation are researched and spherical indicatrices
for tangent, normal and binormal vectors of a general helix in the
pseudo-Galilean space are investigated. Moreover some examples
are given.
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1. INTRODUCTION

In the local differential geometry, the curves can be considered a geomet-
ric set of points. For identfy the behavior of the curve, position vectors
of this curves can be investigated.

In general case, to solve the problem of parametric representation
of the position vector for an arbitrary space curve with respect to the
intrinsic equations is not easy in the Euclidean space E3 [13, 16]. But, in
some special case this problem can be solved . Recently Ali [3, 4] adapted
fundamental existence and uniqueness theorem for space curves in the
Euclidean space F} and to solve the problem in the case of a general
helix and a slant helix he constructed a vector differential equation.
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Helices have important properties and application in science and na-
ture. Helices can be seen in DNA double, nano-springs, bacterial flagella,
carbon nano-tubes etc.[17, 1, 10]. In Euclidean 3-space a helix can be de-
fined a geometric curve with non-zero constant curvature s and torsion
7. In [11, 12] spherical images of tangent indicatrix and binormal indi-
catrix of a slant helix and characterizations of slant helices in Euclidean
3-space are given. Besides the Euclidean geometry, many researchers in-
vestigated helices in non-Euclidean geometry. For example in [14, 15, 2]
characterizations of helices and general helices are expressed in Galilean
and pseudo-Galilean space. In these space the generalization of helices
are researched in [18]. Also, in [5] position vectors of curves in Galilean
space and in [9] spherical indicatrices of special curves in the Galilean
space are studied.

In this study position vectors of admissible curve in the natural rep-
resentation and spherical indicatrices for tangent, normal and binormal
vectors of a general helix in the pseudo-Galilean space are researched.
Moreover some examples are given.

2. PRELIMINARIES

The pseudo-Galilean geometry is one of the real Cayley-Klein geometries
of projective signature (0, 0, +,-). As in [6], pseudo-Galilean inner
product can be written as

|z vif 11 #F0Vaa #0
(1, v2) = { Y1y2 — 2122 if 11=0A22=0 (2.1)

where v1 = (z1,y1,21) and vy = (x9,y2, 22). The pseudo-Galilean norm
of the vector v = (z,y, z) is given by

= Jifx#0
il ={ e (29)

and the pseudo-Galilean cross product can be given as follows

0 —€2 €3
1 y1 21| ,if 1 #FOVaa#0
_ T2 Y2 22
v1 N\ vy = e ey —es (23)
1 Y1 z1 ,z‘fm1:O/\a:2:0
T2 Y2 22

where v1 = (21,91, 21) and v = (22, Y2, 22). In pseudo-Galilean space a
curve is defined by o : I — G}

a(t) = (z(t),y(t),z (1)) (2.4)



198 Hiilya Giin Bozok, Handan Oztekin

where I C R and z (t),y(t),z(t) € C3 . A curve a given by (2.4) is
admissible if z’ (t) # 0 [6].
The curves in pseudo-Galilean space are characterized as follows [7]:
An admissible curve in G:I,, can be parametrized by arc length ¢ = s,
given in coordinate form

a(s) = (s,y(s),z(s)) (2.5)

For an admissible curve a : I C R — G}, the curvature x (s) and the
torsion 7 (s) are defined by

w@) = VT 26)
r(s) = Rgl(s)det (o (5), 0" (5), 0" (s)) (2.7)

The associated trihedron is given by

t(s) = (Ly'(s),7 ()

n(s) = Kzs)((),y”(s),z"(s)) (2.8)
b(s) = ——(0,2"(s),4" ()

k (s)

The vectors t (s),n (s) and b(s) are called the vectors of tangent, prin-
cipal normal and binormal line of «, respectively. The curve a given
by (2.5) is timelike if n (s) is spacelike vector. For derivatives of tan-
gent vector ¢ (s), principal normal vector n (s)and binormal vector b (s),
respectively, the following Frenet formulas hold

t'(s) = k(s)n(s)
n'(s) = 7(s)b(s) (2.9)
b(s) = 7(s)n(s)
3. POSITION VECTORS OF ADMISSIBLE CURVE WITH RESPECT TO
STANDART FRAME OF G}

In this section, we obtain the position vectors of admissible curve with
respect to standart frame in G%.

Theorem 3.1. Let a(s) = (s,y(s),2(s)) be an admissible curve with
curvature k (s) and torsion 7 (s) in the pseudo-Galilean space G3.

i) if o is an admissible curve with spacelike normal, then the position
vector of a is computed from the natural representation form

a(s) = (s,y(s),z(s)) (3.1)
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where y (s) = [ ([ & (s)cosh ([ 7 (s)ds) ds) ds and
z(s) = [ ([ k(s)sinh ([ 7 (s) ds) ds) ds.

1) if « is an admissible curve with timelike normal, then the position
vector of a is computed from the natural representation form

a(s) =(s,y(s),z(s)) (3.2)
where y (s) = [ ([ & (s)sinh ([ 7 (s) ds) ds) ds and
z(s) = f(fn(s)cosh(f (s)ds) ds) ds.

Proof. if a is an admissible curve in G}, then using equations (2.9) we

have

b(s) = %n (s). (3.3)

Considering equation (3.3) in the third equation of (2.9) we get the
following equation,

!/

<1n/ (5)> — 7 (s)n(s) =0. (3.4)

-
The equation (3.4) can be written as

d*n
where t is t = [ 7 (s) ds.

i) Let o be an admissible curve with spacelike normal. The principal
normal vector can be written

n = (0,cosh @ (t),sinh 6 (t)). (3.6)

Substiuting the components of the vector n in the equation (3.5) we get
(92 (1) — 1) cosh 0 () + 0 (t)sinh 6 () = 0, (3.7)

(.9‘2 (t) — 1) sinh @ (t) + 0 () cosh§ () = 0. (3.8)

Using the above equation we have
0(t)==+1,0(t) =0

which lead to 0 () = =+ [ 7(s)ds. If the positive sign for 0 (¢) is
taken, then the pr1n01pal normal Vector becomes

n(s) = (0, cosh ( / 7 (s) d5> ,sinh < / 7 (s) ds>> (3.9)
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Multiplying the above equation by k (s) and integrating it according to
s we obtain

£(s) ://@(s) <0,cosh </T(s)ds> sinh (/T(S)dS)) ds + ¢

where c is a constant vector. Since the first component of tangent vector
equal to one, so we can take ¢ = (1,0,0) and

t(s) = <1,//€(8) cosh (/T(s) ds> ds,/m(s) sinh (/T(s) d5> d5> .

(3.10)
Integrating equation (3.10) according to s we have

o (s) = / (1,/5(3) cosh (/T(s) ds> ds,//{(s) sinh </T(s) ds) ds)

(3.11)
which leads to the equation (3.1).

ii) In an analogous way, one can obtain equation (3.2). O

4. SPHERICAL INDICATRICES OF A GENERAL AND CIRCULAR HELIX
1
IN G3

Definition 4.1. Let a be a unit speed regular curve in Euclidean 3-
space with Frenet vectors ¢, n and b. The unit tangent vectors along
the curve a generate a curve oy on the sphere of radius 1 about the
origin. The curve a; is called the spherical indicatrix of the curve «.
If @« = a(s) is a natural representation of «, then ay (s;) = t(s) will
be a representation of «;. Similarly one considers the principal normal
indicatrix oy, (sp) = n(s) and binormal indicatrix ap (sp) = b (s) [8].

For an admissible curve @ = a/(s) with curvature x (s) and torsion
7 (s) in the pseudo-Galilean space Gzl)) its position vector in the natural
representation is given in the equations (3.1) and (3.2).

i) if a is an admissible curve with spacelike normal, then the position
vector of o is computed from the natural representation form

a(s) = (s,y(s),2(s)) (4.1)
where y(s) = [ ([ £ (s) cosh ([ 7 (s) ds) ds) ds and
2(s) = [ ([ (s)sinh ([ 7 (s)ds)ds)ds .

Suppose that the admissible curve « is a general helix that is 7 (s) =
mk (s), m is a constant then the position vector given above becomes

a(s) = (s,y(s),2(s)) (4.2)



Spherical Indicatrices of Admissible Curves in Gé 201

where y(s) = [ ([ £ (s) cosh (m [ K (s)ds) ds) ds and
z(s) = [ ([ (s)sinh (m [ & (s) ds) ds) ds . If we differentiate equation
(4.1) respect to s we obtain

L(s) = (1, / 4 (5) cosh <m / 5 (5) ds) ds, / 4 (5) sinh <m /  (5) ds> ds>

Now, let
Ty =y (se) =t(s)

be the tangent spherical indicatrix of o with the curvature r; (s;) and
torsion 7y (s¢), then it can be written

ay (st) = (1,y(s), 2(s)) (4.3)
where y(s) = [k (s) cosh (m [k (s)ds) ds and
z(s) = [k (s)sinh (m [k (s)ds)ds . By differentiating equation (4.3)
respect to s we obtain

ﬁ‘tti;; _ (o,ﬁ(s) cosh <m/ﬁ(s) ds> % (s) sinh (m//{(s) ds>> ,
(1.4)

then
— =r(s), (4.5)

t (s1) = (0,cosh (m / K (s) d,s> ,sinh (m / K (s) ds)> . (4.6)

Also from equation (4.6) we have
diy ds,

Dods " <O,m/<a (s)sinh (m/ﬁ(s) d5> s (5) cosh (m//{(s) ds)) ‘

If we use Frenet equations defined by (2.9)

i (50) e (1) = <0,msinh <m / o (5) ds) “mcosh <m / 5 (s) ds>>

Then it follows that

and

Ke(s)) = m

ne(s1) = <O,Sinh <m / e (s) ds) cosh <m / o (5) ds)).

Since by (s¢) =ty (s¢) X ny (s¢) we have

bt(st) = (170a0)7
Tt(St) = 0.
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ii) if « is an admissible curve with timelike normal, then the position
vector of « is computed from the natural representation form

a(s) = (s,y(s), 2(s)) (4.7)
where y(s) = [ ([ £ (s)sinh ([ 7 (s) ds) ds) ds and
z(s) = [ ([ & (s)cosh ([ 7(s)ds)ds)ds . In analogous way, one can
obtain similarly equations for above form of a.

Theorem 4.2. Suppose that the admissible curve « is a gemeral heliz
in the pseudo-Galilean space G} with r(s) # 0. The curvatures of the
tangent spherical curve of a satisfy the following equalities

<tt, Oét> = O, (4.8)
-1

= — 4.9

(ne, ay) ot (4.9)
,{II

b = L 4.10

(be, o) oy (4.10)

Proof. By assumption we have
(o, o) = £712,

where r is the radius of the pseudo-Galilean sphere. If we differentiate
above equation with respect to s we obtain

dodse N\ _
ds; ds M)~

where s; is the arc length of the tangent spherical curve in G3. Since

B k(o)
then

(tt, ) = 0.
Also,

dtt dSt dOét dSt
e 05t g, 2SN
<dst ds ’at> * < Y ds, ds >

Because of (t;,t;) = 1 and k; is the curvature of the tangent spherical
curve oy, we get
—1
ng, ) = —.
(ne, o) o

By a new differentiation of above equation gives

dndsy N\ [ davds\ Ky
ds; ds’ " b ds; ds K
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Because of (n,t;) = 0 and o _ T:b; we have

dSt
K/
<bt, Oét> = L .
Ry KTt

O

Suppose that the admissible curve « is a circular helix and we denote
it by o = o (s) with non-zero constant curvature x* (s*) and torsion
7*(s*). The position vector of « in equation (3.1) becomes for a* =
a* (s) as follows

a* (s*) = <s*, % cosh (77s), 7'12 sinh (T*S*)) (4.11)

if we differentiate equation (4.11) with respect to s* we obtain the rep-
resentation of the tangent spherical image of a* in the form

K* K*
g (si) =t" (s") = (1, — sinh (7%5%) , — cosh (7'*8*)) . (4.12)
T T
By differentiating equation (4.12) with respect to s*

dag. (sy.) dsj.

dst ds = (0,K" cosh (7"s¥) , k" sinh (775)) (4.13)
From equation (4.13)
!
ti (si+) = (0,cosh(7*s™),sinh (77"5%)).
Then, we get
ZZ; Cflit: = (O’ 7% sinh (T*S*) ) 7" cosh (T*S*)) )

it follows that

*

Kie (S§«) nge (sf«) = — (0,sinh (7%s¥) , cosh (775™)) .

-
K*

So we obtain

-
* — -
Ht* — K/*
ng- (s3«) = (0,sinh (77s"),cosh (7%s%))
The binormal vector is given by
b;fk* = (1’ 07 O) )

it yields
Tt** - 0.
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In analogous way the position vector of a in equation (3.2) can obtain
for a* = a* (s) .

Proposition 4.3. The pseudo-Galilean spherical images of a general
helix (or circular helix) in the three-dimensional pseudo-Galilean space
are circles on the unit pseudo-Galilean sphere.

Remark 4.4. In similar way we can calculate the other spherical images
( the principal normal and the binormal image).

Example 4.3. Let « (u) be a general helix in three-dimensional pseudo-

1
Galilean space G} with kK = ——= and 7 = —= given by

2\/u 2\/u
o (u) = (u, —2 (sinh v/u — vucosh v/u) , —2 (cosh v/u — vusinh/u)) .
The tangent spherical image of « is defined by
oy = (1,sinh /u, cosh v/u) (4.14)
Then from equation (4.14) we can obtain the following vectors of oy
tr = (0, cosh+/u,sinh /u),
ny = (0,sinh+/u,coshv/u),
b = (1,0,0).
Moreover the curvature and the torsion of oy are given by
ke = 1,
7w = 0.

In an analogous way we can obtain the normal and binormal spherical
images of « and their curvatures.

Example 4.4. For a given circular helix o* (v*) in G3 with non-zero
constant curvature and torsion k* = 1 and 7" = 1 respectively

o (u*) = (u*, coshu®, sinhu™).
The tangent spherical image of a* is defined by
aj. = (1,sinhu™, coshu™).
Then simple calculations give us the following vectors
ti. = (0, coshu™,sinh u™),
ny. = (0,sinh u*, coshu™),

b = (1,0,0).
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Moreover the curvature and the torsion of aj. are given by

Kfe =1,

75 = 0.
In an analogous way we can obtain the normal and binormal spherical
images of a* and their curvatures.
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