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ABSTRACT. We introduce the notion of ideal, prime ideal, filter,
fuzzy ideal, fuzzy prime ideal, fuzzy filter of ordered I'—semiring
and study their properties and relations between them. We char-
acterize the prime ideals and filters of ordered I'—semiring with
respect to fuzzy ideals and fuzzy filters respectively.
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1. INTRODUCTION

In 1995, M. Murali Krishna Rao [9,10.11,12] introduced the notion of
a ['—semiring as a generalization of ['—ring, ring, ternary semiring and
semiring. The notion of a semiring is an algebraic structure with two as-
sociative binary operations where one distributes over the other, was first
introduced by H. S. Vandiver [23] in 1934 but semirings had appeared
in earlier studies on the theory of ideals of rings. In structure, semirings
lie between semigroups and rings. The results which hold in rings but
not in semigroups hold in semirings since semiring is a generalization
of ring. The study of rings shows that multiplicative structure of ring
is an independent of additive structure whereas in semiring multiplica-
tive structure of semiring is not an independent of additive structure of
semiring. The additive and the multiplicative structures of a semiring
play an important role in determining the structure of a semiring. The

1Corresponding author: mmarapureddy@gmail.com
Received: 3 April 2017
Accepted: 29 July 2018
18



Fuzzy filters in ordered I'—semirings 19

theory of rings and theory of semigroups have considerable impact on
the development of theory of semirings. Semirings play an important
role in studying matrices and determinants. Semirings are useful in the
areas of theoretical computer science as well as in the solution of graph
theory, optimization theory, in particular for studying automata, coding
theory and formal languages. Semiring theory has many applications in
other branches.

As a generalization of ring, the notion of a I'—ring was introduced by
N. Nobusawa [20] in 1964. In 1981, M. K. Sen [21] introduced the no-
tion of a '—semigroup as a generalization of semigroup. The notion of a
ternary algebraic system was introduced by Lehmer [4] in 1932, Lister [6]
introduced the notion of a ternary ring . The set of all negative integers
Z is not a semiring with respect to usual addition and multiplication but
Z forms a I'—semiring where I' = Z. The important reason for the de-
velopment of I'—semiring is a generalization of results of rings, I'—rings,
semirings, ternary semirings and semigroups The fuzzy set theory was
developed by L. A. Zadeh [24] in 1965. The fuzzification of algebraic
structure was introduced by A. Rosenfeld [19] and he introduced the
notion of fuzzy subgroups in 1971. K.L. N. Swamy and U. M. Swamy
[22] studied fuzzy prime ideals in rings in 1988. In 1982, W. J. Liu [5]
defined and studied fuzzy subrings as well as fuzzy ideals in rings. Ap-
plying the concept of fuzzy sets to the theory of I'—ring, Y. B. Jun and
C. Y. Lee [1] introduced the notion of fuzzy ideals in I'—ring and stud-
ied the properties of fuzzy ideals of I'—ring. D. Mandal[7] studied fuzzy
ideals and fuzzy interior ideals in an ordered semiring. studied fuzzy
soft I'—semiring and fuzzy soft k—ideal over I'—semiring. N. Kuroki [3]
studied fuzzy interior ideals in semigroups. M. Murali Krishna Rao and
B .Venkateswarlu [17] studied I'—incline and field I'—semiring. In 1988,
Zhang [24] studied prime L—fuzzy ideals in rings where L is completely
distributive lattice. The concept of L—fuzzy ideal and normal L—fuzzy
ideal in semirings were studied by Jun, Neggers and Kim [2].

In this paper, we introduce the notion of ideal, prime ideal, filter,
fuzzy ideal, fuzzy prime ideal, fuzzy filter in an ordered I"—semiring and
study their properties and relations between them. We prove that if
¢ : M — N be an onto homomorphism. and f is a ¢ homomorphism
invariant fuzzy filter of ordered I'—semiring M then ¢(f) is a fuzzy fil-
ter of ordered I'—semiring N,characterize the prime ideals and filters of
ordered I'—semiring with respect to fuzzy ideals and fuzzy filters respec-
tively.
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2. PRELIMINARIES

In this section we recall some of the fundamental concepts and defi-
nitions which are necessary for this paper.and

Definition 2.1. A set S together with two associative binary operations
called addition and multiplication (denoted by + and - respectively) will
be called semiring provided

(i). Addition is a commutative operation.
(ii). Multiplication distributes over addition both from the left and
from the right.
(iii). There exists 0 € S such that t+ 0=z and z-0=0-2 =0 for
all x € S.

Definition 2.2. Let M and I" be two non-empty sets. Then M is called
a ['—semigroup if it satisfies

(i) zay e M

(ii)) za(ypz) = (xay)Bz, for all x,y,z € M,a, 5 € T.

Definition 2.3. Let (M, +) and (I', +) be commutative semigroups. A
I'—semigroup M is said to be I'—semiring M if it satisfies the following
axioms, for all z,y,z € M and a,8 €T’

(i) za(y + z) = zay + zaz,
(i) (z+y)az =zaz + yaz,
(iii) z(a+ B)y = zay + zPy.

Every semiring M is a I'—semiring with I' = M and ternary operation
as the usual semiring multiplication

Definition 2.4. A I'—semiring M is said to have zero element if there
exists an element 0 € M such that 0+ z =2 = £+ 0 and Oax = zal =
0, for all z € M.

Example 2.5. Let M be the additive semi group of all m x n matrices
over the set of non negative rational numbers and I" be the additive
semigroup of all n x m matrices over the set of non negative integers,
then with respect to usual matrix multiplication M is a I'—semiring.

Definition 2.6. Let M be a I'—semiring and A be a non-empty subset of
M. Ais called a I'—subsemiring of I'—semiring M if A is a sub-semigroup
of (M,+) and AT'A C A.

Definition 2.7. Let M be a I'—semiring. A subset A of M is called
a left (right) ideal of I'—semiring M if A is closed under addition and
MTA C A (ATM C A). Ais called an ideal of M if it is both a left
ideal and a right ideal of M .
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Definition 2.8. A I'—semiring M is called an ordered I'—semiring if
it admits a compatible relation < . i.e. < is a partial ordering on M
satisfies the following conditions. If a < b and ¢ < d then
(i) a+ ¢ <b+d (i) aac < bad (iii) caa < dab, for all a,b,c,d €
M, eT.

Definition 2.9. An ordered I'—semiring M is said to have zero element
if there exists an element 0 € M such that 0 +x = « = « + 0 and
Oax =2a0 =0, forallz € M,a €T.

Definition 2.10. Let M be an ordered I'—semiring. An element 1 € M
is said to be unity if for each x € M there exists a € I' such that
zal = lax = x.

Definition 2.11. An ordered I'—semiring M is said to be commutative
I'—semiring if zay = yax, for all z,y € M and a € T.

Definition 2.12. Let M be an ordered I'—semiring. An element a € M
is said to be an idempotent of M if a = aaa for all @ € T.

Example 2.13. Let M = [0,1], = N, + and ternary operation be
defined as x + y = max{x, y}, xyy = min{z,v,y} for all z,y € M,y € T.
Then M is an ordered I'—semiring with respect to usual ordering.

Definition 2.14. An ordered I'—semiring M is said to be totally ordered
I'—semiring M if any two elements of M are comparable.

Definition 2.15. In an ordered I'—semiring M

(i) semigroup (M,+) is said to be positively ordered if a < a + b
and b < a+b for all a,b € M.

(ii) semigroup (M, +) is said to be negatively ordered if a + b < a
and a + b < b for all a,b € M.

(iii) I'—semigroup M is said to be positively ordered if a < aab and
b<aabforalla el a,be M.

(iv) I'—semigroup M is said to be negatively ordered if aab < a and
aab <bforalla el a,be M.

Theorem 2.16. If M is an ordered I'—semiring in which (M,+) is
positively ordered,then the zero element of a ordered I'—semiring Mis
the least element of M.

Theorem 2.17. If M is an ordered I'—semiring in which I'—semigroup
M is negatively ordered with unity 1 then 1 is the greatest element of M.

Theorem 2.18. Let M be an ordered I'—semiring in which (M,+) is
positively ordered and I'—semigroup M 1is a negatively ordered with unity
1 and zero element 0. If a € M then 0 < a < 1.
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Definition 2.19. A non-empty subset A of an ordered I'—semiring M
is called a I'—subsemiring M if (A, +) is a subsemigroup of (M, +) and
aab € A for all a,b € A and a €T

Definition 2.20. Let M be an ordered I'—semiring. A non-empty sub-
set A of M is called a left (right) ideal of an ordered I'—semiring M
if A is closed under addition, MT'A C A (A'M C A) and if for any
a€M,beA a<b=ac A Aiscalled an ideal of M if it is both a
left ideal and a right ideal of M.

Definition 2.21. Let M be a non-empty set. A mapping f : M — [0, 1]
is called a fuzzy subset of I'—semiring M. If f is not a constant function
then f is called a non-empty fuzzy subset

Definition 2.22. The complement of a fuzzy subset p of a I'—semiring
M is denoted by p€ and is defined as p¢(z) =1 — p(x), for all z € M.

Definition 2.23. Let S and T be two sets and ¢ : S — T be any
function. A fuzzy subset u of S is called a ¢p—invariant if ¢(z) = ¢(y) =
plz) = p(y)-

Definition 2.24. Let M be an ordered I'—semiring. A fuzzy subset p
of M is called a fuzzy I'—subsemiring of M if

() i+ y) > min{p(2). p(y)}
(i) p(ray) = min{u(x), p(y)}
Definition 2.25. Let p be a non-empty fuzzy subset of an ordered
I'—semiring M. Then p is called a fuzzy left (right) ideal of M if
(1) p(z +y) = minfu(z), u(y)}
(ii) p(ray) > p(y) (u(z))
(ili) z <y = p(x) > p(y), for all z,y € M,a €T.

By fuzzy ideal we mean, it is both a fuzzy left ideal as well as a fuzzy
right ideal of an ordered I'—semiring M.

3. Fuzzy FILTERS IN AN ORDERED I'—SEMIRING

In this section, we introduce the notion of ideal, prime ideal, filter,
fuzzy ideal, fuzzy prime ideal and fuzzy filter in an ordered I'—semiring
and we study some of their properties.

Definition 3.1. Let M be an ordered I'—semiring. A I'—subsemiring
P of M is called a prime ideal of M if

(i) a<bae M,be P=a€P

(ii) ayb € Pia,be M,yeT'=a€ Porbe P

Definition 3.2. Let pu be a non-empty fuzzy subset of an ordered
I'—semiring M. Then p is called a fuzzy prime ideal of M if
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(1) (@ +y) > min{u(z), n(y)}
(i) pu(zay) = maz{u(x), u(y)}
(iii) x <y = p(r) > p(y), forall z,y € M, €T

Definition 3.3. Let M be an ordered I'—semiring. A I'—subsemiring
F of M is called a filter of M if

(i)a<b,aec F,be M=beF
(i) ayb€e F=a € Fand b€ F, for any a,b € M,y €T.

Definition 3.4. Let M be an ordered I'—semiring. A fuzzy I'—subsemiring
wof M is called a fuzzy filter of M if

(i) p(z +y) < max{u(z), u(y)}

(i) p(zay) = min{u(z), u(y)}
(iii) z <y = p(x) < p(y), forall z,y € M,a €T

Definition 3.5. Let R and M be ordered I'—semirings. Then a mapping
f from R to M is called a homomorphism of ordered I'—semirings R and
S if

(i) fla+0b) = fla)+ (b)
(i) f(aad) = f(a)af(b)
(i) a < b= f(a) < f(b), forall a,b € R,a €T.

Theorem 3.6. Let p and v be fuzzy filters of an ordered I'—semiring
M. Then pu N~ is a fuzzy filter of anordered I'—semiring M.
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Proof. Let p and v be fuzzy filters of the ordered I'—semiring M, x,y €
M and o € I'. Then

pNy(z+y) =min{p(@ +y),y(z +y)}
< min { max{p(z), p(y) }, max{y (), 7(5)} }
= max { min{u(z), 7(x)}, min{x(y), 7(»)} }
— max {u Ny (z), w0 v(y)}
p 0y (zay) = min{u(ray), y(zay), }
= min { min{u(2), p(y)}, min{y (), 7 ()} }
= min { min{p(x), y(2)}, min{u(y), 7 (1)} |

= min {u Ny(z),nN v(y)}
If 2 < y then p(z) < p(y) and v(x) < y(y)
= uN () = min { p(x), v(z) }
< min {u(y),v(y)}
= pN(y).
Hence N~ is a fuzzy filter of the ordered I'—semiring M. O

Corollary 3.7. Let p and v be fuzzy filters of an ordered I'—semiring
M. Then p U~ is a fuzzy filter of an ordered I'—semiring M.

Proof of the following theorems are trivial, so we omit the proofs.

Theorem 3.8. If i and i’ be a fuzzy subset and complement of j re-
spectively of an ordered I'—semiring M then the following are equivalent
forall x,y e M, € T.

(1) p(z+y) > min{u(z), n(y)}
p(ray) > max{p(z), p(y)}
r<y= pr)>py

(ii) W (z +y) < maz{y' (), 1/ (y)}
p (xay) < min{p/(x), 1/ (y)}
r<y=p(x) <y

Theorem 3.9. u is a fuzzy filter of an ordered I'—semiring M if and
only if for any t € [0,1], ¢ # p is a filter of an ordered I'—semiring M

Theorem 3.10. u is a fuzzy filter of an ordered I'—semiring M if and
only if 1’ is a fuzzy prime ideal of an ordered I'—semiring M.
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Theorem 3.11. Let M be an ordered I'—semiring and ¢ # F C M. F
1s a filter of M if and only if the characteristic set xr s a fuzzy filter
of an ordered I'—semiring M.

Let M be an ordered I'—semiring , a € M andp be a fuzzy filter of
M. The set {z € M | p(a) < p(z)} is denoted by F,(q)-

Theorem 3.12. Let M be an ordered I'—semiring and p be a fuzzy filter
of M. Then F,. is a filler of an ordered I'—semiring M.

Proof. Let pu be a fuzzy filter of the ordered I'—semiringM and b,c €

F#(a),a el

Then pi(a) < u(b) and p(a) < p(c)
= () < max{u(b), u(e)} < p(b+ o)
= p(a) < p(b+c)

Therefore b+ ¢ € Fy(q).
Now  p(a) < max{u(b), u(c)} = p(bac)

= p(a) < p(bac),
Therefore bac € F), ().
Suppose bac € Iy, and b,c € Fj ), € I,
= (@) < p(bac) = minfu(b), u(c)}
= p(a) < p(b) and p(a) < p(c)
Therefore b, ¢ € F,(g).

Let xeFye<yandye M
= p(a) < p(x) < p(y)
= p(a) < p(y).
Therefore y € F,(,).

Hence F),(,) is a filter of the ordered I'—semiring M. O

Definition 3.13. Let p be a fuzzy subset of S x S and v be a fuzzy
subset of S. Then p is said to be a fuzzy relation on ~ if

p(z,y) < min{vy(x),v(y)}, for all z,y € S.

Definition 3.14. Let v be a fuzzy subset on a set S. Then p is said
to be strongest fuzzy relation on -y if

pir(x,y) = min{y(z),y(y)}, for all z,y € S.
Theorem 3.15. Let ., be the strongest fuzzy relation on an ordered
I'—semiring M. Then v is a fuzzy filter of M if and only if jiy is a fuzzy
filter of an ordered I'—semiring M x M.
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Proof. Let 7 be a fuzzy filter of the ordered I'—semiring M, (z1,x2), (y1,y2) €
M x M and a € I'. Then

py{ (@1, 22) + (1, 92) } = py{ (@1 + 1), (w2 4+ 12) }
= min {y(x1 +y1),v(x2 + y2) }

< min{max{v(m), v(y1)}, maxn{y(z2), 7(3/2)}}
= min {mam{’y(:cl),’y(ﬁz)}, max{y(y1), ’Y(yQ)}}
= max {min{w(wl), y(x2)}, min{y(y1), ’Y(yz)}}

= max {u7($1, x?)u Mv(yly ?/2)}
MW{(xl,xg)oz(yl, 92)} = Mv{(wlayl)7 (xgayg)}

= min {7(331()4@/1), 7($2ay2)}

= min {min{y(z1),7(y1)}, min{y(z2), 7(s2)}

= min {min{v(an), v(x2)}, min{y(y1), 7(92)}}

= min {Mw(ivb@)a M(yl,yz)}
Suppose (z1,72) < (y1,42) = 21 <Y1, 22 < Yo
= v(z1) < v(y1), v(@2) < ¥(y2)
piry (21, 22) = min{y(z1),y(v2)}
< min{y(y1),7(y2)}
= iy (Y1, Y2)-

Hence pi4 is a fuzzy filter of the ordered I'—semiring M x M.
Conversely suppose that p., is a fuzzy filter of the ordered I'—semiring
M. (z1,22), (y1,y2) € M x M and o € I'. Then

min{y(x1 +y1),v(z2 + y2)} } = py (21 + 01), (22 + 12) }
= py{(z1,22) + (y1,92) }

< max {/«L'y(xla 1‘2)7/@(3/1»?/2)}

= max { min{y(z1), 7(w2)}, min{ (1), 1(52)} -
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Now put 1 = x,29 = 1,y1 = y,y2 = 1 then we get

min{y(z + y),7(1)} < max { min{3(z),7(1)}, min{7(y), 7(1)} }
= y(z+vy) <max{vy(x),v(y)}, since y(z) < (1), for all = € M.

min {y{(z10u1), v(z202)} } = py{(z1091), (x20002) }
= py{ (w1, m2)a(y1, y2) }

= max{,uy(m, x2), t~ (Y1, y2)}

= max{ min{’}/(x1), ’7(1'2)}; min{'}/(yl)v 7(y2)}}

Now put 1 = z,29 = 1,y1 = y,y2 = 1, then we get
min{y(zay), 7(1)} = max { min{y(z),7(1)}, min{7(y),7(1)} }

= max {7(),1(y) }.
Therefore v(zay) = max{vy(x),v(y)}.

Suppose x < y,x,y € M. Then

(z,1) < (y, 1)
:>:Ud'y(xv 1) < ,U'y(% 1)
= min{y(z),v(1)} <min{y(y),v(1)}
=7(x) < v(y).

Hence 7 is a fuzzy filter of the ordered I'—semiring M. O

Definition 3.16. Let u and v be fuzzy subsets of X. The cartesian
product of p and -y is defined by

(1 xv)(@,y) = min{u(z),y(y)}, for all 7,y € X.

Theorem 3.17. Let i and v be fuzzy filters of an ordered I'—semiring
M. Then pu X v is a fuzzy filter of an ordered I'—semiring M x M.
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Proof. Let p and « be fuzzy filters of the ordered I'—semiring M and
(z1,22), (y1,y2) € M x M, € T'. Then

(p x 7)((9617962) + (y17y2)) = p X 7(901 + Y1, v2 + y2>
= min{ (w1 +y1),y(z2 + ya2)}
< min{maz{u(z1), p(y1) }, masc{y(22), 7(92)}}
= min{maw{p(e1),1(2)}, max{p(y), 1 (y2)} |
= maz{min{p(z1),1(z2)}, min{p(y1), (32)} }
— maz{ (1 x 7)1, 22), (1 % 7) (01, 92) |

(1<) ((961, xz)a(yhyz)) = p X v(xlayl,ﬂfza?ﬂ)

= min{u(z1091), 7(r2092) }
— min {min{,u(xl), p(y1)}, min{~y(z2), 7(1/2)}}
= min {min{pu(z1),7(z2)}, min{p(y1), 1(2)} |

— min { (4 x )(w102), (10 % 7) (yr0p2) }
If (z1,22) < (y1,2) then 11 <yp and 23 < yo
(1 X y)(z1, 22) = min{u(z1), y(z2)}
< min{u(y1),v(y2)}
= (kX 7) (Y1, y2)-
Therefore p x v is a fuzzy filter of the ordered I'—semiring M x M. [J

Definition 3.18. Let i be a fuzzy subset of X and a € [0, 1 —sup{u(z) |
r € X}] The mapping pl : X — [0,1] is called a fuzzy translation of p

if pg(z) = plx) +a

Definition 3.19. Let u be a fuzzy subset of X and § € [0,1]. Then
mapping

,ug/l : X — [0,1] is called a fuzzy multiplication of  if ,ug/[(x) = Bu(x).

Definition 3.20. Let u be a fuzzy subset of X and o € [0, 1 —sup{u(x) |
x € X}], B €]0,1]. Then mapping ug[g : X — [0, 1] is called a magnified
translation of p if ugﬁp(x) = Bu(x) + «a, for all z € X.

Theorem 3.21. A fuzzy subset i is a fuzzy filter of an ordered I'— semiring
M if and only if uL is a fuzzy filter of an ordered I'—semiring M
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Proof. Suppose p is a fuzzy filter of the ordered I'—semiring M and
z,ye M,yeTl.
pa(r+y) = ple+y) +a
< max{u(z), u(y)} + o
= max{u(z) + o, u(y) + a}
= max{yg (2), 15, (y)}
pe(avy) = payy) + o
= min{yu(z), u(y)} + o
= min{u(z) + o, p(y) + a}
= min{pg (2), 14 (y)}
Let © < y.Then u(x) < u(y)
=p(r) +a < ply) +a
=g (2) < piy (y)-
Hence ul is a fuzzy filter of the ordered I'—semiring M.
Conversely suppose that u” is a fuzzy filter of the ordered I'—semiring
M, z,y e M and v €T.
pla+y) +a = pg(z+y)
< max{ug (2), 18, (y)}
= max{p(z) + o, u(y) + a}
= max{p(z), u(y)} + a
Therefore p(z + y) < max{u(z), p(y)}.
wlayy) +a = pg(zy)
= min{ug (), 1o ()}
— min{u(x) + o, u(y) + a)
= min{u(z), u(y)} +
Therefore p(zyy) = min{u(z), u(y)}.
Let z < y.Then ul(z ) < uX(y).
=u(@) + o < uly) +
=pu(z) < pu(y).
Hence p is a fuzzy filter of the ordered I'—semiring M. O

)

Theorem 3.22. A fuzzy subset u is a fuzzy filter of an ordered I'—semiring
M if and only if ,ug/[ is a fuzzy filter of an ordered I'—semiring M.
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Proof. Suppose p is a fuzzy filter of the ordered I'—semiring M and
z,y € M,y €I'. Then

ph (@ +y) = Bu(z +y)
= Bmax{u(z), u(y)}
= max{fu(z), Bu(y)}
= max{ug (), u' (v)}-
' (zyy) = Bu(zyy)
< Bmin{u(z), u(y)}
= min{Bu(x), Bu(y)}
= min{u}’ (z), n§' (y)
Let < y.Then p(x )g,u
=Bu(r) < Bu(y)
=g () < B3 u(y).

12
()

Hence ufy is a fuzzy filter of the ordered I'—semiring M.

Conversely, suppose that ugf is a fuzzy filter of the ordered I'—semiring
M and z,y € M,~v € I'. Then

' (x +y) < max{ud’ (z), pj (v)}
= Bu(r+y) < max{Bu(z), Bu(y)}
= Bmax{u(z), u(y)}
Therefore pu(z + y) < max{u(z), n(y)}.
p (2yy) < min{pd (), ps'(
= Smin{u(z), u(y)
Bu(zyy) = Bmin{u(x), u(y)
Therefore p(zyy) = min{u(x), u(y)}-
Let < y.Then (ac) < 5g4u(y)
=pBu(x) < Bu(y)
=.u(z) < puy).

Hence p is a fuzzy filter of the ordered I'—semiring M. O

y)}
}
}

L),

Theorem 3.23. A fuzzy subset i is a fuzzy filter of an ordered I'—semiring
M if and only if ,uMT : X — [0, 1].,ug/[§ is a fuzzy filter of the ordered
I'—semiring M.
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Proof. Suppose p is a fuzzy filter of the ordered I'—semiring M.
& ugﬂ is a fuzzy filter of ordered I'—semiring M, by Theorem 3.22

& ng[g is a fuzzy filter of the ordered I'—semiring M. (]

Definition 3.24. Let a function ¢ : M — N be a homomorphism of
ordered I'—semirings M, N and u be a fuzzy subset of M. Then u is said
to be ¢ homomorphism invariant if ¢(a) < ¢(b) then p(a) < wu(b), for
a,be M.

Theorem 3.25. Let M and N be ordered I'—semirings and ¢ : M — N
be an onto homomorphism. If f is a ¢ homomorphism invariant fuzzy

filter of M then ¢(f) is a fuzzy filter of N.

Proof. Let M and N be ordered I'—semirings, ¢ : M — N be an onto
homomorphism, f be a homomorphism ¢ invariant fuzzy filter of M
and a € M. Suppose * € N,t € ¢ '(z) and z = ¢(a). Then a €
¢ (2) = ¢(t) =z = ¢(a),

P(aab) =¢(a)ap(b)
=ray
¢f(way) =f(aabd)
=min{f(a), f(b)}
=min{¢(f(x)),¢(f(y))}

since f is a ¢ invariant, f(t) = f(a) = ¢(f)(x) = . ¢i>nf( )f(t) = f(a).
€Nz

Hence ¢(f)(z) = f(a). Let x,y € N. Then there exist a,b € M such
that 6(a) = 7, 6(b) = y = dla +b) == +y = O(F)(z +9) = fla-+b) <
max{f(a), f(b)} = min{a(f)(x), ¢(f)(y)}-

Let z,y € N and = < y.
Then there exist a,b € M such that ¢(a) =z, ¢(b) =y

and ¢(f)(x) = f(a), ¢(f)(y) = f(b).

Therefore < y =¢(a) < ¢(b)
=f(a) < f(b)
=o(f)(x) < o(f)(y)
Hence the theorem. O

Theorem 3.26. Let f : M — N be a homomorphism of ordered I'—semirings
and n be a fuzzy filter of N. If no f = u then p is a fuzzy filter of M.
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Proof. Let f: M — N be a homomorphism of ordered I'—semirings, n
be a fuzzy filter of N,no f = p and 2,y € M.

u(x+y) =n(f(z+y) =nlf(z)+ f(y))
< max{n(f(z)),n(f(y))}
= max{u(z), u(y)}
p(zoy) = n(f(zay)) = n(f(@)af(y))
= min{n(f(z)),n(f(y))}
= min{u(z), u(y)}.
Suppose z,y € M and x < y. Since f : M — N be a homomorphism,
we have
f(z)
=n(f(z

=pu(zx)

| N

\_/
~—

fy)
<n(f(v))
11(y)

Hence p is a fuzzy filter of the ordered I'—semiring M. O

| A

Definition 3.27. Let M and N be two ordered I'—semirings and f be
a function from M into N. If u is a fuzzy ideal of N then the pre-image
of p under f is the fuzzy subset of M, defined by f~(u)(z) = u(f(z))
for all z € M.

Theorem 3.28. Let f: M — N be an onto homomorphism of ordered
I —semirings. If u is a fuzzy filter of N then f~(p) is a fuzzy filter of
M.

Proof. Suppose f : M — N is an onto homomorphism of ordered
I'—semirings and p is a fuzzy filter of N and x1,20 € M, € T

S ) (@1 + w9) = p(f (21 + w2) = p(f (1) + f(x2))
< max{u(f(x1)), p(f(x2))} = max{f~" () (x1)), f~ (1) (22))}
7 () (wrame) = p(f(zrams)) = min{u(f (21)), u(f (22))}
= min{f ™! (u)(x1)), £~ (1) (22))}

Let z,y € M, and = < y.

Hence f~1(u) is a fuzzy filter of the ordered I'—semiring M. O
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4. CONCLUSION:

We introduced the notion of fuzzy prime ideal, fuzzy filter in an or-
dered I'—semiring and studied their properties and relations between
them. We characterized filters in an ordered I'—semiring using fuzzy
filters. In continuous of this paper we wish to study fuzzy soft prime
ideals and filters over ordered I'—semirings.
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