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ABSTRACT. In this paper we study the existence of infinitely many
large energy solutions for the coupled system of Schréodinger-Maxwell’s
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—Au+V(z)u+ ¢u = Hy(z,u,v) in R?
—Ap = u? in R®

—Av+V(z)v+9Yv = Hy(z,u,v) in R3
—Ayp = v? in R?,

via the Fountain theorem under Cerami condition. More precisely,
we consider the More general case and weaken V;* with respect to
the condition Vi in [6].
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1. INTRODUCTION

In this paper, we study the nonlinear coupled system of Schrodinger-
Maxwell’s equations

—Au+ V(z)u + ¢u = Hy(z,u,v) in R3
—A¢p =u? in R3
(1.1)
—Av +V(z)v + v = Hy(z,u,v) in R3
— Ay = v? in R3,

where V € C(R3 R) and H € C'(R3 R) which are satisfied in some
suitable conditions.

In the classical model, the interaction of a charge particle with an electro-
magnetic field can be described by the nonlinear Schridinger-Maxwell’s
equations. In this article, we want to study the interaction of two
charge particles Simultaneously with same potential function V' (z) and
different scalar potential ¢ and 1 which are satisfied in suitable condi-
tions. For more details on the physical aspects see [I] and the references
therein. More precisely, we have to solve the system if we want to
find electrostatic-type solutions.

In [2] Zhang et al. considered the system [1.1| without the scalar potential
¢ and v, so-called the Hamiltonian elliptic system

~Au+ V(z)u = Hy(z,u,v) in R3

(1.2)
—Av +V(z)v = Hy(x,u,v) in R3

They assumed the potential V(x) is non-periodic and sing changing,
and H(x, z) is non-periodic and asymptotically quadratic in z = (u,v) :
RN — R x R. For the case of a bounded domain the system ﬁ were
studied by many authors [3 [4, 5] and the references therein.
In [6] Li and Chen, studied the existence of infinitely many large energy
solutions for the superlinear Schrodinger-Maxwell’equations

—~Au+V(z)u+ ¢u= f(z,u) inR3
—A¢p =u? in R3,
They assumed on this paper that the potential function V' (x) is bounded
from below with a positive constant and they are used to solve the prob-

lem the Fountain theorem in critical point theory. In [7] Schaftingen
et al. studied positive bound states for the equation

{ —Au+V(z)u=K(z)f(u) inRY, (1.4)

where € > 0 is real parameter and V' and K are radial positive potentials.
The problem is Nonlinear Schréodinger equation with unbounded
or vanishing potentials. The equations kind of can be considered

(1.3)
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as nonlinear parametric Schrodinger equation which were studied by
many authors see [8, O, [10]. The infinitely many large solutions for the
equation [1.3| are obtained in [11] with the following variant Ambrosetti-
Rabinowitz type condition [6], there exist © > 4 such that for any s € R
and z € R?

wF(x,u) = ,u/os fz,t)dt < sf(z,s).

Existence of solutions are obtained via Fountain theorem in critical point
theory. More precisely, in this paper we consider the more general case
and weaken the condition of V; in [6] and we assume that the potential V'
is non-periodic and sing changing. We assume the following conditions

Vi) V € C(R3 R) and there exists some M > 0 such that the set
Oy = {r € R®; V(x) < M} is not nonempty and has finite Lebesgue

measure.
Hy) H € CY(R3 x R?,R) and for some 2 < p < 2* = 6, and M, Ms >
0,

|Hy(z,u,v)| < Mi|u|+ M |ulP~t and |Hy,(z,u,v)| < Ma|v| + M|v[P~1,
for a.e z € R? and u,v : R?* — R, and also

H H,
i 220V o g G @)
u—0 u u—0 v
uniformly for z € R? and u,v € R.

Hj) lim Hw.uv) _ 4 uniformly in z € R® and (u,v) € R? and
()00 1(@0)]

H(x,0,0)=0,H(xz,u,v) >0

for all (z,u,v) € R? x R x R.
Hs) There exists a constant € > 1 such that

0H (z,u,v) > H(z, su, sv)
for all z € R3, (u,v) € R? and t, s € [0,1], where

A~

H(z,u,v) = Hy(z, tu,v)tu + Hy(z,u, sv)sv — 4H (z, tu, sv).

H,) H(z,—u,v) = H(z,u,v) and H(z,u,—v) = H(z,u,v) for all
r € R? and (u,v) € R2
Here, we express the Cerami condition which was established by G.
Cerami in [12]

Definition 1.1. Suppose that functional I is C' and ¢ € R, if any
sequence {u,} satisfying I(u,) — ¢ and (1 4 ||un|)I (u,) — O has a
convergence subsequence, we say the I satisfies Cerami condition at the
level c.
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To approach the main result, we need the following critical point
theorem.

Theorem 1.2. (Fountain theorem under Cerami condition) Let X be a
Banach space with the norm ||.| and let X; be a sequence of subspace of
X with dimX; < oo for any j € N. Further, X = ®jenXj, the closure
of the direct sum of all X;. Set W), = EBQ‘?:OX]-, Zp®52, X Consider
an even functional I € C*(X,R), that is , I(—u) = I(u) for any u € X.
Also suppose that for any k € N, there exist pi, > 1, > 0 such that

Il) Ak = MaAXy Wy, ||lul|=pp I(u) <0,

IQ) by = infueZk,HuH:rk I(u) — 400 as k — oo,

I3) the Cerami condition holds at any level ¢ > 0. Then the functional
I has an unbounded sequence of critical values.

Now, our main result is the following :

Theorem 1.3. Let Vi*, Hy — Hy be satisfied. Then the system[1.] has
infinitely many solutions {((uk, o), (Vk,¥x))} in product space Ygp X
Yup (see section 2)which satisfies in

1 1
5 [Tl 190 + Vi)t +od) ldo - [1[I9aP + [Fof Jdz

R3 R3

2

1
+ /[ ¢kui + ?/)kvlz |dx — /H(x,u,v)dx — +00.
R3 R3

Remark 1.4. The assumption V|* implies that the potential V' is not
periodic and changes sing. This is different from condition V; in [6].
Also conditions Hy and Hs modified for the system with respect to
the system 1.1 which considered by Li and Chen in [6].

2. SOME AUXILIARY RESULTS AND NOTATIONS

In this section we give some notations and definitions on the function
product space. We set

HY(R?) := {u € L*(R?) | |Vu| € L*(R%)}, (2.1)
with the norm
fullz = ([ [Vl + oda), (2.2)
RS

and we consider the function space

DM (R3) := {u € L? (R3) | |Vu| € L}(R3)}, (2.3)
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with the norm

[ul| prz = (/ Vu|2dz)?. (2.4)
R3
Now, we consider the function space

E:={uc H(R?) | /]Vu|2 +u?dx < 0o}.
R3

Then F is Hilbert space [I3] with the inner product

(u,v)p = /(VU.VU + V(z)uv)dzx (2.5)

R3
1
and the norm ||u|g := (u,u)z. We set

Xg:=Ex E,Ygp := H'(R®) x DY*(R®) and Zgp := E x D“*(R3).
Hence , we can define an inner product on Xpg as

((ua U)(w72))XE = (u>w)E + (UaZ)E (2'6)

and the corresponding norm on Xg by this inner product as following

1(u, 0)l1x5 2= (lull% + 10]%)? = ((u,u)p + (v,0)5). (2.7)

Let H be a Hilbert space and H = H x H with the inner product

((u,v), (’LU,Z))'H = (ua w)H + (U7Z)H

and the corresponding generated norm by this inner product. Suppose
that T is operator on Hilbert space H. We assume that there is an
orthogonal decomposition

H=H oH'aH°
such that 7T is negative definite (resp. positive definite) in H™ (resp.H™)
and H° = kerT. Let HT = HT x H-, H~ = H~ x H" and H° =
H° x H°. Then for any z = (u,v) € H we have z = 2z~ + 21 + 20, where
2t = (ut,v7), 27 = (u”,v") and 20 = (u°,v°). Therefore, Ht,H~ and
HO are orthogonal. Hence, H = H™ @ H~ @ H°, for details see [2].

Lemma 2.1. [2] If V}* holds. Then H — LP(RY R?) is continuous for
p €[2,2*] and H — LY (RN R2) is compact for p € [2,2%).

loc
Therefore, the system [I.1]is the Euler-Lagrange equations of the func-
tional
J: ZED X ZED — R
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define by

I ), (0, 0)) = 51wl = 5 [ 11967 + V0P Jdo

R3

+ ;/[ ¢u2 + 1[)112 |dx — /H(w,u,v)dm, (2.8)
R3 R3

The functional J € CY(Zgp x Zgp,R) and its critical points are the
solutions of system

Remark 2.2. [6] the functional J exhibits a strong indefiniteness, that
is, it is unbounded both from below and from above on infinitely dimen-
sional subspaces. This indefiniteness can be removed using the reduction
method described in [14], by which we are led to study a one variable
functional that does not present such a strongly indefiniteness nature.
For any v € E the Lax-Milgram theorem [I5] implies there exists a
unique ¢, € DV2(R3) such that

—Ag¢y, = UZ

in a distributional (or weak) sense. Then we can obtain an integral
expression for ¢, :

1 [ v?(y)

= — dy, 2.9

¢ 47r/|x_y| y (2.9)
R3

for any u € F.

Lemma 2.3. [II] For anyu € E
i) ||Pullpre < M3Hu||ig, where Ms is positive constant which does
5

not depend on u. In particular, there exists positive constant My such
that

[ e < il (2.10)
RS

i) 6y > 0.
Now, by the lemma we define the functional I : Xp — R by
I(u,v) == J((u, $u), (v, 90))-
Remark 2.4. Using the relation —A¢, = u? and integration by parts,

we can obtain
/|V¢u|2d:v: /Qﬁuqux.
R3 R3
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Then, we can consider the functional 2.8 as following
1 1
I(u,v) = 5”(“7”)”%@ +7 /[ Puu? +1hyv? ]dm—/H(x,u,v)dx. (2.11)
R3 R3
It is well-known that I is C''-functional with derivative given by
(I' (u,v), (u,v)) = /[ Vu.Vu + V(z)u? + ¢pyu? — Hy(z,u,v) Jdx
R3
+ /[ Vo.Vo + V(z)v? + v* — Hy(z,u,v) dz. (2.12)
R3

Now, using the proposition 2.3 in [6] we can consider the following
proposition for our functional .J :

Proposition 2.5. The following statements are equivalent :
i) ((u, ), (v,90)) € Zgp X Zgp is a critical point of J;
i1) (u,v) is a critical point of functional I and (¢, 1) = (¢Pu, V).

Proof. Tt follows using the remark 2.2 and theorem 2.3 in [I4]. O

3. PROOF OF MAIN THEOREM

We take an orthogonal basis {(e;, e;)} of product space X := Xp =
E x E and we define Wy, := span{(e;, ;) }ij=1..k, Z = Wi-.

Lemma 3.1. [II] for any p € [2,2*),

B = sup  ||ullzp — 0
UEZp,[lul=1

as k — oo.

Now, we prove that the functional I : X — R satisfies the Cerami
condition .

Proposition 3.2. under the conditions Hy — Hs, the functional I(u,v)
satisfies the Cerami condition at any positive level.

Proof. Let {(un,v,)} be a sequence in X g such that for some ¢ € R,

1 1
I(up,vn) = iu(umvn)H%(E—i_Z /[‘ﬁunui"‘wvnv% ]dw—/H(x,un,vn)da; —cC
R3

R3
(3.1)
and
(1+ H(un,vn)HxE)I/(un,vn) — 0, as n — oo. (3.2)
From and for n large enough

1, .
l1+c> I(Unavn) - 1<I (unavn)’ (Unavn» =
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1 1

o) By + 5 [10u 4 w02 iz = [ Hwunyn)do -
R3 R3

/[ Vg Vg, + V(2)u2 + ¢u, u2 — Hy, (2, U, vp )y Jdz +

R3

/[ Vun. Vo, + V(2)v2 + ¢y, v2 — Hy, (2, U, Up )y dz |

R3

1 1
2H(un,vn)Hg(E—/H(x,un,vn)dm—4[/[Vun.Vum-V(:n)u%]dx+/[an.an+V(:E)vZ]daj]
3 R3 R3

1
n

1
+ Z[ /Hun(x,un,vn)und:c—i—/an(a:,un,vn)vnda: | =

1 1
o) By 41 [ (ot o) undos [ Hoy i, vnonde 1= [ (e, v0)da

R3

(3.3)
Now, we shall show that the sequence {(uy,,vy)} is bounded. Suppose
that ||(wn,vn)||x, — 00 as n — co. Then we consider
Un, Un
[l {|on
so the sequence {(wy,z,)} is bounded. For some (w,z) € Xg, and
subsequence of (wy, z,,), we can imply that

(W, 2n) == ( ——) € Xg,

(Wn, 2n) = (w,2) as n — < in Xg,
and
(wn, 2n) = (w,2) in LY(R3) x L*(R3) for t,s € [2,2%)
and
wp(z) = w(z) and z,(x) — z(z) (3.4)
for a.e. x € R3. Now, we consider two cases. In first case we suppose

that (w, 2) 75 (0,0) in Xg. By dividing relation with ||(un,vn)H§(E
and lemma we get that

/ x unvvn d 1 5 +/(¢unu%+wvnv’r21)d‘r—c
| E

‘ Up, Un HXE 2H<unvvn 4H(un7vn)”§(};

+O(||(un, va)l ) < Ms < oo, (3.5)
where M is a positive constant. we consider Q := {z € R3 | w(z), z(z) #
0}. By condition Hy for all z € Q,

H(z,up,vn)  H(x,up,v,)

4 4
[t o) e, ~ Tamwm]f (nl)Zn(@)) = oo, asm = co.

n rn
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Since || > 0, by Fatou’s lemma,

/ (2, tn, Un) P 2 da — +00 as n— 0o.
|| Un, Un H

This contradicts Wlth 3.5l In second case, we assume that (w,z,) =
(0,0) then we define sequence (t,,s,) € R? by

I(tpup, Snvn) max I(tu, sv).
(t,5)€[0,1]x[0,1]

Let m > 0 be fixed and let

(w,2) := (\/7 ,V4m tn ) = 2vm(wy, 2,) € XE.

| nHE lunll
By condition H; we have

|Hy(x,u,v)| < Mllu\Q—i—Ml\uP’_l and |Hy(x,u,v)| < Mg\v\2+Mg\u\p_1
for any x € R? and (u,v) € R?, and

1 1
H(z,u,v) :/ H,(z,tu, U)tudt—l—/ H,(z,u, sv)svds.
0 0

Therefore,

My

ZLjufp + L2 Jof? + 2

M
H(ru,) < 71 uf? + + 22 (36)
p
Using the relation we get that

M M M- M.
lim [ H(z, Wy, zZ,)dr < hm /1! n|2+?1| |p+72| n|2+?2|5n|p]d$

n—oo

R3
< lim Mﬁ/[ |Wn|? + |Zn|? ]dx+M7/[ WP + |2, [P Jda
n—oo
R3 R3
where Mg := max{22, 25} and M; := max{ ]\1{2’ =2}. Hence,

n—o00
R3 R3 R3

lim [ H(z,@p,Zz,)dx < hm Mg/[ | |24 2 |* | dac+- li_>m M7/[(]wn|2—|—|zn|2)p]dx

lim Mﬁ/\(wn,zn)\Qdaj + M7/(\(wn,zn)|2)pdx = 0. (3.7)
3 R3
Therefore, for n large enough,
I((tpun, Snvn)) = I((Wn, 2n)) = 2m +
R3
- / H(z, @, 50)dz > m. (3.9)

R3
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By relation li_)m I(tpun, Spvn) = +o00. Since 1(0,0) = 0 and I (uy, v,) —

c then t,s, € (0,1). Hence, for ¢,, s, € (0,1) and n large enough we ob-
tain

/ Vintn Vit +V (2)tpuntytn+od, u, tntintntin—H, u, (T, tntin, V) thupde
]RS

+/Vsnvn.Vsnvn—i—V(x)snvnsnvn—i—qﬁsnvnsnvnsnvn—Hsnvn (X, Uny SpUp) SpURAT
]R3
= (I' ((tntn, 5nvn)), (tntin, Snvp)) = 0.
Then by Hs3 we can get that
I((tn,vn)) —

S (o), s 0)) =

1 1
4H(unyvn)”§(p;+4/[HUn(x7UN7Un)un+an(xyunaUn)]dx_/H(xaunavn)dx =

RS

1 1 . 1
ZH(umvn)H?XE + 4/H(:c,un,vn)d$ > @H(Umvn)ng(,;'i‘

R3

1
49/[thun(x,tnun,vn)tnun—l—HSnvn(a@,un,snvn)snvn]dm—/H(a),tnun,snvn)d:n
R3 R3
1 1

5[((tnun, SpUp)) — @U ((tntin, Spvn)), (tntn, Snvn)) — +o0.

This is contradiction with[3.3] Hence, the sequence {(uy,vy,)} is bounded
in Xg. Since (upn,vn) < (u,v) in Xg, so by lemma 2.1} (uy,,v,) = (u,v)
in for any s,¢ € [2,2*). By [2.12] we can get that

| (vns V) —(u, U)”XE (| (=, vy — U)”XE ((un—1, vp—=0), (Un—1, Vp—V)) X, =

/V Up—U). un—u)V(az)(un—u)de—l—/V(vn—v).V(vn—v)V(x)(vn—v)Qdaz =

/ /

(' (s 0) — I (1, ), (e, 0) — (1, 0)) — / [ (Gunttn — duts) (i —10) Jde: +

RS

/ [ (o, Un—tw0) (v —0) |d+ / (o (5, 10, 0)— o (2, 10, 0)) (1) |

R3 R3

+ /[ (Hy,, (2, Un, vn) — Hy(z,u,v) (v, — v)) |dx.
R3
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Since (up,vn) <= (u,v) in Xg, and (un,v,) — (u,v) in for any s,t €
[2,2%), we can imply
’ /
<I (Un,'l)n) - I (’LL7'Z)), (unavn) - (u,v)) — 07

as n — 0o. On the other hand,

| / [ Gyt~ 6u0)(tn = 0) 1o+ [ (0 = )0 = 0) o | <
R3

R3
|1 Gt = ) =) o |+ [ oyt = i) (00 = 0) o |.
R3 R3

By Hoder inequality and
|Putin (un —w)d| < |[@u, tnl[r2]|un —ullr2 < l[Gu, |0 llunll s lun — ull L2

Ms||bu, || o unl| [ — wll 2 < MaMs|un|? i fum]| allum — ]l 2,

(3.9)
where Mg is positive constant. We can similarity conclude the following
inequalities :

|puu(un —w)dz| < [|puullr2|lun = ullL2 < l[Gull pollunllLs lun —ul[L2
Mo||$ull oz llumll 2 lum — ull 2 < MsMo|[ull? s [l g2 un — | 2, (3.10)
and
|Yhu, v (Un = v)da| < ([, vnllL2l|vn — vllL2 < (Yo, |lzsllvnll s lon — vl| 2

Miol|w, | prallvallpsllvn — vl g2 < MSMIOHUnHzL% lvnll L3 lvn — v|| L2,
(3.11)
and

Yo (v — v)da| < [¢vlr2llon = vllL2 < [[Yollpsllvnall s lvn — vl 12
Mol przonllzallvn —vll 22 < MsMu[[o]]? 12 0]l 2 llon —vllze, (3.12)

where My, M19 and M;; are positive constants.
Therefore, by relations [3.9] 310} 3.11] and [3.12] we obtain that

| / [ (Butin — $ut) (1t — 1) Jdz + / [ (0 — o) (0n — v) Jder | <
RS

RS

[ M3Ms IIUnHi% unllzs + M3M9HUHi% ullgs ] lun — ull2
+[ M3 Mo [Jonl, 12 [lonllrs + MsMnHvHi%z [vl[zs ] [[vn — vl
Then

J UG, = o =) s+ [ 00 = 00) 00 =) 1 = 0.

R3 R3
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Now, by condition H; and Héder inequality we obtain that

]/Hun(af,un,vn)(un — u)dz| S/]Hun(az,un,vn) |uy, — uldx <
M
JU5Hual + St fu = uldo <

1 -1
[ 5 lunllZ2 + » lunllpe 1 llun —ull e (3.13)

Similarly, we can get the following inequalities by condition H; and
Hoder inequality:

\/Hu(x,u,v)(un—u)dx\ S/]Hu(:z:,u, V)| |up — uldx <

R3 R3
M M
/[1 ul + =P fu, — ulds <
R3 P
M, M,y
[ llullZe + lall2" ] llun = ull e (3.14)
\/an Ty Up, Op,) (U, — v)dz| </]H Ty Up, V)| |vn — v]dz <

M M-
[0 + ; onP ™ o = olde <

= llonll7> + H wnll?5 ] NJon — vl (3.15)
and

]/Hv(x,u,v)(vn — v)dz| S/]Hv(:ﬂ,u, V)| v, — v]dx <

M- M.
JUSH0l + 220l o = vlde <
R3

M2 Mg
[ lollge + == Tollge" ] llon = olle. (3.16)

Hence, by relatlons 13 [3.14] [3. 5 and [3.16[ we obtain

/ [(How, (2, s o) — (2,1, 0)) (tm—0) | + / [(Ho, (2, 1, ) — Hoy (2, 0, 0) (vn—)) |dz
R3 R3
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My Mo

M, -1 My —1
<2 — [lun|F2 + s lunlly o 1 [un—ull L p+2] 5 lonll?2 + " lvnll? e T llvn—2|l P

=T
Since, (up,vn) = (u,v) in LY(R3) x L3(R3) for any t, s € [2,2*) then

/[ (Hy, (2, tp, vn) —Hy (2, u,0)) (up—u) |dz + /[ (Hy,, (T, Up, vn)—Hy(x, u,v)(v,—v)) |de — 0,
R3 R3

as n — oo.

proof of theorem By proposition the functional I(u,v) satisfies

in Cerami condition. Now, we show that I(u,v) satisfies in condition I;

and I» in theorem (1.2 From Ho,

. H(z,u,v) n
im ——F =400,
[(u0)| =00 |(u, V)[4

for any M > 0 there exists N > 0 such that V2 € R3, |(u,v)| > N,
1
H(x,u,v) 2 ZM ’('U/,’U)’47

for any x € R? and (u,v) € R2. Therefore,

1 1
) = 3l w0, + 5 1602 +buPlds = [ Hwu,0)ds
R3 R3

1 My ~
< 5ty ) + [ (el + llole) 1= 1w o) + Ml )5
where M == sup (|(u,v)* - ﬁf(fj)"‘;)) Then
(u,v)|[<N ’
M .
H(x,u,v) 2 ZH(ua U)H_%(E - MH(”?”)H%(E
Hence,
1 My Moy
I(u,0) < ol 0)Bep + =l + el )= =222 [l + ol ]
+ MM ([lulf + lloll% ),
where M5 is positive constant. Since, % — M%fM < 0, so for M large
enough, it follows that
ay ;= max I(u,v) <0,

(w,0) EWE, || (w,0) || x g =Pk

for some positive constant large enough. Now, using the lemma [2.3] and
we show that I(u,v) satisfies in condition Is.

) = 3l 0B+ [0a? +vo?lde = [ e,
R3

R3
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1 My My
> S ll(w, )5, — & ||u||L2 +— Hull ||U||L2 +— ||UH )
> Slllullf + ol ]-—5"= HUH% - MHUH%—TWHUHE—#HUH%
1 MiComp 1 MsCeomp M;C, bﬁp M5C, bap
i e e e A
We choose ry, := (Mlge”“’ + MQO%’””) . Hence,
k k
by = inf I(u,v) > inf {1 (E_M)HU”E_MHUHP
('LL,'U)GZ]C,”(”LL,'U)HXE:T]C (U,'U)GZ]C,H(U,'U)HXE:’I’]C 2 2
1 MClomp M>C bOé
(5 — MeCemby - MaCemiiy

> inf Mis( |lul% + llolE ) — MuaCllully + vl ),

(u,0) €25l (w,0)l| x =Tk

. — — . (1-MBYC, 1-Ma? C,
where M3 := min{’ M%Cemb 1 M%Cemb} and My, := min{ lf)k emb 2pk emb |
are positive constants. Therefore,

I(u,v) = inf Mg || (u, v) |5, = Muall (w, 0) I, = Misrg(1-r777),

(uv)EZ, || (u0) || x =Tk

where M5 := min{Mlg , Mj4} is positive constant. Now, if k& — oo,
then by lemma [3.I] we have ry — +oc. Therefore, by theorem [I.2] the
system [L.1] has 1nﬁn1tely many solutions. O
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