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Abstract. In this text we prove that in generalized shift dynamical
system (XΓ, σϕ) for finite discrete X with at least two elements,
infinite countable set Γ and arbitrary map ϕ : Γ→ Γ, the following
statements are equivalent:
• the dynamical system (XΓ, σϕ) is Li-Yorke chaotic;
• the dynamical system (XΓ, σϕ) has an scrambled pair;
• the map ϕ : Γ→ Γ has at least one non-quasi-periodic point.
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1. Introduction

In this text we deal with “topological dynamical systems”, “generalized
shifts” and “Li-Yorke chaos”. Our main aim is to find out the common
property under which a generalized shift dynamical system (XΓ, σϕ) for
finite discrete space X with at least two elements, infinite countable set
Γ, and arbitrary map ϕ : Γ→ Γ is Li-Yorke chaotic.
We call a ∈ A a quasi-periodic point of f : A → A if there exist
n > m ≥ 1 such that fn(x) = fm(x). If a ∈ A is not a quasi-periodic
point of f : A→ A, we call a a non-quasi-periodic point of f .
By Z we mean the set of all integers {0,±1,±2, . . .}, and by N we mean
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the set of positive integers {1, 2, 3, . . .}.
By a (topological) dynamical system (Z, h) we simply mean a topological
space Z (phase space) and a continuous map h : Z → Z. For nonempty
arbitrary sets Γ, X and map ϕ : Γ → Γ, we call σϕ : XΓ → XΓ with
σϕ((xα)α∈Γ) = (xϕ(α))α∈Γ for (xα)α∈Γ ∈ XΓ, a generalized shift [3].

Whenevere Γ = N∪{0} and ϕ(n) = n+1 (n ∈ Γ), σϕ : XN∪{0} → XN∪{0}

is the familair one sided shift, also whenevere Γ = Z and ϕ(n) = n + 1
(n ∈ Γ), σϕ : XZ → XZ is the well-known two sided shift. For instance,
if X is a group, then σϕ : XΓ → XΓ is a homomorphism, also if X is
a topological space and XΓ is considered under product (pointwise con-
vergence) topology, then σϕ : XΓ → XΓ is continuous, so we may study
dynamical properties of generalized shift dynamical system (XΓ, σϕ).
In several texts dynamical and non-dynamical properties of generalized
shifts has been studied, for example algebraic entropy has been studied
in [1] and [7], topological entropy in [2], and Devaney chaos in [4].
Regarding [4] in the generalized shift dynamical system (XΓ, σϕ) with X
is a discrete topological space with at least two elements, Γ is an infinite
countable set, ϕ : Γ → Γ is an arbitrary map and consider XΓ with
product (pointwise convergence) topology, the following statements are
equivalent:

• the map ϕ : Γ→ Γ is one to one without periodic points;
• the dynamical system (XΓ, σϕ) is topological transitive;
• the dynamical system (XΓ, σϕ) is Devaney chaotic.

Also the authors establish in [5] that in the generalized shift dynamical
system (XΓ, σϕ) with X is a finite discrete topological space with at least
two elements, Γ is an infinite countable set, ϕ : Γ → Γ is an arbitrary
map and consider XΓ with product (pointwise convergence) topology,
the following statements are equivalent:

• the dynamical system (XΓ, σϕ) has uncountable scambled pairs;
• the dynamical system (XΓ, σϕ) has an scrambled pair;
• the map ϕ : Γ→ Γ has at least one non-quasi-periodic point.

In [5] we just proved that if (XΓ, σϕ) has an scrambled pair, then it has
uncountable scrambled pairs and we didn’t prove that under the same
condition, (XΓ, σϕ) has an uncoutable scrambled set (i.e., (XΓ, σϕ) is
Li-Yorke chaotic). In the present paper we bring a sronger result than
[5], i.e. we prove that the following statements are equivalent:

• the dynamical system (XΓ, σϕ) is Li-Yorke chaotic;
• the dynamical system (XΓ, σϕ) has an scrambled pair;
• the map ϕ : Γ→ Γ has at least one non-quasi-periodic point.

Li-Yorke chaos has been introduced for the first time in [8].
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2. Preliminaries

Let’s bring some priliminary definitions. Following [6], in dynanmical
system (Z, h) with metric phase space (Z, d) we call distinct points x, y ∈
Z, an scrambled pair if

lim inf
n→∞

d(fn(x), fn(y)) = 0 and lim sup
n→∞

d(fn(x), fn(y)) > 0 .

In dynamical system (X, f) with metric phase space X, we call A(⊆ X)
with at least two elements an scrambled set if for all distinct x, y ∈ A,
(x, y) is an scrambled pair. We call (X, f) Li-Yorke chaotic if X contains
an uncountable scrambled set.

Remark 2.1. We recall that in dynamical system (Z, h) with compact
metric phase space Z if two metrics d and D induce the same original
compact topology on Z, then for all x, y ∈ Z we have:
• lim inf

n→∞
d(fn(x), fn(y)) = 0 if and only if lim inf

n→∞
D(fn(x), fn(y)) = 0

(if and only if there exists z ∈ Z and a sequence {nk : k ∈ N} in N with
lim
k→∞

fnk(x) = lim
k→∞

fnk(y) = z);

• lim sup
n→∞

d(fn(x), fn(y)) > 0 if and only if lim sup
n→∞

D(fn(x), fn(y)) > 0

(if and only if there exist distinct points z, w ∈ Z and a sequence {nk :
k ∈ N} in N with lim

k→∞
fnk(x) = z and lim

k→∞
fnk(y) = w).

In particular (x, y) is an scrambled pair with respect to d if and only if
it is an scrambled pair with respect to D.

Remark 2.2. For metric space Z with at least two elements and arbitrary
nonempty set Λ, ZΛ is metrizable under product topology if and only if
Λ is countable [10].

Remark 2.3. For metric space (Z, ρ) with at least two elements and
arbitrary nonempty countable set Λ, suppose

Λ = {λn : n ≥ 0} = {θn : n ≥ 0} ∪ {µn : n ≥ 0} ,
then for (xα)α∈Λ, (yα)α∈Λ ∈ ZΛ let

F ((xα)α∈Λ, (yα)α∈Λ) =
∑
n≥0

ρ(xθn , yθn) + ρ(xµn , yµn)

2n
andG((xα)α∈Λ, (yα)α∈Λ) =

∑
n≥0

ρ(xλn , yλn)

2n
,

where for u, v ∈ Z we have ρ(u, v) = min(1, ρ(u, v)). Then two metrics
F and G on ZΛ are compatible with its product topology (use similar
methods described in [10]).

Moreover suppose

δ(a, b) =

{
0 a = b ,
1 a 6= b .
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Remark 2.4. [9] There exists a collection H of infinite subsets of N∪{0}
such that for all distinct A,B ∈ H the set A ∩ B is finite, also H has
continuum cardinal. For this aim consider bijection ψ : Q → N ∪ {0}.
For each x ∈ R there exists a one to one sequence {qxn}n∈N of rational
numbers (i.e., for n 6= m, qxn 6= qxm) such that lim

n→∞
qxn = x. For every

distinct x, y ∈ R the set {qxn : n ∈ N} ∩ {qyn : n ∈ N} is finite. Hence
K = {{qxn : n ∈ N} : x ∈ R} is a collection of infinite subsets of Q such
that for all distinct A,B ∈ K the set A ∩ B is finite, in addition K has
continuum cardinal. The collection H = {ψ(A) : A ∈ K} is the desired
collection of subsets of N ∪ {0}.

In the following text suppose X is a finite discrete topological space with
at least two elements, Γ is an infinite countable set, ϕ : Γ → Γ is an
arbitrary map, and consider XΓ with product (pointwise convergence)
topology.

3. Li-Yorke chaotic generalized shift dynamical systems
and its equivalences

Now we are ready to prove our main result, step by step. We bring the
prove of Lemma 3.1 from [5].

Lemma 3.1. [5] Suppose all points of Γ are quasi-periodic under ϕ :
Γ→ Γ, then (XΓ, σϕ) does not have any scrambled pair.

Proof. We may suppose Γ = N ∪ {0}, for (xn)n≥0, (yn)n≥0 ∈ XN∪{0} let

D((xn)n≥0, (yn)n≥0) =
∑
n≥0

δ(xn, yn)

2n
.

Metric topology induced from D on XN∪{0} is the same as product topol-
ogy on XN∪{0}. Now we have the following claim:
Claim. For x = (xn)n≥0, y = (yn)n≥0 ∈ XN∪{0} if lim inf

n→∞
D(σnϕ(x), σnϕ(y)) =

0, then

lim
n→∞

D(σnϕ(x), σnϕ(y)) = 0 .

Proof of Claim. Suppose {nk : k ∈ N} is an strictly increasing sequnce
in N with lim

k→∞
D(σnk

ϕ (x), σnk
ϕ (y)) = 0. For p ∈ N ∪ {0}, {ϕn(p) : n ≥ 0}

is finite since p is quasi-periodic under ϕ, and there exist sp > tp ≥ 1
with ϕsp(p) = ϕtp(p), for all n > tp, we have

{ϕi(p) : i ≥ n} = {ϕi(p) : tp + 1 ≤ i ≤ sp}. (3.1)

Now, since lim
k→∞

D(σnk
ϕ (x), σnk

ϕ (y)) = 0, for p ≥ 0 there exists N ∈ N
such that for all k ≥ N we have
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∑
m≥0

δ(xϕnk (m), yϕnk (m))

2m
= D(σnk

ϕ (x), σnk
ϕ (y)) < min

{
1

2i
: i = ϕtp+1(p), ϕtp+2(p), . . . , ϕsp(p)

}
therefore,

xϕnk (m) = yϕnk (m) ∀k ≥ N,m ∈ {ϕtp+1(p), ϕtp+2(p), . . . , ϕsp(p)}. (3.2)

Considering 3.1 and 3.2 we have xϕn(p) = yϕn(p) for all n ≥ max{tp, nN} =:
Mp.

Consider ε > 0 there exists q ∈ N with
1

2q
< ε. For all n ≥ max{M0,M1, . . . ,Mq}

and j ∈ {0, . . . , q} we have xϕn(j) = yϕn(j) therefore

D(σnϕ(x), σnϕ(y)) =
∑
m≥0

δ(xϕn(m), yϕn(m))

2m
=
∑
m>q

δ(xϕn(m), yϕn(m))

2m
≤ 1

2q
< ε

which leads to lim
n→∞

D(σnϕ(x), σnϕ(y)) = 0 and completes the proof of our

Claim.
Using the Claim for all x, y if lim inf

n→∞
D(σnϕ(x), σnϕ(y)) = 0, then lim sup

n→∞
D(σnϕ(x), σnϕ(y)) =

0 and (x, y) is not an scrambled pair, so (XN∪{0}, σϕ) does not have any
scrambled pair. �

Lemma 3.2. If ϕ : Γ→ Γ has a non-quasi-periodic point, then (XΓ, σϕ)
is Li-Yorke chaotic.

Proof. Suppose β ∈ Γ is a non-quasi-periodic point of ϕ. Also suppose
Γ \ {ϕn(β) : n ≥ 0} = {θ0, θ1, . . .} (if Γ = {ϕn(β) : n ≥ 0}, then replace
β with ϕ(β) and note to the fact that ϕ(β) is non-quasi-periodic point
of ϕ and Γ \ {ϕn(β) : n ≥ 0} 6= ∅). Equip XΓ with the following metric
((xα)α∈Γ, (yα)α∈Γ ∈ XΓ):

D((xα)α∈Γ, (yα)α∈Γ) =
∑
n≥0

δ(xϕn(β), yϕn(β)) + δ(xθn , yθn)

2n
.

Metric topology induced from D on XΓ is the same as product topology
on XΓ. Choose distinct p, q ∈ X.
For A ⊆ N ∪ {0} define ξA : N ∪ {0} → {p, q} with

ξA(n) =

{
p n ∈ A
q n /∈ A

also define xA = (xAα )α∈Γ ∈ XΓ with xAα = q for α ∈ {θ0, θ1, . . .} and

(xAβ , x
A
ϕ(β), x

A
ϕ2(β), · · · ) = (ξA(0), q, ξA(1), q, q, ξA(2), q, q, q, ξA(3), q, q, q, q, · · · ).

Claim. For infinite subsets A and B of N ∪ {0}, if A ∩B is finite, then
(xA, xB) is an scrambled pair of (XΓ, σϕ).
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Proof of Claim. Consider A = {ni : i ≥ 1} ⊆ N ∪ {0} and B = {mi :
i ≥ 1} ⊆ N ∪ {0} with n1 < n2 < · · · and m1 < m2 < · · · also suppose
A∩B is finite. There exists N ∈ N such that ni /∈ B and mi /∈ A for all
i ≥ N , since A ∩ B is finite. In particular ξA(ni) 6= ξB(ni) for i ≥ N .
For r ≥ 1 let sr := nN+r − 1, then

D(σsrϕ (xA), σsrϕ (xB)) ≥ δ(p, q) = 1 ,

hence

lim sup
n→∞

D(σnϕ(xA), σnϕ(xB)) ≥ lim sup
r→∞

D(σsrϕ (xA), σsrϕ (xB)) ≥ 1 . (3.3)

For k ≥ 1 let lk = 1 + 2 + · · ·+ k, then

D(σlkϕ (xA), σlkϕ (xB)) ≤
∑

n≥k+1

1

2n
= 2−k

which leads to lim
k→∞

D(σlkϕ (xA), σlkϕ (xB)) = 0 and

lim inf
n→∞

D(σnϕ(xA), σnϕ(xB)) = 0 . (3.4)

Using 3.3 and 3.4 , (xA, xB) is an scrambled pair.
Using Remark 2.4 there exists an uncountable collection H of infinite
subsets of N ∪ {0} such that for all distinct A,B ∈ H the set A ∩ B is
finite. By the above Claim, {xA : A ∈ H} is an uncountable scrambled
subset of XΓ, which completes the proof. �

Theorem 3.3 (Main Theorem). For discrete topological space X with
at least two elements, infinite countable set Γ and arbitrary map ϕ :
Γ→ Γ, in the generalized shift dynamical system (XΓ, σϕ) the following
statements are equivalent:

• the map ϕ : Γ→ Γ has at least one non-quasi-periodic point;
• the dynamical system (XΓ, σϕ) is Li-Yorke chaotic;
• the dynamical system (XΓ, σϕ) has at least one scrambled pair.

Proof. Use Lemmas 3.2 and 3.1. �

Example 3.4. For ϕ1 : Z → Z with ϕ1(n) = n2 and ϕ2 : Z → Z with
ϕ2(n) = −n, ({1, 2}Z, σϕ1) is Li-Yorke chaotic and ({1, 2}Z, σϕ2) does
not have any scrambled pair.
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