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ABSTRACT. In this paper, we present two new families of third-
order and fourth-order methods for finding multiple roots of non-
linear equations. Each of them requires one evaluation of the func-
tion and two of its first derivative per iteration. Several numerical
examples are given to illustrate the performance of the presented
methods.
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1. INTRODUCTION

Finding the root of a nonlinear equation is a common and important
problem in science and engineering. In this paper, we consider iterative
methods to find a multiple root o of multiplicity m, i.e. fU)(a)=0,;j =
0,1,--- ,m —1 and f(™(a) # 0, of a nonlinear equation f(z) = 0.

The modified Newton’s method for multiple roots is quadratically con-
vergent and it is written as [20]
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1 Corresponding author: m.heydari85@gmail.com
Received: 28 May 2013
Revised: 20 July 2013
Accepted: 3 Dec. 2013

(1.1)

Tptl =Ty — M

67


http://cjms.journals.umz.ac.ir

68 M. Heydari, G.B. Loghmani

which requires the knowledge of the multiplicity m. Several methods in-
cluding many multiple-root-finding methods of different orders are pre-
sented. For example, see Hansen and Patrick [7], Victory and Neta [22],
Dong [6], Neta and Johnson [I8], Neta [I5]-[16], Chun and Neta [4], and
Werner [23], etc. All of these methods require the knowledge of the
multiplicity m.

The third-order Euler-Chebyshev method for finding multiple roots [21]
is given by

B fa) e f) S ()
n+1 n 9 f/(xn) 2 f/($n)3

(1.2)

The cubically convergent Halley’s method, which is a special case of the
Hansen and Patrick’s method [7], is written as

f($n)
T+l = Tn — 17 (13)
m f@n)f" (xn
o f (@n) — (2f)’(mrf) :
The third-order Osada method [19] is written as
1 n 1 "(xn,
Tpy1 = Tp — —m(m+1) f(@n) 1)? L (xn) (1.4)

9 f/(xn) + §(m - ) f//(mn)

Dong [5] has developed two third-order methods requiring two evalua-
tions of f and one evaluation of f’

{ Yn = Tp — \/ﬁum

Tn41 =yn—m(1—ﬁ)1—m%7 ,
1.5

Yn = Tpn — Un,

= “nf(yn)

$n+1 - yn + f(yn)_(l_%)mflf(xn)y

(1.6)
where u,, = 1&n)
n f’(-’l‘n) .

In [18], Neta and Johnson have proposed a fourth-order method re-
quiring one-function and three-derivative evaluation per iteration. This
method is based on the Jarratt method [9] given by the iteration function

alf/(xn) + a2f/(yn) + a3f/(77n)

(1.7)

Tp4l = Tp —
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Table 1
m[2 [2 3 4 5 6
4 3 5

b | free | free free 2 % 3

c |free| 122 3_17 0.06478279184 | 0.0217372041 | 0.0082119760
a; | -1 | 52 23b— 23 1-0.4374579865 | -0.4303454005 | -0.3681491853
ag [2 [3(b—1)[4—2b [7.90412890309 | 18.8154365391 | 39.6876826792
az |0 [2 —2 -5.9128176652 | -15.8940830499 | -35.6993794378
where

Un = F(z,)

Yn = Tp — AUn,

Y = )

Nn = Ty — buy, — vy,

(1.8)

\

Neta and Johnson [18] give a table of values for the parameters a, b, ¢, a1, az, as

for several values of m. But, they do not give a closed formula for general
case. we list this parameters for m = 2,3,4,5 and 6 in Table 1. Neta
[15] has developed another fourth-order method requiring one-function
and three-derivative evaluation per iteration. This method is based on
Murakami’s method [14] given by

Tn+l = Tp — A1Up — A2VH — a3w($n) - LZJ(.TL‘n) (19)
where uy,, Yn, vy, and 7, are given by (1.8)) and
w(zy,) = <—=,
() f ()
f(an
Oln) = ) (1.10)

 buf'(an) +b2f (yn)

A table of values for the parameters a,b,c,aq,ao,as, b1, by for several
values of m is also given by Neta [15].

In [I1], Li et al. have proposed a fourth-order method requiring one-
function and two-derivative evaluation per iteration. This method is
based on the Jarratt method [I] given by the iteration function

_ 2m_ f(@n)
Yn = Tp — mizgf’(a:n)’

(1.11)

Lm(m=2)(;25) " ' ()~ "% f'(20) f(2n)
— _ 2 m—+2 2 n
Tntl = In Tl (T ) Fan)”
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In [12], a fourth-order method is proposed,

Yn = Ty, — rac2mm + 2f’(:vn)’
Tyl = T — agLEn) f(zn) (1.12)
Flyn) b1 f (@n)+b2f (yn)
where
1 (ﬂﬁﬂmm(m4 +4m3 — 16m — 16)
@ o= m3 —4m + 8 ’
ho— (m3 — 4m + 8)?
m(m* +4m3 — 4m? — 16m + 16)(m2 + 2m — 4)’
m2(m? — 4m + 8)
b2 -

(mlﬁ)m(m4 +4m3 — 4m?2 — 16m + 16)(m? + 2m — 4)°

This method require one-function and two-derivative evaluation per it-
eration.

Heydari et al. [13] have developed two fourth-order methods requiring
two-function and two-derivative evaluation per iteration. This method
is based on Chun fourth-order method (for simple roots) [3] given by the
iteration function

_ _ f(zn)
yn - xn 07/ f/(mn)
(1.13)
Tatt = T+ B 4 NS 4 6, LU0 G 19,
where
0, =1,
fr=-m?>+3m?—3m
. 1.14
A =-—=2m(m—1) (=)™ (1.14)
b= m (m— 1) ()
and
=i
Bo=1im?—m—1
m_1)"" 1.15
Ao =—1 (m—1)(m+1) (m—ﬁ) , (1.15)
—2m
o = ym (m — 1) (2—;%) .

The above-mentioned methods have been proven to be competitive to
Newton’s method in their performance and efficiency. There are, how-
ever, not yet many methods known in the literature that can handle the
case of multiple roots, see [I7]. Motivated and inspired by the recent
activities in this direction, in this paper we present two new families of
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third-order and fourth-order methods for finding multiple roots of non-
linear equations. Each of them requires one evaluation of the function
and two of its first derivative per iteration.

2. DEVELOPMENT OF METHODS AND CONVERGENCE ANALYSIS

Now, we consider the following iteration scheme:
Yn = QSZ(:L‘TM 9)5
Tnt = oo — H(&) H2), i =1,2

n

(2.1)

where &, = ]{:Egzg , H(t) represents a real-valued function and ¢;(z, 0), i =

1,2 are the second-order iteration functions known in the literature(for
6 = 1), which are given as follows.

f(z)f'(z)
f2(z) + f2(z)
do(2,0) =2 — 0 ,(( )) (2.3)

(2.3) is Newton’s iteration function and ([2.2)) the iteration function de-
rived in [§].

¢1(z,0) =z — 9 (2.2)

2.1. New third-order schemes free of second derivatives. For
simplicity, we define

we consider the following iteration functions

{ Yn = ¢1(3§'n,0),

Tn4+1 = Tn — (fn)f (g;n)

(2.5)
We can state the following convergence theorems for the two-step method
defined by ([2.5)).

Theorem 2.1. Let o € I be a multiple root of multiplicity m of suf-
ficiently differentiable function f : I — R for an open interval I and
H(t) be a real-valued function as follows

H; (t) =a1 + bit (2.6)
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If x¢ s sufficiently close to «, then the method defined by has

third-order convergence, when

 om(=6*(m+1)+0m+m?)
W T g0 mr1) —2m) 27)

0 m ()
b = 00 (m+1)—2m)’ (28)

and satisfy the error equation
ent1 = [x1(m, 0) A + v1(m,0) Aslel + Oley,), (2.9)
where e, = x, — a and A1, As are defined in and

1 2w’ —6mP+ (m’ +9m? +6m) 0
xa(m,6) =3 (=2m +0(m + 1)) (m +1)* (m — 0) m?
L (2w oam—g)e?
+3 (C2m 1 8(m 1 1) (m £ 2 (m — ) m? (2.10)

o 2mP+ (—mP —4m) 0+ (m+2)6°
m8) = o o m 1) (m+ DmE (m + 2) (2.11)

2m
for any 0 € R and 6 # m, 7.

Proof. Let a € R be a multiple root of multiplicity m of a sufficiently
smooth function f(z), e, = x,, — «a and é,, = y,, — a, where y,, is defined
in (2.5). Using the Taylor expansion of f(z,), f'(zn) and f'(y,) about
a, we have

(m)
flzy) = / mfa) e[l + Crey, + Coe? + Czed + Cyuet +0(ed)), (2.12)
' f(m) (@) 2 3 4 5
f (.%'n) = men [1 + Dlen + D2€n + D3€n + D4€n + O(en)]7 (213)
' f(m)(a) sm—1 5 52 53 4 55
f'(yn) = (m—1)n [L+ Dién + Daéy, + D3éy, + Daéy, + O(6)], (2.14)
where th = (mL+!j)!Aj and D; = %Aj. From (2.12) and (2.13)), we
can ge
f(@n) en 2 2

—|—(Cg — D3+ (D1 — Cl)DQ + (D2 —Co+C1Dq1 — D%)Dﬁei + O(ei)] (215)
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flan)f(@n) Di+Ci D1\ ,
(o) + f2(am) *( m 2m>"

TL

m
D1 + C1)D1

m

1
m
( 2+C1D1+Cg D12+2D2—|—m*2
2

Jen® + O (e) (2.16)

So, from we have
s f(xn)f/(xn)
= B ) + P2 (an)

= dpey, + die2 + dael + dzeh + O(ed) (2.17)

where

dy = n

0 (D —-C
g - D= C)
m
- 0 (D2m2 + mzchl — m2C2 — D12m2 + 1)
dy = 3
de — 0 (*ngz + m203 — m201D2 — mQCng)
3 — m3
0 (2D1Dym? — 3Cy — D1*m? + 3 Dy 4+ C1D1*m?)
_ —
By substituting (2.17)) into (2.14)) , we can get
/ f(m)<a) m—1 5 52 53 4 55

f'(yn) = men A[l + D1é,, + Daé;, + Dsé;, + Dyé, + O(é,)], (2.18)
where

A = (do + dre} + doe? + dzed + O(ed))™

_ _ -1 _ _
=d" 7+ (m = 1)d] dren, + {< m2 ) A3y + (m — 1)dad *}e?
-1 _ _
+ {2 ( m2 ) ddad? =3 + (m — 1)dd >

+ ( mo )d%dgl—‘l}ei +0(eh). (2.19)

Dividing (2.14)) by (2.13 , we have
£, = f! (yn)
[ (@)

0 (L™ 2Dy (1 — 1) 4 pm=2 —1))en
:um_l— (,u 1(“ m+ )"’_/J/ Cl(m ))6 +O(€%)

" (2.20)
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Now from (2.5)), (2.6, (2.15) and (2.20]) we have

Tn
ot = en = Hi(6n) 7% = Kre, o+ Kach + Kach + O(eh), (221)
where
o b m—1
K= -t aln:“ . (2.22)
b2 (Om — 0 — pm — pf — pmb) — aym) A
K2 _ _( 14 ( m nm H nm ) alm) 1 (223)

m3 (m+1)

Before we list K3, we choose a1 and by to annihilate the coefficients K
and K5, so we have
m (—6%(m+ 1) + 6m + m?)
6 (0 (m+1)—2m) ’
— 0V (m=t)
by = M (%) , (2.25)
6 (0 (m+1)—2m)

By substituting (2.24]) and (2.25)) into K3, we get

ay (2.24)

Kg = X1 (m, Q)A% + 1/11 (m, 9)./42, (2.26)
where
1 —2m3—6m2+(m3+9m2+6m)9
Xl(m’e)zf 2
2(=2m+60(m+1))(m+1)*(m—0)m?
1 —2m? —4m — 2) 62
4= (-2m* —4m )2 (2.27)
2(=2m+6(m+1))(m+1)"(m—0)m?

B 2m? + (—m? —4m) 6 + (m + 2) 62
b)) = T 1) (m £ D mZ(m 1 9) (2.28)

and 0 # m, Ts—f':l Therefore, we have

ent1 = [x1(m,0) AT + 1 (m, 0) Asled + O(el), (2.29)

which indicates that the order of convergence of the methods defined by
(2.5) is at least three. This completes the proof.

Theorem 2.2. Let o € I be a multiple root of multiplicity m of suf-
ficiently differentiable function f : I — R for an open interval I and
Hs(t) be a real-valued function as follows

1

Hs(t) = .
2() ag + bot

(2.30)
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If x¢ s sufficiently close to «, then the method defined by has

third-order convergence, when

m? —30m+ (m+ 1) 6>
= 2.31
2 mé (0 (m+1) —2m) (2:31)
— )2 (m=t\""
by = MmO () (2.32)
ml (0 (m+1) —2m)
and satisfy the error equation
ent1 = [x2(m, 0) A} + 1o (m, 0) Agle) + O(ey,), (2.33)
where e, = T, — a and A1, As are defined in and
1 —2m? = 2m+ (m*+7m) 0 + (—2m — 2) 6
2 m(@m—2m+0) (m+1)* (m—0)
2m? + (—m? —4m) 0 + (m +2)6?
a(m,0) = ( ) ( 5 ) (2.35)
(=2m+0(m+1)) (m+1)m2(m+2)
for any 0 € R and&#m,ﬁ—i‘l.
Proof. The proof method is similar to the Theorem [2.1]s, it’s easy
so omit.

x2(m,0) = , (2.34)

Theorem 2.3. Let o € I be a multiple root of multiplicity m of suf-
ficiently differentiable function f : 1 — R for an open interval I and
Hs(t) be a real-valued function as follows

agt
1+ b3t
If xy is sufficiently close to «, then the method defined by has

third-order convergence, when

0 (m—1)("=0)"" (m?0 —2m> +2m —0)

Ha(t) =1+

(2.36)

= " . (2.37)
m=0)"" (m® + m20 — 6?°m? — 20m + 62
by = m)  (mim o 2im ) (2s8)
m
and satisfy the error equation
ent1 = [x3(m, 0) A7 + 3(m, 0) Asle;, + O(ey), (2.39)
where e, = &, — a and Ay, As are defined in and
1 n(m, 0)
xs(m,0) = 5 Y7 5 . (2.40)
2m+1)"(m—0)m3(0m2—-2m2+2m —0)

_ 2m? + (—m? —4m) 6 + (m + 2) 6°
Ya(m.6) = T T 1) (mF D mE (m £ 2) (241)
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n(m,0) = —2m’ 4+ 6m> + (m5 —m3 — 14m2—|—6m4)9
+ (—8m3 —2m4+4m2+10m) 62 + (2m3+2m2 —2m—2) 63
(2.42)

2m
for any 6 € R and 6 # m, =%

Proof. The proof is similar to that of Theorem [2.]s, so it’s omitted.

2.2. New fourth-order schemes free of second derivatives. Now
we consider the following iteration functions

{ Yn = d2(2n,0), (2.43)
Tnt1 = zn — H(&) J]fr/((iz))a .

We can state the following convergence theorems for the two-step method

defined by ([2.43)).

Theorem 2.4. Let o € I be a multiple root of multiplicity m of suf-
ficiently differentiable function f : 1 — R for an open interval I and
Hy(t) be a real-valued function as follows

t2
H4(t) = a4 + byt + 045. (2.44)

If xg is sufficiently close to «, then the method defined by has
fourth-order convergence, when

2m

b = ——— 2.45
m+2 ( )
1
as = gm(m3+6m?+8m+8), (2.46)
by = —imdmas) (T - (2.47)
4 m+ 2 ’
1 m —2m
4
= = —_— 2.4
“ 1" <m ¥ 2) (2.48)
and satisfy the error equation
ent1 = Kaeh +0(ed), (2.49)
where e, = x, — a and the error constant K4 is given by
Im*+2md3+2m?2 —2m+12 4 A Ay
K4 = = 3 Al - 2
3 (m+1)°mb m(m+2)(m+1)
A
+ s (2.50)

(m=+3)(m+23m+1)
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Proof. From ({2.15) and (2.43) we have

= €y — 9;/((9;”)) = poen + pre2 + paed + paet + 0(ed), (2.51)
where
0(Cy — D
[ _NG =Dy 1), (2.53)
m
6(Cy — Dy + D? — C1D
o HCDADICD)
B 0(C3 — D3+ (D1 — C1) Do
p3 = -
m
9(Dy — Cy + C1Dy — D?)D
_ ( 2 2+ C1D 1) 1)' (255)
m
and
/ M) L, - ~2 -3 -4 55
filyn) = (m=1)l 1)'en [1+ Dié, + Dqé, + Dsé;, + Dyé, + O(€,)], (2.56)
By substituting (2.51]) into (2.56)) , we can get
' _ f(m)(a) m—1 ~ ~2 ~3 ~4 ~5
I yn) = =) 1)'en A[l + Dié,, + Daé;, + Dsé, + Dyé,, + O(é,)], (2.57)
where

A = (po + pre}, + paeZ + psed + O(en))™

_ _ m—1 -
=pg "+ (m = Dpg’ 2p1€n+{< 9 >p?p6” ’
m—2,.2 m—1 m—3 m—2
+ (m — Dpapg" ey, +{2 < 9 > pip2pg " + (m — 1)pspg

-1 m—
£ ) st 4 oleh) (2.59)

Now from ([2.15)), (2.20)), (2.43) and ([2.44) we have

f(zn)
f'(wn)

eni1 = en — Hy(&) = Kien + Kae2 + Kzel + Kyer + O(e2),  (2.59)

where

1
Ky = —— (2a4 + 2byp™ ! + c4p®™ 7% — 2m) (2.60)
2m
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Mm—19m+ﬂm—19 _ Mm—29m _|_'um—29+'um—lm

K, = b
2 {(m+1)m2a4+ (m+1)m3 4
1 2M2m—29m + 2,u2m—29 _ 2Iu2m—39m + 2M2m—39 + uZm—Qm
- . ca} Ay
2 (m+1)m
(2.61)
Before we list K3, we choose a4 and by to annihilate the coefficients K4
and K>, so we have
1
a4 = — 0 ((m—1)2" 22— (m+1Du?2™ YHe
=gy (= D )
+(=2pm?®+ (2m* —2pum® —2m — 2mpu) 0} (2.62)
1
by = — m?p?™ + (O((m + D™ + (1 —m)p™ ey}, (2.63
4 (u—m+mu+1)9{ I (0(( ™+ ( )™ e}, (2.63)
By substituting (2.62) and (2.63)) into K3, we get
0
Kg _ . (;01( ,m,04) A%
2 (m+1)"mdu (—m+pu+mp+1)
@2(9)m)
+ As, 2.64
mZ(m+1)(m+2) (—m+ptmp+1) > (2:64)
02 (W™)? (u+ 1 +mp —m)?
or(O.m, cq) = — (L™)” (u . p—m) ‘o
+ m? (2;u9— 2um20 + 2mu — 2 pm? + 4 u*m?
+ 4 p*m +m20 —3mb 426 (2.65)
w2(8,m)=p (—2m+6m+20). (2.66)
Now we choose 6 and ¢4 to annihilate the coefficients (0, m,c4) and
w2(0,m) in K3, so we can get
2m
f=— 2.67
m+ 2 ( )
and
Lp(—m 7" (2.68)
cu=-m"|—— .
YT m+ 2
By substituting (2.67) and (2.68)) into (??) and (2.63)), we get
1
ar = gm (m® +6m* + 8m + 8) (2.69)

by = —im‘“’ (3+m) (mﬁ»_m (2.70)
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Substituting (2.67))-(2.70) into (2.59)), we can get the error equation

ent1 = Kael +0(ed), (2.71)
where
Imt+2m3+2m? —2m+12 4 A1 Ay
Kq=3 3 Ay - 2
3 (m+1)°md m(m+2) (m+1)
mAs

* (m=+3)(m+2)>m+1) (2.72)

which indicates that the order of convergence of the methods defined by
(2.43) is at least four. This completes the proof.

Theorem 2.5. Let o € I be a multiple root of multiplicity m of suf-
ficiently differentiable function f : I — R for an open interval I and
Hs(t) be a real-valued function as follows

1
as + b5t + C5t2 '
If xo is sufficiently close to «, then the method defined by has

fourth-order convergence, when

Hs(t) = (2.73)

2m
0 = —— 2.74
m+2 ( )
1 m*+2m3 —8m? —16m + 16
= — 2.75
as 16 m ) ( )
1 m -m
bs = —<(——= 26 2.76
s = 5 (og) mlo). (2.76)
-2
5 = 1 m? (m — 2) _m (2.77)
16 m—+2
and satisfy the error equation
ent1 = Kqet +0(ed), (2.78)
where e, = x, — a and the error constant K4 is given by
g tmt2mi +hm? —14m 412 A1 A
E (m+ 1) md om(m+2) (m+1)?
mA3

* (m+3)(m+2)>(m+1) (2.79)

Proof. The proof is similar to that of Theorem [2.4]s, so it’s omitted.

Theorem 2.6. Let o € I be a multiple root of multiplicity m of suf-
ficiently differentiable function f : 1 — R for an open interval I and
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Hg(t) be a real-valued function as follows

ag + bgt

Hg(t) = . 2.80

o) = T et (280)
If xg is sufficiently close to «, then the method defined by has
fourth-order convergence, when

2m
0P = —— 2.81
m+ 2 ( )
1
ag = —§m2, (2.82)
by = m _m( 2) (2.83)
6 — 2m - 9 m N .
m —m
= ——— 2.84
o (m + 2) ( )
and satisfy the error equation
ent1 = Kael +0(ed), (2.85)
where e, = x, — a and the error constant K4 is given by
K_1m3—|—2m2+2m—2 3 A1 Ay
T3 ()Pt Yom(m+2) (m+1)?
A
n . : (2.86)
(m+3)(m+2)°(m+1)

Proof. The proof is similar to that of Theorem [2.4]s, so it’s omitted.
Theorem 2.7. Let a € I be a multiple root of multiplicity m of suf-
ficiently differentiable function f : 1 — R for an open interval I and
H7(t) be a real-valued function as follows

t + brt?
Ho(t) = o (2.87)

cr+t
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If xg is sufficiently close to «, then the method defined by has

fourth-order convergence, when

2m
0 = — (2.88)
1 (m5 +2mt+2m? —4m? — 16) (ml_ﬂ)m
ar = ] . P , (2.89)
-m
by = — 1<’”L“> m (m” —2m +2) (2.90)
4 m+ 3
(miw)m (m*+3m? +2m? —4m +4)
cr Y (2.91)
and satisfy the error equation
ent1 = Kaeh +0(ed), (2.92)
where e, = x, — a and the error constant K4 is given by
~1mT+4m® +8m° +4m' —4m? —20m2+28m—24A3
R (m+1)>m5 (2m +m3 4+ 2m?2 — 2) !
A A, mA3
A mA1)  mad) mi2Pmal) 20

Proof. The proof is similar to that of Theorem [2.4]s, so it’s omitted.

Remark 2.8. From Theorem ([2.6) we can see the method defined by
(2.43]) with Hg(t) is the equivalent to the method ([1.11]).

Remark 2.9. Any method of the family uses three evaluations per
iteration, and has fourth-order convergence with conditions of Theorem
24277 which accord with the conjecture of Kung-Traub that a multi-
point iteration without memory based on n evaluations achieves optimal
convergence order 2" ! for n = 3.

Remark 2.10. Per iteration the presented method requires one evaluation
of the function, two of its first derivative. We consider the definition of
efficiency index [24] as pi, where p is the order of the method and
w is the number of function evaluations per iteration required by the
method. If we assume that all the evaluations have the same cost as
function one, we have that the presented method has the efficiency index
I = /4 ~ 1.587, which is better than I = Y2 ~ 1.414 of Newtons
method, I = /3 ~ 1.442 of third-order methods , , ,
and and I = v/4 ~ 1.414 of the fourth-order methods proposed in
[9, 13}, [18].
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3. NUMERICAL EXAMPLES

In this section, some numerical test of some various multiple-root-
finding methods as well as our new methods and Newton’s method are
presented. All computations were done using the MAPLE 13 with 128
digit floating point arithmetics(Digits: = 128).We use the following func-
tions, which have also been considered in [2, 14, [17].

fi(z) = (2% +422-10)3, m = 3, 7, = 1.3652300134140968457608068290,

fo(x) = (Sln T—T —|—1) =2, z, = 1.4044916482153412260350868178,
f3(z) = (22 —e*—3242)°, m = 5, z, = 0.25753028543986076045536730494,
falz) = (COSJ) l‘) =3, z. = 0.73908513321516064165531208767,
f5(x) = (aze —sin? z4+3 cos z+5)1, m = 4,

—1.2076478271309189270094167584,
fo(z) = (sinx—g)Q, m =2, z, = 1.8954942670339809471440357381,

We present some numerical test results for various cubically conver-
gent iterative schemes in Table [I Compared were the Newton method
(1.1)(NM), the method of Halley-like method ([1.3)) (HM),Osada’s method
(1.4) (OM), Euler-Chebyshev method (ECM), Dong’s method
(DM) and the methods with Hy(t) and 6 = —1 (PM1), (2.5 with
Hy(t) and 6 = —1 (PM2) and with Ha(t) and § = —1 (PM3),
respectively, introduced in the present contribution.

Table[1]shows the number of iterations (IT) required such that | f(z,)| <
10732, the number of function evaluations(NFE) and the values of | f(x,,)].
The test results in Table[I| show that for most of the functions we tested,
the methods introduced in the present presentation have at least equal
performance compared to the other third-order methods, and can also
compete with Newtons method.

We also present some numerical test results for various quartically con-
vergent iterative schemes in Table[2] Compared were Newton’s method
1.1)(NM), Neta method (NEM)(with b = 0), Li et al’s method
1.12)(LM), Heydari et al’s method and (HEM1), Heydari
et al’s method and (HEM2) and the methods with
Hy(t) (PM4), (2.43) with Hs(t) (PM5), with Hg(t) (PM6) and
(2.43) with H7(t) (PM7), respectively, introduced in the present contri-
bution. We used the same test functions as in the test for the above
cubically convergent methods.

Table [2| shows the number of iterations required such that |f(z,)| <
10~% and the number of function evaluations (NFEs) after required it-
erations in parentheses.
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TABLE 1. Comparison of various third-order convergent
iterative methods and Newton’s method (’div’ means di-
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vergent)
IT NFE [ (@n)] IT NFE [ (@n)]
f1 (CL‘), o = —-0.4 f1 (SL‘), Xo = 3.0
NM 167 334 6.86e-63 6 12 6.11e-56
HM 92 276 5.87e-92 4 12 1.08e-81
oM 11 33 2.43e-38 4 12 1.30e-46
ECM 7 21 5.81e-97 4 12 1.79e-57
DM 28 84 1.40e-98 4 12 1.28e-84
PM1 4 12 1.36e-46 4 12 3.43e-48
PM2 24 72 6.21e-46 4 12 4.86e-61
PM3 10 30 1.68e-52 4 12 1.37e-55
fg(x),mo =1.2 fz(x),:L‘o =20
NM 5 10 6.61e-47 6 12 5.12e-64
HM 3 9 1.49e-42 4 12 7.43e-77
oM 4 12 5.78e-46 4 12 3.54e-51
ECM 4 12 4.55e-92 4 12 1.53e-63
DM 3 9 1.08e-45 4 12 5.54e-85
PM1 3 9 1.21e-33 4 12 1.13e-58
PM2 3 9 3.36e-50 4 12 4.33e-69
PM3 3 9 1.38e-45 4 12 9.94e-67
f3(13),l‘0 =-1.0 fg(lt),l,‘o =25
NM 4 8 1.19e-59 5 10 1.12e-71
HM 2 6 5.24e-35 3 9 3.44e-50
oM 3 9 2.18e-85 4 12 5.59%e-101
ECM 3 9 4.89e-89 3 9 9.27e-35
DM 2 6 2.32e-35 3 9 1.33e-59
PM1 3 9 5.28e-88 3 9 8.77e-41
PM2 3 9 2.81e-86 3 9 1.18e-62
PM3 3 9 2.99e-90 3 9 7.41e-81
f4($C),.T0 =0.2 f4($),$0 =25
NM 5 10 1.59e-76 5 10 2.79e-51
HM 3 9 1.85e-54 4 12 3.17e-71
oM 4 12 9.41e-97 div
ECM 3 9 7.67e-42 4 12 2.25e-48
DM 3 9 1.41e-59 4 12 6.86e-90
PM1 3 9 1.93e-39 4 12 1.90e-40
PM2 3 9 4.01e-51 4 12 4.37e-62
PM3 3 9 1.02e-46 4 12 6.05e-55
f5(x), o = —2.0 f5(z),zo = —0.5
NM 7 14 5.61e-37 9 18 4.62e-53
HM 4 12 1.61e-61 3 9 3.50e-46
oM 5 15 5.10e-45 div
ECM 5 15 3.21e-64 div
DM 4 12 2.45e-52 3 9 1.50e-40
PM1 5 15 1.99e-84 div
PM2 4 12 1.58e-86 3 9 1.95e-36
PM3 4 12 2.45e-74 3 9 1.81e-61
f@(w),mo =1.6 f@(x),xo =25
NM 5 10 1.26e-43 5 10 1.70e-40
HM 3 9 1.12e-35 4 12 4.51e-88
oM 7 21 6.41e-84 4 12 4.41e-66
ECM 4 12 3.18e-72 4 12 1.61e-77
DM 3 9 6.79e-41 3 9 2.46e-33
PM1 4 12 3.42e-76 4 12 8.66e-68
PM2 3 9 6.56e-38 4 12 4.17e-74
PM3 3 9 2.92e-35 4 12 8.04e-73
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TABLE 2. The number of iterations and NFEs.

Fx) o NM  NEM HEMI HEM2 LM PM4 PM5 PM6 PM7
fi wo=10 6(12) 4(16) 3(12) 3(12) 3(9) 3(9) 3(9)  3(9) 3(9)
zo=30  7(14) 4(16) 4(16) 4(16) 4(12) 4(12) 4(12) 4(12) 4(12)
fo mo=12 6(12) 4(16) 3(12) 3(12) 3(9) 3(9) 3(9)  3(9) 3(9)
zo=35 7(14) 4(16) 4(16) 4(16) 4(12) 4(12) 4(12) 4(12) 4(12)
fs  wo=-10 5(10) 3(12) 3(12) 2(8)  2(6) 2(6) 3(9)  2(6) 2(6)
zo =45  7(14) 4(16) 4(16) 4(16) 4(12) 4(12) 4(12) 4(12) 4(12)
fi wo=17 5(10) 3(12) 3(12) 3(12) 3(9) 3(9) 3(9)  3(9) 3(9)
zo=25  6(12) 23(92) 4(16) 3(12) 4(12) 4(12) 4(12) 4(12) 4(12)
fs  mo=—35 17(34) 10(40) 10(40) 9(36) 9(27) 9(27) 10(30) 9(27) 9(27)
zo=-25 11(22) 6(24) 6(24) 6(24) 6(18) 6(18) 6(18) 6(18) 6(18)
fo  wo=17 6(12) 3(12) 3(12) 3(12) 3(9) 3(9) 3(9)  3(9) 3(9)
z0=20 5(10) 3(12) 3(12) 3(12) 3(9) 3(9) 3(9)  3(9) 3(9)

The results presented in Table [2] show that for the considered test func-
tions and considered initial guesses the proposed fourth-order methods
converge more rapidly than Newton’s method and require the less num-
ber of function evaluations, so that they can compete with Newton’s
method. Furthermore, for most of the functions we tested, the new
methods have at least equal performance when compared to the other
well-known classical methods of the same order.

4. CONCLUSION

In this work, we have suggested two new family of third-order and
fourth-order methods for finding multiple roots of nonlinear equations.
The presented methods are compared in their performance with var-
ious cubically and quartically convergent iteration methods, and it is
observed that they have at least equal performance. The result pre-
sented in this work can be continuously applied to developing the other
cubically and quartically convergent iterative schemes.
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