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Abstract. In this paper, we study a class of boundary value prob-

lem involving the p-Laplacian oprator and singular nonlinearities.

We analyze the existence of a critical parameter λ∗ such that the

problem has at least one solution for λ ∈ (0, λ∗) but no solution for

λ > λ∗. We find lower bounds of a critical parameter λ∗. We use

the method of sub-supersolution to establish our results.
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1. INTRODUCTION

We consider the following boundary value problem{
−4pu = λf(x)

(M−u)β
, in Ω,

u = 0, on ∂Ω,
(1.1)

where λ and β are positive parameters, Ω is a bounded domain in RN ,
N > 1 with 0 < u < M , M > 1, f ∈ C(Ω̄) is a nonnegative function
and ∆pu := div(|∇u|p−2∇u) is the p-Laplacian oprator. We are inter-

ested in the study of positive solution to (1.1) in the space W 1,p
0 (Ω). We
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will use the method of sub-supersolution to establish our results.
We define ψ ∈ W 1,p(Ω) ∩ C(Ω̄) to be a subsolution of (1.1) if:∫

Ω
|∇ψ|p−2∇ψ∇h ≤ λ

∫
Ω

λf(x)

(M − u)β
h,∀h ∈ C∞0 (Ω̄), h ≥ 0,

and

ψ ≤ 0 on ∂Ω,

and z ∈ W 1,p(Ω) ∩ C(Ω̄) to be a supersolution of (1.1) if:∫
Ω
|∇z|p−2∇z∇h ≥ λ

∫
Ω

λf(x)

(M − u)β
h,∀h ∈ C∞0 (Ω̄), h ≥ 0,

and

z ≥ 0 on ∂Ω.

Then the following result holds:

Lemma 1.1. ([4]). Suppose there exists a subsolution ψ and superso-
lution z of (1.1) such that ψ ≤ z; then there exists a solution of (1.1)
such that ψ ≤ u ≤ z.

In this work, we first show that there exists a critical parameter
λ∗ = λ∗(Ω, β, f) such that (1.1) has at least one solution for λ ∈ (0, λ∗)
but no solution for λ > λ∗. Secondly, we establish lower bounds of crit-
ical parameter λ∗.
Also we extend some results of [9]. In the case p = 2, β = 2, M = 1
such results were established by Ghoussoub and Guo in [3,4,5]. This
equation models a simple electrostatic Micro Electro Mechanical Sys-
tems (MEMS) device consisting of a thin dielectric elastic membrane
with boundary supported at a below a rigid plate located at +1. When
a voltage (represented by λ) is applied, the membrane deflects towards
the ceiling plate and a snap-through may occur when it exceeds a certain
critical value λ∗(pull in voltage).This creates a so- called pull- in insta-
bility, which greatly affects the design of many devices (see[8]). MEMS
devices have therefore become key components of many commercial sys-
tems, including accelerometers for airbag deployment in automobiles ink
jet printer heads, optical switches, chemical sensors, and so on. Relative
research on this model are also discussed in [2,6,7,9].
It is often convenient to take change of variable ν = M−u in considering
problem(1.1). Then we have to arrive the following problem
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 4pν = λf(x)
νβ

, in Ω,
0 < ν < M, in Ω,
ν = M, on ∂Ω.

(1.2)

Definition 1.2. A weak solution of problem (1.1) is a function u ∈ W 1,p
0 (Ω)

satisfying 0 < u < M(a.e) in Ω and,∫
Ω |∇u|

p−2∇u∇φdx =
∫

Ω
λf(x)

(M−u)β
φdx,∀φ ∈ W 1,p(Ω). (1.3)

It is easy to see that if (1.1) has a weak solution, then taking φ = u
in (1.3), we get

+∞ >
∫

Ω |∇u|
p =

∫
Ω

λf(x)
(M−u)β

u ≥ λ
∫

Ω
f(x)
Mβ u.

Therefore we see that the problem (1.1) has no solution for the large λ.

2. CRITICAL PARAMETER

In this section, we establish the existence for critical parameter λ∗,
which is defined as
λ∗(Ω, β, f) = sup{λ >
0; the problem (1.1) possesses atleast on solution}. (2.1)

For any bounded domain Γ in RN , we denote by µΓ the first eigenvalue
of −4p on W 1,p

0 (Ω) and by ψΓ the corresponding positive eigenfunction
normalized with supx∈ΩψΓ = M . We also associate with any domain Ω
in RN the following parameter
υΩ = sup{µΓH(infψΓ); Γ is bounded domain of RN ,Γ ⊃ Ω̄}, (2.2)
where H is the function

H(t) =
Mβ+p−1(M

p−1
β − t

p−1
β ) p−1((M − 1)M

p−1
β + (1− t)t

p−1
β )β

(M
p−1+β
β − t

p−1+β
β )β+p−1

.

Theorem 2.1. Suppose that λ∗ is defined in (2.1). Then there exists a
finite critical parameter λ∗ = λ∗(Ω, β, f) > 0 such that
1. If λ < λ∗, there exists at least one solution for (1.1);
2. If λ > λ∗, there is no solution for (1.1) .
Moreover, with υΩ defined by (2.2), we can estimate λ∗ by the lower
bound

υΩ

supx∈Ω f(x)
≤ λ∗.



162 S. Khademloo, F. Yosefzade

Proof. We need to show that (1.1) has at least one solution when λ <
υΩ

supx∈Ω f(x) . It is clear u = 0 is a subsolution of (1.1) for all λ > 0.

To constract a supersolution, to consider a bouned domain Γ ⊃ Ω̄ with
smooth boundary, and to let (µΓ, ψΓ) be its first the eigenpair normal-
ized in such way that
supx∈ΓψΓ(x) = M and infx∈ΩψΓ(x) = s1 > 0.
Now we have :
0 < s1 = infx∈ΩψΓ(x) < supx∈ΩψΓ(x) < supx∈ΓψΓ(x) = M .
We construct a supersolution in from ψ = AψΓ where A is a scalar to be
chosen later. First, we must have AψΓ ≥ 0 on ∂Ω and 0 < M−AψΓ < M
in Ω, which requires that 0 < A < 1.
We also require

−4pψ −
λf(x)

(M − ψ)β
≥ 0 in Ω.

In this case we have

µΓAψΓ|AψΓ|p−2 ≥ λf(x)

(M −AψΓ)β
in Ω,

or

λsupx∈Ωf(x) ≤ |AψΓ|p−2µΓAψΓ(µ−AψΓ)β,

or

λsupx∈Γf(x) ≤ AP−1ψp−1
Γ (M −AψΓ)β,

or

λsupx∈Ωf(x) ≤ µΓ(AψΓ)p−1(M −AψΓ)β,

or

λsupx∈Ωf(x) ≤ β(A,Γ) := µΓinf{g(As); s ∈ [s1, 1]},

where g(s) = sp−1(M − 1)β.
By Theorem 2.1 we know that problem (1.1) has a weak solution and λ∗

exists. For λ∗ by 2.1 there holds λ∗ ≥ sup{β(A,Γ); 0 < A < M,Γ ⊃ Ω̄}.
Hence in oder to prove 2.1 , it shows υΩ = sup{β(A,Γ); 0 < A < M,Γ ⊃
Ω̄}.
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For that, we first note infg(As) = min{g(As1), g(AM)}.
We also have that g(As1) ≤ g(AM) if and only if 0 < A < A1 with A1

satisfying (p−1)M
p−1+β ≤ A1 ≤ (p−1)M

p−1+β s1, A1 :=
M

p−1+β
β −Ms

p−1
β

1

M
p−1+β
β −s

p−1+β
β

1

.

Therefore, we get that

G(A) = infs∈[s1,1]g(As) =

{
g(As1) g(As1) ≤ g(AM) 0 ≤ A ≤ A1,
g(AM) g(AM) ≤ g(As1) A1 ≤ A ≤ 1.

We now have that dG
dA = g′(As1)s1 ≥ 0 for all 0 ≤ A ≤ A1 and since

A1 ≤ A ≤ M, (p−1)M
(p−1+β) ≤ A1, we have dG

dA = Mg′(AM) ≤ 0, for all

A1 ≤ A ≤ 1. It follows that
sup0<A<M infs∈[s1,1]g(As) = sup0<A<MG(A) = G(A1) = g(A1)

= (
M

p−1+β
β −Ms

p−1
β

1

M
p−1+β
β −s

p−1+β
β

1

)p−1

(M−M
p−1+β
β −Ms

p−1
β

1

M
p−1+β
β −s

p−1+β
β

1

)β =
Mβ+P−1(M

p−1
β −s

p−1
β

1 )p−1((M−1)M
p−1
β +(1−s1)s

p−1
β

1 )β

(M
p−1+β
β −s

p−1+β
β

1 )β+p−1

.

Therefore

sup0<A<M infs∈[s1,1]g(As) = HΩ(infψΓ),

and therefore

sup β(A,Γ) = µΓH(s1),

which proves our lower estimate.
We know that λ∗ is positive, pick λ ∈ (0, λ∗) and use the difinition of λ∗

to find λ̂ ∈ (λ, λ∗) such that (1.1) has a solution uλ̂, i.e,

−4uλ̂ = λ̂f(x)
(M−uλ̂)β

, x ∈ Ω, uλ̂ = 0, x ∈ ∂Ω.

And in particular −4uλ̂ ≥
λ̂f(x)

(M−uλ̂)β
, x ∈ Ω witch then implies that uλ̂

is a supersolution of (1.1) for every λ ∈ (0, λ∗).
The difinition of λ∗ in (2.1) implies that there is no solution of (1.1) for
every λ > λ∗. �

3. LOWER BOUNDS OF CRITICAL PARAMETER λ∗

Generally it is difficult to find out a proper Γ for detrmining the value
of υΩ and hence to therefore it is desirable to seek for better lower bound
on λ∗. We proceed this work as follows.
Consider the problem
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−4pu = λf(x)

(M−uβ) , x ∈ Ω,

u = 0, x ∈ ∂Ω,
with 0 < u < M on Γ ⊂ RN , and denote λ∗(Γ) as its critical param-

eter. The following result is similar to Theorem 4.10 of [1].

Proposition 3.1. For any bounded domain Γ in RN and any function
f on Γ such that 0 ≤ f ≤ 1, we have λ∗(Γ, f) ≥ λ∗(BR, f

∗), where
(BR = BR(0)) is the Euclidean ball in RN with radius R > 0 and with
volume |BR| = |Γ|, and where f∗ is the Schwaz symmetrization of f .

Proposition 3.2. Assume that f satisfies 0 ≤ f ≤ 1 on Ω, then critical
parameter λ∗ satisfies

λ∗ ≥ 2(p− 2 +N)ββMβ+1

(β + 1)β+1supx∈Ωf
(
ωN
|Ω|

)
2
N . (3.1)

In patticular, if f(x) = |x|α on Ω with α ≥ 0, then we have the lower
bound

λ∗ ≥ (2 + α)Mβ+1ββ((α+ 1)(p− 2) + (N + α))

(β + 1)β+1
(
ωN
|Ω|

)
2+α
N (3.2)

Proof. setting R = ( |Ω|ωN
)

2
N , it suffies-inview of proposition (3.1) and since

supBRf
∗ = supΩf to show that

λ∗ ≥ (p− 2 +N)ββMβ+1

(β + 1)β+1R2supx∈Ωf
. (3.3)

For the case Ω = BR. In fact, the function ω(x) = M
β+1(1− |x|

2

R2 ) satisfies

on BR. It is easy to see ∇ω = − 2M
(β+1)R2x, |∇ω| = 2M

(β+1)R2 |x|.
Therefor

−4pω = (p+N − 2)|x|p−2( 2M
(β+1)R2 )p−1

= (p+N − 2)|x|p−2( 2M
(β+1)R2 )p−1 (M− M

β+1
)β

(M− M
β+1

)β
. (3.4)

Also we have that

(M − M
β+1(1− |x|

2

R2 ))β ≥ (M − M
β+1)β, (3.5)

therefore
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1
(M− M

β+1
)β
≥ 1

(M− M
β+1

(1− |x|
2

R2 ))β
. (3.6)

Also we have

(M − M
β+1)β = Mβββ

(β+1)β
. (3.7)

From (3.5), (3.6) and (3.7)we deduce that

−4pω ≥ (p+N − 2)|x|p−2( 2M
(β+1)R2 )p−1 Mβββ

(β+1)βsupx∈Ωf
f

(M− M
β+1

(1− |x|
2

R2 ))β

= (p+N − 2)|x|p−2( 2M
(β+1)R2 )p−2 2M

(β+1)R2
Mβββ

(β+1)βsupx∈Ωf
f

(M−ω)

= (p+N − 2)|∇ω|p−2 2Mβ+1

(β+1)β+1R2supx∈Ωf
f

(M−ω)β
. (3.8)

Also note that if x ∈ BR(0) then, |x| < R and therefore |x|R < 1.

For M > (β+1)R
2 ,we have

−4pω ≥ 2(p+N−2)Mβ+1ββ

(β+1)β+1R2supx∈Ωf
f

(M−ω)β
. (3.9)

Thus, if

λ ≤ 2(p+N − 2)Mβ+1ββ

(β + 1)β+1R2supx∈Ωf
, (3.10)

then
λf(x)

(M−ω)β
≤ f(x)

(M−ω)β
2(p+N−2)Mβ+1ββ

(β+1)β+1R2supx∈Ωf
≤ −4pω.

Therfore ω is a supersolution of (1.1) in BR. Since ω0 ≡ 0 is a subsolu-
tion of (1.1) and ω0 ≤ ω in BR, there exists a solution of (1.1) in BR.
This proves (3.3) and hence (3.1) follows.

In order of prove (3.2), as above it suffies to note that M
β+1(1 − |x|

2+α

R2+α )

in BR is a supersolution of (1.1) if

λ ≤ Mβ+1ββ(2 + α)((α+ 1)(p− 2) + (N + α))

(β + 1)β+1R2+α
.

This completes the proof of proposition (3.2). �

Remark 3.3. In proposition (3.2) if M → ∞ then λ∗ → ∞, therefore
(1.1) has a solution for λ > λ∗.

References

[1] C. Bandle, Isoperimetric inequalities and applications, in: Monographs and
studies in Mathematics, Pitman, Boston, MA, London, (1980).

[2] P. Esposito, N. Ghoussoub and Y.Guo, Compactness along the first branch
of unstable solutions for an elliptic problem with a singular nonlinearity,
Preprint (2005).

[3] N. Ghoussoub and Y.Guo, On the partial differential equations of electro-
static MEMS devices: stationary case (2005).



166 S. Khademloo, F. Yosefzade

[4] N. Ghoussoub, Y.Guo, On the partial differential equations of electrostatic
MEMS devices II:dynamic case, NODEA Nonlinear Diff. Epns. Appl, 15
(2008) 115-145.

[5] Y. Guo, On the partial differential equations of electrostatic MEMS devices
III: refined touchdown behavior, 244 (2008) 2277-2309.

[6] D.D. Joseph and T.S.Lundgren, Quasilinear Dirichlet problems driven by
positive sources, Arch. Ration. Mech. Anal, 49 (1973) 241-268.

[7] H.C.Nathanson, W.E.Newell, R.A.Wickstrom, J.R.Davis, The resonant gate
transistor, IEEE Trans. Electron. Dev, 14 (1967) 117-133.

[8] J.A.Pelesko,Mathematical modeling of electrostatic MEMS whit tailored
dielectric properties, SIAM J. Appl. Math. 62 (3) (2002) 888-908.

[9] Z.Wang and L.Ruan, On a class of semilinear elliptic problems with singular
nonlinearities, 193 (2007) 89-105.


	1. INTRODUCTION
	2. CRITICAL PARAMETER
	3. LOWER BOUNDS OF CRITICAL PARAMETER 
	References

