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ABSTRACT. In this paper we give new results on the best approxi-
mation in the Hausdorff topological vector space and consider rela-
tionship with orthogonality. Also we determined under what con-
ditions the map Pk s is upper semicontinous.
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1. INTRODUCTION AND PRELIMIARIES

Many authors have studied the concept of best approximation in
normed spaces (see [1-9]) extended some results to semi-normed spaces.
Importance of this paper is for continuous of generalizing concept of the
best approximation of normed space to vector space.

Let X be a Hausdorff topological vector space over a field F' and f is a
function on X. An element kg € K is said to be an f-best approximation
to z in K if

fla—ko) = flo— K) = inf{f(x—F): keK}.
We denote by Pk ¢(x) the collection of all such kg € K. The set K is
said to be f-proximinal if Pk ¢(x) is non-empty for each x € X and f-
Chebyshev if P r(x) is exactly singleton for each z € X.
For z,y € X, z is said to be f-orthogonal to y, L sy, if

f(z) < fx+ ay)
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for every scalar a. Also x is said to be f-orthogonal to K, x1 K, if
xlyy forally € K. Let K be a non-empty close subset of X. We define

Ky={reX: f(z) = fle - K)} = Pgs'({0})

it is clear that gy € Pk ¢(x) if and only if x — g € K. Suppose r > 0
we put

Sr={yeX: fl—y) <r}

We say the set K is f-bounded if there is r > 0 such that f(k) < r
for every k € K.

The set K is said to be f-boundedly compact if for each x € X and
for each r > 0, K (S, is compact.

In this paper, we shall obtain some important results of the f-best
-proximinality subsets of X. Also the relations between the upper semi-
continuity of metric projection Py ; and f-proximinal subsets of X are
discussed.

It is notable that in all of this paper the function f is symmetric func-
tion (i.e. f(—z) = f(x) for all x € X), is invariant (i.e. f(zx +y+ K) =
f(x + K) for every non-empty subset K of X and y € K and z € X)
and continuous.

2. MAIN RESULTS

Let X and Y be two topological vector spaces, then a mapping g : X —
is called upper-semi-continuous if the set

g (A) ={reX: gla)(|A#0}

is close for each close set A in Y.

2Y

Proposition 2.1. Proposition 2.1. Let X be a topological vector
space, and K is a f-proximinal subset of X. Then we have the fol-
lowing statements:

(1) 9o € Pk () if and only if x — go € Kf.

(2) z € KA'f if and only if —x € K}.

(3) x LK then x € Kf and if v € Kf and oK = K then 1 ;K.

(4) Pg ¢(z) is a close also if f fisasublinearfunction then Py ¢(x) is f-
bounded.

(5) If f isaconvezfuncionandK isaconvexset, then Pk f(x) is convex set.
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Proof. (1)

9o € P y(x) < f(xr—g0)=f(z—-K)
< flx—go) = f(z—g0— K)
= m—g()GKf.

reK; & f(@)=flz+K)=mf{f(z+k: ke K}
& f(—z)=if{f(-x—k): ke K}
< f(—z)=if{f(-z+k): -k e K}

& —ITc Kf.
(3) If x LK then f(x) < f(x + ak) for every k € K and so f(x) <
f(z + k) therefore € K. Also clearly if 2 € K; and aK = K then
xJ_fK.
(4) Suppose (gq) is a net in Pk r(x) which go — go. Then f(x — go) =
f(z + K), and therefore f(z — go) = f(x + K) and so gy € Pk, s(x) and

Pg ¢(x) is close.
Suppose f is sublinear. For gy € Pk s(x) we have

flg0) < f(=2 +go) + f(2)) = f(z = go) + f(2) = f(z = K) + f().
If put r = f(x — K) + f(z) then f(go) <r.

—X
—XT

(5) SinceKisconvexthen Ag; — (1 — X)ga for every gi,92 € Pk (),
0 < A <1, then

flx=Ag—(1-XNg2) = fAz—g1)+(1=N(r—g2))

< M@—g+1-Nf(z—g)
= M@+K)+ (1 -\ f(z+ K)
= flz+ K).
Then Ag1 + (1 — N)g2 € Pk f(z). O

Theorem 2.2. Let X be a topological vector space, and K be a f-
proziminal subset of X. Then Pk y is upper semi-continuous if and only

if FF+ Kf is close for every close set F' in K.

Proof. Suppose P s is upper semi-continuous and F' is a close set in K.
We must prove that F' + Kf is close. Suppose {gn} is a net in F' + Kf

which g, — go. Then g, = un + v, such that u, € F and v, € K.
From Proposition 71, we have u, € F'N Pk (uq + va), it follows that

Jgo € {z € X : FN P s(z) # 0},
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therefore go € {x € X : F N Pk ¢(x) # 0}, that is F' N Pk (go) # 0.
Then there is z € F'N Pk f(go). Also from Proposition 271, it follows
that gg— 2z € Kf and z € F, that is gg € F+I€f, and so F+I€f is close.
For the converse, assume that F+ K ¢ is close for every close set F'in K.
We shall prove that Py ¢ is upper semi-continuous. For this, suppose I’
is a close set in K and {g,} is a net in {z € X : FN Pk ¢(x) # 0} which
is converge to go. If choose 2z, € F N Pk (ga), then go € F + Kf and
F+Kf is close. SinceF+Kfisclose,therefore go € F+I€f and gy = z+x
for some z € F and x € Kf. It follows that z € F'N Pk ¢(z + x) and
therefore gg € {x € X : F N Pk ¢(x) # 0}. O

Theorem 2.3. Let K is a f-proriminal subset of a topological vector
space X and Kf is f-boundedly compact. Then have the following state-
ment:

(1) Py, s is upper semi-continuous.

(2) If f is sublinear Pk ¢(x) is compact, for every x € X.

Proof. (1) Suppose F'is a close set in K. Suppose (g4) is a net in F—i—f(f
which g, — go. Since f is continues, it follows that f(go) — f(go). Then
{ga} is f-bounded and g, = uq + v4 for some u, € F and v, € Kf.
Since v, € Ky, it follows that f(va) < f(va +Ua) = f(ga), thus {v,} is
f-bounded. Since K 7 is f-boundedly compact, there is a subnet {vq,},
which is converge to vy € K £ Since Uag — Jo — Vo and F' is close, thus
go—voeFandsogoeF+K’f.

(2) Suppose z € X and {go} is a net in Pk s(x). From Proposition
2, we have © — g, € Kf and since f is sublinear f(z — go) < 2f(x),
therefore there is a subnet {z — ga,} such that is converge to ug € K ¥
Put go = —wuo, then from Proposition P, gy € Pk, f(x). and so Pk f(x)
is compact for every z € X O

Theorem 2.4. Let K is a f-proziminal symmetric (K=-K) convex set

of a topological vector space X. If Kf is a convex set and if f(x) <0
then x = 0. then K is Chebyshev.

Proof. Suppose x € X and g1, 92 € Px ¢(z), then from Proposition P,
T—g1,x—go € Kf. Put g1 = x—g; and go» = r—go and have z = g1+¢; =
go+ go since —gs € K'f and K'f is convex then %(g} —g2) € Kf, also since
K is symmetric —go € K and since K is convex then %(gl —g2) € K, it
follows that g1 — go € If'f N K, then f(g1 —g2) <0 and g1 = go. O

In the following we give good result about f-proximinality. It is no-
table that a set K is w-compact, if for every net k, there is convergence
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subnet.

Theorem 2.5. Let X be a topological vector space, and K be a close
subset of X. If K is w-comact, then K is f-proximinal.

Proof. Suppose z € X, since f(z—K) = inf{f(z—k) : k € K} therefore
Va I(zq) 1 flr—ky) < f(z— K) + é.

Also since K is w-compact there exist subnet kaﬁ such that k:aﬁ —%ko.
Therefore x — ko, —"z — ko. Since f is continous, then f(z — ka,) <
fle — K)+ % and f(z — ko) = liminf f(x — ka,) < f(z — K). Thus
ko € Pk’f(iL'). O
Example 2.6. Let X = R* and K = {(2,9) : y = 2}. Consider
f(x,y) = 22 + 92, then it is clear that Kf ={(z,y) : y=—x}.
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