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EXISTENCE OF POSITIVE SOLUTIONS FOR FOURTH-ORDER BOUNDARY
VALUE PROBLEMS WITH THREE- POINT BOUNDARY CONDITIONS

N. NYAMORADI b+

ABSTRACT. In this work, by employing the Krasnosel'skii fixed point theorem, we
study the existence of positive solutions of a three-point boundary value problem for
the following fourth-order differential equation

u® () — f(t,u(t),u”"(t) =0 0<t<l,

u(0) = u(1) =0, au”(0) — Bu'(0) = 0, u”(1) —au”(n) =0,
whereg > 0,0<n<1,0<an<1,(1—an)+6(1—a) >0.

Keywords: Positive solution, Fourth-order boundary value problem, Three-point bound-
ary conditions, Fixed point theorem.

1. INTRODUCTION

In this paper, we will study the existence of positive solutions of a three-point
boundary value problem for the following fourth-order differential equation

{ u®(t) — f(t,u(t),u"(t)) =0 0<t<1, (1.1)
u(0) = u(1) =0, au”(0) — pu(0) =0, u’(1) — au’(n) =0, '

wheres > 0,0 <n<1,0<an<1,A:=(1—an)+ B(1—a) > 0.

Recently, motivated by the wide application of the BVPs in physical and applied
mathematics, the study of multi-point boundary value problems has received increas-
ing interest. Many approaches, such as the Leray— Schauder continuation theorem,
nonlinear alternatives of Leray—Schauder, fixed-point theorems, and coincidence de-
gree theory, are used to acquire the existence and multiplicity results,| séel[L] 2, 3, 4].
The study of multi-point boundary value problems of linear second-order ordinary dif-
ferential equations was initiated by II'in and Moiseév [5]. Then Gupta [6] studied
three-point boundary value problems of nonlinear ordinary differential equations. The
first work about positive solutions of multi-point boundary value problems is due to
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Ma [7]. In [[7], under the assumption that the nonlinearityfa$ either super-linear or
sub-linear, the existence of at least one positive solution was showed by applying the
Guo-Krasnoselskii’s fixed point theorem. See Liu [8], [Li [9], Yaol[10], Wei and Pang
[11], Zhonga et al. [12] for more information.

Here, by a positive solution* of BVP (1) we mean a solution* of BVP (1) which
satisfiesu* > 0,0 < t < 1. We give the following assumptions:
(H1)3>0,0<n<1,0<a< (< LyandA = (1 - an) + (1 —a) > 0.
(H2) f € C([0,1] x [0,00) x (—00,0],[0.00)) and

0< /1(5 + /)1 — s)ds < +oc.

Inspired and motivated by the works mentioned above, in this work we will consider
the existence of positive solutions to BVP (1). we shall first give a new form of the
solution, and then determine the properties of the Green’s function for associated lin-
ear boundary value problems; finally, by employing the Guo-Krasnosel'skii fixed point
theorem, some sufficient conditions guaranteeing the existence of a positive solution.
The rest of the article is organized as follows: in Section 2, we present some prelim-
inaries and the Guo-Krasnosel'skii fixed point theorem that will be used in Section 3.
The main results and proofs will be given in Section 3. Finally, in Section 4, we shall
give two examples to illustrate our main results.

2. PRELIMINARIES

In this section, we present some notations and preliminary lemmas that will be
used in the proofs of the main results.

Definition 2.1. Let X be a real Banach space. A non-empty closediset X is
called a cone of if it satisfies the following conditions:

Q) x € P, > 0 impliesux € P,

(2)x € P,—x € Pimpliesz = 0.

Let £ = {u € C?0,1];u(0) = u(1) = 0}. Then we have the following lemma:
Lemma2.2.Foru € E, [Julloo < [[t/]|oo < [[1"]| oo, Where||ul|oo = sup;epoq [u(t)]-

thus, E is a Banach space when it is endowed with the nfyafh= ||u” || .
Lemma 2.3.1f Y(¢) € C(]0,1]), then the following boundary value problem

{ y'(t)+Y(t)=0 0<t<1, 2.1)

y(0) — By'(0) =0, y(1) —ay(n) =0,

has a unique solution

y(t) = /0 G(t, 5)Y (s)ds, 2.2)
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where

1 t) + O‘(t - 77))? s < min{tﬂ?};

l—t)+alt—s)(n+p0)), 0<n<s<t<l;
s) +a(s —n)), 0<t<s<n<l

—3), max{t,n} < s.

G(t,s) = (2.3)

[ g g e b

Proof. In fact, if u(t) is a solution of the BVP (2.2), then we may assume that
t
y(t) = —/ (t— $)Y(s)ds + At + B.
0

By the boundary conditions (2.1), we get
A = %{ /0 (1—5)Y(s)ds — a/on(n - S)Y(s)ds},
B = %{ /0 (1—=29)Y(s)ds — a/on(n - S)Y(s)ds},

Therefore, BVP (2.1) has a unigue solution
t

y(t) = — /Ot(t —s)Y(s)ds + Z{ /01(1 —s)Y(s)ds — oz/on(n — S)Y(s)ds}

2 [a-oveis—a [w-oveus)

The proof is complete.

Lemma 2.4.If u € C|0, 1], then the following boundary value problem

w'(t) = —ylt 0<t<l,
{ u((())): o(l) ) 0, (2.4)

has a unique solution
1
ut) = [ Het.su(s)ds (2.5)
0

where

s(l—1t), s<t
H(t’s):{t((l—s;, t<s

Proof. In fact, if u(t) is a solution of the BVP (2.4), then we may suppose that

t
u(t) = —/ (t —s)y(s) + At + B.
0
By the boundary conditions (2.4), we gét= 0 and

A= /01(1 — s)y(s)ds.

Therefore, BVP (2.4) has a unigue solution

u(t) = — /0 (t—s)y(s)ds —|—t/0 (1 —s)y(s)ds :/0 H(t,s)y(s)ds.

15
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The proof is complete.

Remark 1. By Lemma 2.3 and Lemma 2.4, the BVP (1.1) has a unique solution

—/0 H(t,s)/o G(s,r)f(r,u(r),u"(r))drds, (2.6)

where
y(t) == —u"(t) = /o G(t,s)f(s,u(s),u"(s))ds. (2.7)

We need some properties of the functifhandG in order to discuss the existence
of positive solutions.

Lemma 2.5. (See [13]))H (t,s) > 0 andG(t,s) > 0, for all (¢,s) € [0,1] x [0, 1].
Lemma 2.6. (See [13]). For allt, s € [0, 1] x [0, 1], we have

ki(t)G(s,s) < G(t,s) < ka(s+ [)(1 — s),
where
max {1+ a, 1(1042)
(1—an)+p(1l—a)
Obviouslyk; (t) > 0 is a nonnegative function arid is positive constant.

ki(t) = min {1, (1 — ), t,1 — ¢}, ko =

Lemma 2.7. The unique solution(t) of the BVP (1.1) is nonnegative and satisfies
minte[ﬂ,l}(_u”(t)) 2 >\Hu”7 Where)\ = min {777 ary, 1(1042)

Proof. It is obvious thatu(t) is nonnegative ang(t) = —u”(t) is concave on
0,1] since, by Lemma 2.3y"(t) = —f(t,u(t),v"(t)) < 0. By (2.5), Lemma 2.3
and Lemma 2.5, we easily know that0) > 0. Let ||yl = y(t*),t* € [0,1]. If
0 <a <n<1,thenmin,<<; y(t) = y(1).

(1) For0 < t* <n < 1, by concavity ofy, we easily know

ol = o(2) < 91) + () — ()= < =

n—=17"a(l-mn)
(2) Forn < t* < 1, we have

y(1).

t* 1
o =Yy(t*) <y(0) + —y(0))= < —y(1).
[9lleo = y(t") < y(0) + (y(n) — y( ))n Omy( )
If 1 <o < 25 <1 thenmin,<,<, y(t) = y(n). Thus, we have
. t* y(n)
Yoo =y(t7) < yln)— < —=.
]l (t") (77)77 "

From the above discussion, we get

: a(l—n)
> Pt
in y(f) = min {n, ar, o Hiylloo = Allylse-
Thus, by Lemma 2.2, we have

min (—u"(t)) > A = u”[lso = Aljul.

n<t<1
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Then, we achieve the desired result.
Denote

P ={ue E;u(t) > 0,min(—u"(t))iepm1 = Mul}-

It is obvious thatP is cone.
Define the operatdf” by

Tu(t) = /OH(t,s)/O G(s,r)f(r,u(r),u"(r))drds. (2.8)

By Remark 1, BVP (1.1) has a positive solutior= w(t) if and only if u is a fixed
point of T".

Lemma 2.8. The operator defined in (2.8) is completely continuous and satisfies C
P.

Proof. The operator defined in (2.8) by an application of the Arzela- Ascoli theorem,
is completely continuous and by Lemma 6, we know thgP) C P.
Our approach is based on the following Guo-Krasnosel'skii fixed point theorem of
cone expansion-compression type ([14] and [15]).

Theorem 2.9.([14]) Let E' be a Banach space and C F a cone inE. Assume?;
and(), are open subsets @ with0 € Q; andQ; C Q. LetT : P (2\Q) — P
be a completely continuous operator. In addition suppose either

A) [|[Tu]| < [Jull, Yu € PN 0OQy and||Tul| > ||ul|, Yu € P N oL, or

(B) [|[Tu|| > [|ul|, Yu € PN 0OQy and ||Tul|| < ||ul], Yu € PN OQy

holds. Theri” has a fixed point irP ((Q2\Q1).

3. MAIN RESULTS

In this section, we discuss the existence of a positive solution of BVP (1.1). For
convenience we set

t,u,v
max fo = lim max sup M,
—v—ot t€[0,1] ye[0,+00] —v
t,u,v
min fy = lim min inf M,
—v—oT t€[0,1] u€(0,+00] —v
t,u,v
max foo = lim max sup M,
—v—+00 tG[O,l] u€[07+oo} —v
t,u,v
min foo = lim min inf M
—v—+00 t€[0,1] u€[0,+00] —v

Theorem 3.1.Suppose that € C([0, 1] x [0, 00) x (—o0, 0], [0.00)) and f is superlin-
ear, i.e.,max fo = 0 andmin f,, = +o00; then the BVP (1.1) has at least one positive
solution.
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Proof. Sincemax f, = 0, then for anye satisfyingk,e fol(s + B)(1 = s)ds < 1,
there exists?; > 0 such that

ft,u,v) <e(—v), fortel0,1], we[0,4+00), 0<—-v<R;. (3.1)

SetQy = {u € P: ||u|| < R,}. Then, forany. € PN o<y, from Lemma 2.6, Lemma
2.8 and using (3.1) we have

~(Tu)(t) = /0 Glt, 5) (s, u(s), u"(s))ds

<k / (s + B)(1 — 8)f(s, u(s), u" (s))ds

0

< kae /01(3 +6)(1 —s)(—u"(s))ds
< oo = flull,
which implies that
1Tu|| < ||ul| for u € PN oQy. (3.2)
On the other hand, sinaﬁm foo = 400, then for anye satisfying
(—:/{:1 )\fo (s,s)ds > 1, there existdRs > Ry > 0 such that
f(t,u,v) >e(—v), forte[0,1], wuel0,+00), —v>Rs. (3.3)

SetQy = {u € P : |Ju]] < Ry}. Foranyu € PN 09y, by Lemma 2.7 one has
minge(, 1) u(t) > A|ul|. Thus, from (2.8) and (3.3) we can conclude that

TG+ 1) = [ GG+ 19 a0 (9)ds

v

50+ 1) [ Gl ue).u(9)ds

v

ek (4 (n+1>>/0 Gls, s)(—u(s))ds

1
> by (n+ 1)l / G(s. 5)ds
0
>l
and thus
ITu| > |[u|  for ue PN o, (3.4)

Therefore, by (3.2), (3.4) and the first part of Theorem 1 we know that the opé&tator
has a fixed point iP ((22\24).

Theorem 3.2.Suppose that € C([0, 1]x [0, 00) x (—00, 0], [0.00)) and f is sublinear,
i.e.,, min fy = +o00 andmax f,, = 0; then the BVP (1.1) has at least one positive
solution.
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Proof. Sincemin f, = 400, then for any SatISfylngekl(%(n—l—l )\fo (s,8)ds >
1, there existg?; > 0 such that
ft,u,v) > e(—v), forte0,1], we[0,4+00), 0<—v<R;. (3.5)

SetQy = {u € P: |lul| < Ri}. Foranyu € PN oYy, by Lemma 2.7 one has
mingep-q u(t) > Aul|. Thus, from (2.9) and (3.5) we can conclude that

T (50 + 1) = [ GG+ D ul) ()

> k1<§<n+1>> | 69165 0l (5)s

0

> ehi(z(n+1) / G(s, 5)(—u(s))ds

1
> k(3 (n+ 1)l / Gs,5)ds
0
>l
and thus
| Tu|| > [jull for u € PNoYy. (3.6)

Next, sincemax f,, = 0, we consider two cases:

Case(iy Suppose thaf(t,u, v) is bounded, i.e., there exist a positive constéhsuch
that f (¢, u,v) < M. Takemax{ko M fol(s + 3)(1 — s)ds, R} < Ry. Foru € P with
[ull = R,

—(Tw)"(t) = /0G(t,s)f(s,u(s),u"(s))ds

A
&
S
\’L
2
+
X
—_
|
Nl

< Ry = HUH

Case(iiy Suppose thaf (¢, u,v) is unbounded. Sincewax f., = 0, then for anye
satisfyingkse fol(s + 3)(1 — s)ds < 1, there existR, > R; such that

f(t,u,v) <e(—v), fortel0,1], we]l0,+00), —v> Ry. (3.7)
Then we define a functiofi*(r) : [0, c0) — [0, 00) by
f7(r) = max{f(t,u,v) : t €[0,1,0 <u <r,0< —v<r}.

It is easy thatf*(r) is non-decreasing andn, ., -, fT(T) = 0. There existd?, such
that

fi(r) <er, for re[Ry,+0). (3.8)
Taking R; > Ry, from (3.7) and (3.8)
flt,u,v) < fY(Rg) <€eRy, forte[0,1], 0<u< Ry, 0<-—v<Ry (3.9
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On the other hand, far € P with ||u|| = R,, from Lemma 2.2 we know that
[ulloo < Ry (3.10)
From Lemma 2.6 and by using (3.9) and (3.10),dax P with ||u| = R

~(Tuy'(t) = / G(t, ) f (s, u(s), u(5))ds

< o [ (54 (1= 9) s us). ()
< kgeRy /l(s—i-ﬁ)(l—s)ds
< Ry =|lull,

Therefore, in either case, we $&t = {u € P : ||u|| < Ry} such that
| Tu|| < |jull for u e PN oQ,. (3.11)

Therefore, by (3.6), (3.11) and the second part of Theorem 2.9 we know that the oper-
atorT has a fixed point irP () (22\24).

4. APPLICATION

Example 4.1. Consider the following boundary value problem system:

u®(t) = f(t,u(t),u"(t)) 0<t<l1, 41
a(0) = u(l) =0, w'(0)—u"(0) =0,  w'(l)— (=0, *@&D
wheref(t,u(t), u"(t)) = o= — («"~* + sinnt. Clearly,

1
1
0</(8+§)(1—S)d8<+00, min fo = +00, max fo, = 0.
0

By Theorem 3.2, system (4.1) has at least one positive solution.
Example 4.2. Consider the following boundary value problem system:

{ u®(t) = f(t,u(t),u"(t)) 0<t<l1, 4.2)

u(0) =u(l) =0, u”(0) —u"(0) =0, u'(1) — 2" (1) =0,

where, f(t,u(t),u”"(t)) = (Jl—%z — (U + (—u sin wt. Clearly,

1
1
0< / (s+ 5)(1 —§)ds < 400, max fo =0, minf, = +oc.
0
Then by Theorem 3.1, system (4.2) has at least one positive solution.
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