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ABSTRACT. In this article, we construct a new computational al-
gorithm for solving multiobjective linear programming problem in
intuitionistic fuzzy environment. The resources and technological
coefficients are taken to be intuitionistic fuzzy numbers. Here,
the intuitionistic fuzzy multi-objective linear programming prob-
lem is transformed into an equivalent crisp multi-objective linear
programming problem. By using fuzzy mathematical programming
approach, the transformed multiobjective linear programming prob-
lem is reduced into a single objective nonlinear and non-convex
programming problem. Stepwise algorithm is given for solving an
intuitionistic fuzzy multiobjective linear programming problem and
it is checked with a numerical example using intuitionistic fuzzy de-
cisive set method.

Keywords: Intuitionistic fuzzy set, Multi-objective linear pro-
gramming problem, Membership and non-membership functions,
Intuitionistic index, fuzzy decisive set method.

2020 Mathematics subject classification: 90C70, 90C29, 03B20.

1Corresponding author: e.hosseinzadeh@kub.ac.ir
Received: 27 April 2020
Revised: 23 March 2021
Accepted: 31 March 2021
170


http://cjms.journals.umz.ac.ir

Fuzzy decisive set method for solving multiobjective linear programming problem ... 171

1. INTRODUCTION

Linear programming is a powerful optimization technique which gener-
ally occurs in in many areas of engineering and management. Since real
world problems are very complex, experts and decision makers (DMs)
frequently do not know the values of parameters precisely. So, consider-
ing the uncertainty, characterizing basic parameters of the model might
be more applicable. Since fuzzy Set (F'S) becomes famous tool to cap-
ture uncertainty and vagueness in real life decision-making problems,
therefore the fuzzy linear programming problems (FLPPs) with fuzzy
parameters would be viewed as more effective than the conventional one
in solving real physical problems. Even, in most of the cases of judge-
ments, evaluation is done by human beings, i.e., by DMs where certainly
there are limitations on availabilities and exactness of data. Naturally,
every DM hesitates more or less on every evaluation activity. This gives
the concept of intuitionistic fuzzy set (IFS) theory which is introduced
by Atanassov [I]. The major advantage of IF'S over fuzzy set is that IF'S
separates the degree of acceptance and the degree of non-acceptance of a
decision. The IF'S theory is generalization of fuzzy theory, so any method
for IF'S theory is automatically applicable in fuzzy theory as a particular
case. S0, developing a method for IFS theory is more applicable than
for ordinary fuzzy set theory and that is our intention for writing this
paper. Applications of these sets have been broadly studied in other
aspects such as image processing [6], multi-criteria decision making [16],
pattern recognition [15], Medical diagnosis [17], etc.

Several researchers have studied IFS and presented optimization meth-
ods such as Angelov [2] has broadened the fuzzy optimization into IF
optimization. Basic arithmetic operations of TIFNs is defined by Deng-
Feng 1i in [6] using membership and non-membership values. Since
this fuzzy set generalization can present the degrees of membership and
non-membership of an element of the set with a degree of hesitancy, the
knowledge and semantic representation becomes more meaningful and
applicable.

Dubey and Mehra [8] and Dubey et al. [7] considered the fuzzy linear
programming under interval uncertainty based on intuitionistic fuzzy
set representation. Li [II] studied interval-valued intuitionistic fuzzy
(IVIF) sets and applied it multiattribute decision-making problem. Re-
cently, Bharati and Malhotra [4, 13] have studied intuitionistic fuzzy
and its applications in two-stage time minimizing transportation prob-
lem. Mondal and Samanta [14] generalized IF sets and presented the
concept of generalized intuitionistic fuzzy sets. Ye [19] discussed ex-
pected value method for intuitionistic trapezoidal fuzzy multicriteria
decision-making problems. Wan and Dong [I8] used possibility degree
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method for interval-valued intuitionistic fuzzy numbers for decision mak-
ing. Kabiraj et.al., [10] proposed a general tool for modelling problems
of decision making under uncertainty where, the degree of rejection is
defined simultaneously with the degree of acceptance of a piece of in-
formation in such a way that these degrees are not complement to each
other. Bharati et.al., [5] introduced a computational algorithm for the
solution of MOLP problem in interval-valued intuitionistic fuzzy envi-
ronment.

In this paper, we consider the IFMOLP problem when technological co-
efficient and resources are IF numbers. First the given IFMOLP problem
is transformed into a deterministic MOLP problem. Using Bellman and
Zadeh’s fuzzy decision-making process, the MOLP problem is converted
into an equivalent crisp nonlinear programming problem. The nonlinear
programming problem is solved by fuzzy decisive set method.

The remainder of this paper is organized as follows. In Section 2, the ba-
sic concepts which are utilized in this paper will be expressed. A general
model of multiobjective fuzzy linear programming problem with intu-
itionistic fuzzy resources and the technological coefficients is presented
in Section 3. Then, a method for solving IFMOLP problem using Fuzzy
Mathematical Programming approach is developed. In Section 4, an
applicative example is given to verify the proposed approach. Finally,
the paper is concluded in Section 5.

2. PRELIMINARIES

In this section, some basic definitions and properties of triangular
intuitionistic fuzzy numbers (TIFNs) are presented.

Definition 2.1. [I] An intuitionistic fuzzy set (IFS) A assigns to each
element x of the universe X a membership degree p ;(x) € [0,1] and a
non-membership degree v ;(x) € [0, 1] such that p;(z) +vz(z) < 1. An
IFS A is mathematically represented as {(z, u;(z),v;(z))|v € X}.

Definition 2.2. [I] For every common fuzzy subset A on X, Intuition-
istic Fuzzy Index of z in A is defined as mi(x) =1 —pi(r) —vi(e).
It is also known as degree of hesitancy or degree of uncertainty of the
element z in A. Obviously, for every z € X, 0 < mi(x) <L

Definition 2.3. [I] An intuitionistic fuzzy set A = {{z, p ;(z),v;(z))|z €
X} is said to be intuitionistic fuzzy normal if there exist at least two
points xg, 1 € X such that p;(zg) =1, v;(x1) = 1.

Definition 2.4. [I2] An intuitionistic fuzzy set A is said to be intu-
itionistic fuzzy number, if it is
i) Intuitionistic fuzzy normal.
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ii) Convex for the membership function y ;(x), i.e., pz(Az1+(1=XN)x2) >
min(p z(x1), pz(x2)) for every 1,22 € R, X € [0,1].

iii) Concave for the non-membership function v ;(x), i.e., vz(Azxy + (1 —
N)xz) < max(vz(x1),v4(x2)) for every x1, 20 € R, A € [0,1].

Definition 2.5. A triangular intuitionistic fuzzy number (TIFN) A is
an IFS in R with membership function and non-membership function as
follows:

z—(a—a) xe[a—a,a], a;/x xe[a—a’,a],
pilz) = %é]_x z€la,a+p], vilz)=q F* z€la,a+p]
0 otherwise. 1 otherwise.

where a € R, «,8,0/,3 > 0 such that o < o/ and 8 < /8, The
symbolic representation of TIFN is A = [a: a,B,d, '], Here a and f3 are
called left and right spreads of membership function y ;(x), respectively.
o/ and f3' represent left and right spreads of non-membership function
v;(x), respectively.

3. INTUITIONISTIC FUZZY MULTIOBJECTIVE LINEAR PROGRAMMING
PROBLEM

Consider an intuitionistic fuzzy multiobjective linear programming
problem (IFMOLPP) with intuitionistic fuzzy technological coefficients
and right hand said constants as follows:

max /2 = [Zl,ZQ,"' ,Zk]

S.t. Z?:l dijfﬂj < l;i, 1= 1’ S ,m, (31)
sz()? jzla'”an7
where Z"':Z‘?:lc’f‘jwja 74:17... 7]{:.

Suppose a;; and b; be IFNs with membership functions and non-membership

functions as follows:

1 T < a4
pay () = q (aij +dig — x)/dij ai; <z < aij + dij,

0 T > a;j + dij.

0 T < Qij
Vay(x) =4 1—c—pa; () aij <o <ag+ dy,
1 T > a;; + dij.
T <b
py (x) = (bi+pi —2)/pi bi <z <bi+pi,

0 x > b; + p;.
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0 ZE<bi
Vgi(i): 1—c—,ul~)i(:n) b; <x < b; + pi,
1 T > b + p;.

Where z € R, d;j,p; >0 foralli=1,---,m, j=1,---,n, and c is
called the intuitionistic fuzzy index and the value of ¢ is chosen such
that 0 < c < 1.

In order to defuzzificate the problem , firstly, we shall obtain the
lower and upper bounds of the optimal values which are referred to as
ZE and ZY, respectively. The bounds of the optimal values Z* and ZY
are obtained by solving the standard linear programming problems as
fallows:

1 _ n o _
Z, = max ) i Cp T r=1,---,k

s.t. Z;L:l(aij + dij)l’j <b, t=1,---,m, (3.2)
xj207 jzla"'ana
Zf = max Z?:l Crjx; r=1,---,k
s.t. Z?:l a;;x; < b; +pi;, i1=1,---,m, (33)
sz()? j:17"'7n7

Zdz max Z?:lcTJ'rJ 71:1’-.. 7]{
szo, j:l,---,n,
Z} = max djmiCrjry =1k
s.t. Z?:l Q5T 5 < bi, 1= 1, e, M, (35)
sz()? jzlv"'ana
In the case that all the above LP problems have the finite optimal values,
choosing the technological coefficient from the interval [a;;, a;; +d;;] and

the right-hand-side numbers from the interval [b;, b;+p;] guarantees that
the value of the objective function » ', crjx; is in the interval [ZLZY]
where Z!, = min{Z}, Z2, Z3, Z*} and Z%, = max{Z}, 22, Z3, Z*}.
Based on the above arguments, we may define the IF set rth of optimal
values G,(r =1,--- , k) as follows:

0 >y erjy < 2
pe, (@) =S (Cioyerjay — Z0))(Z) = Z1)  ZL < 3T erjay < 2,
1 Z?:l CrjZyj > Z}f

(3.6)
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1 Z?:l CriT; < Zﬁ
v, (@) =< 1—c—pg () 20 <370 ey < 2y,
n
0 Zj:l CrjT; > I\

(3.7)

Also, the IF set of the ith constraint, C;, which is a subset of R" is
defined by

0 bl < Z?:l Qi T
bi—> " aijx;

e (@) =4 ST T Xie ey < bi < 3 (i + dig)a + pi,
1 b; > Z?Zl(aij + dij)mj + p;.

(3.8)
1 b; < Z?:l QAijxj
ve, () = 1—c—ng(@) 3Ty aiyry < b <377 (ai; + dij)z; + pi,
0 by 2 375 (aij + dij)z; + pi.
(3.9)

Note that as z approaches its maximum value, the value of ¢ approaches
Zero.

When the degree of rejection (non-membership) is defined simultane-
ously with degree of acceptance ( membership) of the objective functions
and constraints and when both of these degrees are not complementary
to each other, then IF sets can be used as a more general tool for de-
scribing uncertainty.

Now, by By using the definition of the fuzzy decision proposed by Bell-
man and Zadeh [3], we have

pp () = minfmin (g, (), min(pc, (), 1 < i < m,1 < r < k)

vp(z) = max{m&x(ygr (z)), m?X(VCi (),1<i<m,1<r<k}

where 17 (x) denotes degree of acceptance and pp(x) denotes degree of
rejection of intuitionistic fuzzy decision. Here, decision maker wants to
maximize range of acceptance and minimize range of rejection. There-
fore, an intuitionistic fuzzy optimization (IFO) problem is formulated as
follows:

max  pp(z),
min vy (z),
st. pp(r) >vp(x) (3.10)
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Suppose that o = vy (z) and 3 = vy (x). Therefore, the IF optimization
problem (3.10)) can be restated in the form of

max (6%
min S
st ng (@) Za, pg )z,
v, (2) < B, ve (z) < B, (3.11)
a > f, 0<a+ <1,
o,B>0, x>0

Further, problem (3.11]) can be transformed into an equivalent linear pro-
gramming problem by applying intuitionistic fuzzy optimization tech-
nique

max a—pf
st pg (2) >, pe(r) >a,
v, (@) < B, g (z) < B, (3.12)
a> B, 0<a+p<1,
a, >0, x> 0.

By setting the relations (3.6)), (3.7), (3.8) and (3.9 in the above IFO
model, the problem (3.12]) can be written as following form:

max o —
st. (2% — 7)) — D=1 CrjTj +2L<0, r=1,---k

2?21(%‘]‘ + Ozdij)x]‘ +ap;—b;<0, i=1,---,m (3.13)

Zy —c(Zy = Z}) = B(Z} = Z;) = Yy erjw SO, m =10k

> i—1laij +adij — edij — Bdij)r; —bi+ (1—c—B)p; <0, i=1,---,m
a>p, 0<a+p<l, «oB=20, x>0

It should be emphasized here that « and § are treated as decisive vari-
ables, therefore, the constraints in problem which containing the
cross product terms ax; and Sx; are not convex. So the problem is a
nonlinear programming problem which can not be solved by using usual
simplex methods. Therefore the solution of this problem requires the
special approach adopted for solving general non-convex optimization
problems.

The algorithm of the intuitionistic fuzzy decisive set method.
In this method, a combination of the bisection method and phase one
of the simplex method of linear programming problem is used to obtain
a feasible solution [9]. This method is based on the idea that, for a
fixed value of o and 3, the problem is converted in to linear
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programming problem. Obtaining the optimal solution o* and * to
the problem is equivalent to determining the maximum value of «
and the minimum value of 8 so that the feasible set is non-empty. The
algorithm of this method for is presented below.

Algorithm

Initialization step:

Set k = 0. Let ap, fp in the interval (0, 1) such that 5y = 1—c—ag where
¢ € (0,1) and the difference between ag and Sy should not approach the
value zero and test whether a feasible set satisfying the constraints of
the problem exists or not using phase one of the simplex method.
If a feasible set exists, set a* = ag and $* = [y. Otherwise, set ozg =
B0, /Bé = ap and aé% = ay, /3(])? = By and go to main step.

Main Step: Set k = k + 1 and let ap = (ol + aff)/2 and By =
(BkL + BE)/Q, then update the values of a,%, akR, B,f and 5,? using the
bisection method as follows:

(1) If feasible set is non-empty for oy and S, set aﬁ = oy, and osz as
it’s value in the preceding step. ﬁ,f = [} and B,f as it’s value in the
preceding step.

(ii) If feasible set is empty for aj and fj, set akR = oy, and aé as
it’s value in the preceding step. B,f = [} and ﬁ,’; as it’s value in the
preceding step.

If |agy1 — ag| < € and |Br+1 — Br| < €, where € > 0 is a small constant,
then stop and output o = aj11 and 5* = Bry1.

Consequently, for each o and (g, test whether a feasible set of
exists or not, using phase one of the simplex method and determine the
maximum value o* and the minimum value 8* satisfying the constraints

of (B33).

4. NUMERICAL EXAMPLE
Example 4.1. Let us consider the following IFMOLPP
max z1(z) = 10z1 + 11ze + 1523
max  23(z) = 4x1 + 5o + 93
s.t. 1oy + 1ag + 123 < 15 (4.1)
Tx1 + Bxg + w3 < 80
3z1 4 4429 + 10x3 < 100

Z1,T2,T3 > 07

which take intuitionistic fuzzy parameters as 1 = L(1,1), 7 = L(7,4),

80 = L(80,40) and 100 = L(100, 30) as used in [9].
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1 1 1 1 11
That is (ai;) = [7 5 3 |,(dij) = |4 3 1| = (aij +dij) =
3 44 10 1 2 4
3 3 3 15 20
11 8 4 |and®)=]80],(p) = (b +pi) = | 120
4 64 14 100 130

For solving this problem, firstly, we must obtam the lower and up-
per bounds of the optimal values which are obtained by solving four
sub-problems —. Optimal values of these problems are Z; =
(110,250, 145, 189.29) and Zs = (65, 130, 85,99.29) respectively. There-
fore, Z{ = 110, Z* = 250, Z, = 65 and Z% = 130. By using these
optimal values, the problem can be reduced by the following non-
linear programming problem:

max o« — 3
s.t. 10z + 11a9 4+ 1523 > 140 + 110,
4x1 + dx9 + 923 > 65 + 65,
(a+ 1Dz + (o + Do+ (a4 1)zs < 15 — ba,
(da+ T)z1 + (Ba+ 5)za + (v + 3)xzz < 80 — 40c,
(+3)x1 + (2 + 4.4)x2 + (4 + 10)z3 < 100 — 30«
10z1 4+ 11zo 4+ 1523 > 250 — 140c — 1408,
4x1 + b9 + 9x3 > 130 — 65¢ — 6573,
2—c—B)r1+2—c—P)xa+ (2 —c— P)xrs < 50c+ 505 — 35,
(11 —4c—48)x1 + (8 = 3¢ — 3B)xa + (4 — ¢ — B)as < 40c¢ + 405 + 40,
(4—c—B)r1+ (6.4 —2c—2B)x2 + (14 — 4c — 48)x3 < 30c + 305 + 70,
r1,x2, 23 > 0, 0<a,p<1.

Consequently, we obtain the optimal value of at the fifteenth iteration
by using the intuitionistic fuzzy decisive set method and taking e = 1074
(see Table . The optimal solution is 27 = 0, x5 =0, z5 = 8.39, 21 =
125.85, z9 = 75.51.

This means that the vector (z7, x%, x%) is a solution to the problem
which has the best membership grade o* = 0.1132 and the least non-
membership grade 5* = 0.7868 with intuitionistic index ¢ = 0.1.

5. CONCLUSION

This research proposed intuitionistic fuzzy multiobjective linear pro-
gramming problem and a method for its solution has been developed.
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ample (L1)
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k | a-value B-value | feasible set
1 0.8 0.1 empty
2 0.45 0.45 empty
3 0.275 0.625 empty
4 0.1875 0.7125 empty
5 | 0.14375 0.75625 empty
6 | 0.121875 | 0.778125 empty
7 1 0.1109375 | 0.7890625 | non-empty
8 | 0.1164062 | 0.7835937 empty
9 | 0.1136718 | 0.7863281 empty
10 | 0.1123046 | 0.7876953 | non-empty
11| 0.1129882 | 0.7870117 | non-empty
12| 0.11333 | 0.7866699 empty
13 1 0.1131591 | 0.7868408 | non-empty
14 1 0.1132445 | 0.7867553 empty
151 0.1132018 | 0.7867981 | non-empty
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The IFMOLPP is converted into an equivalent crisp non-linear program-
ming problem using the concept of max-min principle. The resultant
non-linear programming problem was solved by intuitionistic fuzzy de-
cisive set method. The discussed method was illustrated through an
example. The proposed computational algorithm is easy and more ac-
curate for modeling and decision making of optimization problems with
multiple objectives under uncertainty and vagueness. Our proposed
computational algorithm can be further developed for nonlinear case
also, and it may successfully applicable in various sectors such as aircraft
control system design, supply chain management, image segmentation
and industrial neural network design.
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