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ABSTRACT. In this paper we introduce controlled *-g-frame and -
g-multipliers in Hilbert C*-modules and investigate their properties
. We demonstrate that any controlled *-g-frame is equivalent to a
*-g-frame and define multipliers for (C, C’)-controlled *-g-frames.
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1. INTRODUCTION

Frank and Larson [14] generalized the definition of frames in Hilbert
spaces to Hilbert C*-modules and then Khosravi and Khosravi [17] pro-
posed a definition of g-frames in Hilbert C*-modules. We note that due
to the complexity of the C*-algebras involved in the Hilbert C*-modules
and fact that some useful techniques available in Hilbert spaces are ei-
ther absent or unknown in Hilbert C*-modules, the generalizations of
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frame theory from Hilbert spaces to Hilbert C*-modules are not triv-
ial. The properties of frames and g-frames in Hilbert C*-modules were
further studied in [2, 16].

Controlled frames improve the numerical efficiency of iterative algo-
rithms for inverting the frame operator on abstract Hilbert spaces [4];
they have been also used earlier as a tool for spherical wavelets [5]. Gabor
multipliers [10, 13], Gabor filters [19] and other applications of frames
led Peter Balazs to introduce Bessel and frame multipliers for abstract
Hilbert spaces Hy and Hy. A. Rahimi and A. Freydooni [21] defined
the concept of controlled g-frames and showed that any controlled g-
frame is equivalent to a g-frame. In this paper we generalize the concept
of controlled frames and Bessel sequences defined [3, 4, 21, 22, 23], to
*-g-frames and *-g-Bessel sequences in Hilbert C*-modules and extend
the concepts of multipliers from g-frames to *-g-Bessel sequences and
*-g-frames. Moreover we show that a C2%-controlled *-g-frame is equiv-
alent to a *-g-frame. Finally, we define the multiplier for C2-controlled
*-g-frames in Hilbert C*-modules.

2. PRELIMINARIES

In the following we briefly recall some definitions and basic properties
of Hilbert C*-modules.

Throughout this paper J is a finite or countably index set and A is a
unital C*-algebra with identity 14, and |a|?> = a*a for any a € A. The
spectrum sp(a) of a € A is the set {A € C: A\l4 —a is not invertible}.
An element a of A is positive if a is Hermitian and o(a) C R*. We write
a > 0 to mean that a is positive, and denote by AT the set of positive
elements of A.

Definition 2.1. [18] Let H be a left A-module such that the linear
structures of A and H are compatible, H is called a pre-Hilbert A-
module if H is equipped with an A-valued inner product,
(-,-) : Hx H — A such that:

(1) (f,f)>0forall fe H and (f, f) =0 if and only if f = 0;

(2) (f,9) = (g, )" for all f,g € H;

(3) {(af +g,h) =a(f,h) + (g,h) for all a € A and f,g,h € H.

For every f € H, we define ||f||? = ||(f, f)|| and |f|?> = (f, f). If H is

complete with respect to the norm, it is called a Hilbert .A-module or a
Hilbert C*-module over A.

From now on, we assume that H and K are finitely or countably
generated Hilbert A-modules and {H,} jc s is a sequence of closed Hilbert
submodules of H, For each j € J, End%(H, Hj) is the collection of all
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adjointable A-linear maps from H to H;. Let gl(H) be the set of all
bounded operators with a bounded inverse and gl™(H) be the set of
positive operators in gl(H).

We also write

@Hj ={9=1{9j}jes : 9j € Hjand Z(gj,gj> is norm convegent in.A}.
jedJ Jj€J

For any f = {fj}jes and g = {g;};ecs, if the A-valued inner product is
defined by (f, g) = Zjej<fj? gj) and the norm is defined by

N2 =I1{f, I, then ®D,cs Hj is a Hilbert A-module (see [18]).

A bounded operator T': H — H is called positive, if (T'f, f) > 0 for
all f € H. The nonzero element «a is called strictly nonzero if zero does
not belong to o(a), and a is said to be strictly positive if it is strictly
nonzero and positive. The relation “ <7 given by:

a<b ifand onlyif b—a is positive;

2

define a partial ordering on 4. Some elementary facts about “ <7 are
given in the following statements for a, b, c € A;
(1) a < |all;
(2) 0 < a < bimplies |jal]| < ||b]|, ab >0, a+b >0, and a® < b for
t € (0,1);
(3) if @ < b, then cac* < cbe*. Moreover, if ¢ commutes with a and
b, then ca < ¢b for ¢ > 0;
(4) If a and b are positive invertible elements and a < b, then
0<bl<al

2.1. Some equivalencies of x-g-frames in Hilbert C*-modules.
In this section, we will study equivalencies of *-g-frames in Hilbert C*-
modules from several aspects.

Definition 2.2. A sequence A = {A; € End%(H,Hy) : j € J} is called
a generalized *-frame, or simply, a *-g-frame, for H with respect to
{H; : j € J} if there exist two strictly nonzero elements A and B in A
such that

AU A" < STUGE NS < BULNBY, (Y eH).  (21)
jeJ
The elements A and B are called the lower and upper *-g-frame
bounds, respectively. If A = A = B then the x-g-frame {A;};cs is
said to be a A-tight *-g-frame. In the special case A = B = 14, it is
called a Parseval x-g-frame or normalized *-g-frame.
If {A;};es possesses an upper *-g-frame bound, but not necessarily a
lower x-g-frame bound, we called it a x-g-Bessel sequence for H with
x-g-Bessel bound B.
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The bounded linear operator T defined by:
T DH = Ho Tal{gihien) =) Ajgj, (2:2)
JjeJ jedJ
is called the pre-*-g-frame operator of {A;};c. Also, the linear operator
S defined by:
SniH = H,  Sp(f) = A5Af,
Jj€J
is called *-g-frame operator of {A;};c .
We mentioned that the set of all of g-frames in Hilbert A-modules can
be considered as a subset of the family of x-g-frames. To illustrate this,
let {A; € End(H,H;):j € J} be a g-frame for the Hilbert .A-module

H with respect to {H; : j € J}with real bounds A and B. Note that for
feH,

(VA LA, [YVAL <D N, A ) < (VB)LalS, f)(VB)1a
JjeJ

Therefore, every g-frame for H with real bounds A and B is a *-g-frame
for H with A-valued *-g-frame bounds (v/A)14 and (v/B)14.

Example 2.3 ([1]). Let A = ¢*° and let H = Cy, the Hilbert .A-module
of the set of all null sequences equipped with the A-inner product
((i)ien, (Yi)ien) = (Ti¥i)ien-

The action of each sequence (a;)ieny € A on a sequence (x;)ien € H
is implemented as (a;)ien(xi)ien = (a;z;)ien. Let j € J = N and

1
(14 =)ien € £°°. Define Aj € End*(H) by
7
Aj(zi)ien = (0ijajzj)ien, V(xi)ien € H.
We observe that
1 1 1
Z<Aj337Aj33> = ((1+ ;)2%337)@\/ =1+ g)ieN(fE,ﬁ)(l + g)ie]\u
JEN
for all x = (z;)ien € H.
Thus{A;};jes is a *-g-frame with bounds (1 + %)ieN .

Lemma 2.4 ([2]). Let T € End%(H) and T = T*. Then the following
assertions are true.
(1) IfT isinjective and has a closed range, then T*T is an invertible,
self-adjoint operator satisfying,

()=~ < T T < |7 (2.3)
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(2) If T is surjective, then T*T is an invertible, self-adjoint operator
satisfying,

I == < 7T < |77 (2.4)

Theorem 2.5. Let A be a unital C*-algebra, T € Endy(H) and T =
T*. Then the following are equivalent:
(1) T is surjective;
(2) T* is bounded with respect to norm, i.e 3 m € AT such that
T[] = [lml[|]];
(3) T* is bounded with respect to inner product i.e 3 m’ € A" such
that (T*xz, T*z) > (m'){x,x)(m')*.

Proof. (1)==(3) Let T be surjective, by Lemma 2.4, T*T' is an
invertible and positive operator and
(TT*) =M™ < TT* < |71,

Write,

I(TT*) ™ 1a = m ()"
Then by Lemma 4.1 [18], TT* —m/(m/)* > 0. This is equivalent
to

(TT* —m'(m")")z,z) > 0. (2.5)
for all x € H, i.e (T*z,T*x) > (m/){(z,z)(m')* for all z € H.
The implication (3)== (2) is trivial.

(2)==(1) Suppose that T* is bounded below with respect to
the norm then T is clearly injective. Since T' = T™ therefore
T is injective, and KerT = {0}. We now show ImgT is closed.
Let {u,} € H be a sequence in ImgT" such that u, — u as
n — oo.

Then we can find {v,} C H such that T'(v,) = u,. By (2),
we have |[(vn, — vp)||llm|| < ||T(vn, — v)||. Since T'(vy,) is a
Cauchy sequence, ||T'(v, — vpm)|| — 0 as m,n — oo. There-
fore the sequence {v,} is a Cauchy sequence in H and hence
there exists v € H such that v, — v as n — oo implies that
un = T'(vyp) — Tv = u. It concludes that ImgT is closed. By
Theorem 3.2 of [18], ImgT™ is closed and
H = KerT* @ Img = ImgT.
U

Lemma 2.6 ([20]). For self-adjoint f € C(X), the following are equiv-
alent:

(1) f =05

(2) For allt > ||f|], we have ||f —t|| < t;

(3) For at least one t > ||f||, we have || f —t|| < t.
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It is immediate from Lemma 2.6 that AT is closed in A.

Proposition 2.7 ([18]). Let T € End%(H, H;), then for all x € H we
have:
(T2, T2) < |[T|z, ). (2.

Theorem 2.8. Let {A;}jes € Endy(H, Hj), and 3~ (A, f, A f) con-
verge in norm A. Then {Aj}jcy is a x-g-frame for H with respect to
{H;}jes if and only if

FATS 2L DI <0 DA A0 <IEB PRI A (2.7)

JjeJ

for all f € H and strictly nonzero elements A, B € A.

Proof. By the definition of -g-frame we have (f, f) < A=1(Sf, f)(A*)~!
and (Sf, f) < B(f, f)B*. Hence

A2 A<l S E AR <I B IR £ YE € B (28)
JjeJ
For the converse, assume that (2.7) holds. For any f € H, we define
Tf := ZjeJ AZA;f then

ITAI* = IKTFTHI? = IKTF Y MM

jeJ
= 1> (AT AN
Jej
<UD ANTEATHNND (A F A8
jeJ jeJ

< IBIPITFIPIBIZI £

Hence ||Tf||* < ||BII*| f[I*-
It is easy to check that (T'f,g) = (f,Tg) for all f,g € H, so T is
bounded and T = T*. From (T'f,f) = > ;c ;(A;f, A;f) > 0 for all

# € H, it follows that T > 0. Now (T2f,Tzf) < |Tz|%(f, f). On the
other hand we have, ||(T%)*(T%)H<f, Yy = |IT|{f, f), therefore we get
(T2 £, T2 f) < TI(S, f) < IBI*Lalf, f). Therefore
(Tf, f) = (T2 £, T% f) < (|BI[1A){f. £)(| Bl|La)*- (2.9)
However |[(Tf, f)|| = |[(T%f,T%)| = T2 f|[* and by inequality (2.7),
IA=Y2||1(f, /)] < | T2|%. We conclude that
A=Al < T )

So by Theorem 2.5, we obtain lower bound for {A;};c;. This shows that
{Aj}jer is *-g-frame for H with respect to {H;}jc. O
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2.2. Multipliers of x-g-Bessel sequences. In the following, the con-
cept of mutipliers for g-Bessel sequences will be extended to *-g-Bessel
sequences and some of their properties will be shown.

Proposition 2.9. Let
A={Aj e Endy(H,Hj):jcJ}
and
©={0; € End%(H,H;):j € J}
be x-g-Bessel sequences with bounds Bp, Be and m = {m;};c; € {*°(R)
then the operator
Mm#\,@ cH — I{7 Mm,A,@f = ijA;ij, (2.10)
Jj€J
for all f € H is a well-defined bounded operator.

Proof. Let A and © be x-g-Bessel sequences for H with bounds By, Beg,
respectively. For any f, g € H and finite subset I C J,

1D miAs0, 017 = sup I3 m;AT0,f.9)]°

jel g€H,||gll=1 jel

= sup HZ(ijjf;Aj@HQ

geH gl=1" 57

< sup 1D (0, f,m0; NN (Mg, Ajg)ll,

geH |lgll=1 g7 jeI
since
Dm0 f,m;0;f) =3 |m; > (8;f,0;f)
jel jel
< |mll2 Y (0,£,0;f) < [Iml|% Belf, f)Bb.
jel
Hence

1> miA;0,f1P < sup  [lmZ]Bell*[If 1 Ball*llg]l?
jerI g€, ||gll=1

= [Im[IZ N Boll*1£ 111 Ball*.
This shows that M, A ¢ is well-defined and
[Mmp0ll < [[mllool| BallllBel|- O

Now, the map M in the above proposition is called a *-g-multiplier
of A,© and m.

Lemma 2.10. Let
A= {A] S EndZ(H,H]) 1] € J}
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and

0 ={0; c End’y(H,H;):j€ J}
be x-g-Bessel sequences with respect to {H; : j € J} with bounds By, Be
respectively. Let m = {m;};c; € {>°(R) then the operator,
M = Myure : H— H defined by (Mf,g) = Zjejmj<@jf,Ajg>, is
well-defined and (Mpmp0)* = Mmeo .-

Proof. By Proposition 2.9, M is well-defined. We claim that
(Mimp0)* = Mo,
Let f,g € H, then
(f, (Mm,n0)"9) = (Mmaef)g)
= m;(6;f,Aj9)
Jj€J
= (0;/.mjAj9)
=
=Y _(£.0;m;A9)
jed
= (£, m;0;A9)
JjeJ
= <f7 Mm,@,A>- U

3. CONTROLLED *-G-FRAMES

Weighted and controlled frames have been introduced recently to im-
prove the numerical efficiency of iterative algorithms for inverting the
frame operator. In [4], it was shown that controlled frames are equivalent
to standard frames. In this section, the concepts of controlled g-frames
and controlled g-Bessel sequences will be extended to controlled *-g-
frames and we will show that controlled *-g-frames are equivalent to
x-g-frames.

Definition 3.1. [21] Let C,C’ € gl (H). The family
A ={A; € Endy(H,Hj):jc J},
will be called a (C, C")-controlled g-frame for H with respect to {H;} e,

if A = {A;}jes is a g-Bessel sequence and there exist constants A > 0
and B < oo such that

AIfIP <Y (A;0F, 850 f) < BIFI?, VfeH. (3.1)
jeJ
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A and B will be called (C,C")-controlled g-frame bounds. If C' = I,
(or, C = C"), we call A = {A;};c; a C-controlled g-frame. (respectively,
C?- controlled g-frame) for H with bounds A, B. If the second part of
the above inequality holds, it will be called (C,C")-controlled g-Bessel
sequence with bound B.

Definition 3.2. Let C,C’ € gl (H). The family
A= {A] S EndZ(H,H]) 1 € J}
will be called a (C, C')-controlled *-g-frame for H with respect to {H;} e,
if A ={A;};ecs is a *-g-Bessel sequence and
A, AT < ST(NCEACf) < BU ) B (3.2)
JjeJ
for all f € H and strictly nonzero elements A, B € A.

A and B will be called (C, C’)-controlled x-g-frame bounds. If ¢’ = I,
(or, C = ("), we call A = {A;};es a C-controlled *-g-frame. (respec-
tively, C2- controlled #-g-frame) for H with bounds A, B. If the second
part of the above inequality holds, it will be called (C,C”)-controlled
x-g-Bessel sequence with bound B.

The proof of the following lemmas is straightforward.

Lemma 3.3. Let C € g™ (H). The x-g-Bessel sequence and

A={Aj € Endy(H,H;):je J},
is a C2-controlled *-g-Bessel sequence (or, C*-controlled *-g-frame) if
and only if

jeJ
(or A(f, fYA™ <3, ,(NC AN CF) < B(f, f)B*,  Vf€H).

Example 3.4. Let A = > and let H = Cj, the Hilbert A-module of
the set of all null sequences equipped with the A-inner product

((zi)ien, (Yi)ien) = (2ili)ien -
The action of each sequence (a;)ieny € A on a sequence (x;)ieny € H
is implemented as (a;)ien(2;)ien = (aiz;)ien. Let j € J = N and

1
(1+ <)ien € £2°. Define Aj € End(H) by
i
Aj(zi)ien = (0ija;xj)ien,  V(xi)ien € H.
1
Now define Cx = 2z and C'z = Chia Then for any x € H, we can

estimate

1 1 1
Z(AjCaZ, AjC’x> = ((1 + g)infi)ieN = (1 + Z)i€N<x’x>(l + Z)ieN’
JEN
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for all = (x;)ien € H. This shows that A = {A; € End%(H):j € N}
is a (C, C")-controlled tight x-g-frame for H .

Suppose that {A; € End%(H,Hj) : j € J} bea (C,C’)-controlled *-g-
frame for the Hilbert C*-module H with respect {H,};cs. The bounded

linear operator T(c cry @jeJ H; — H defined by:

1
T(Cyc’)({gj}jej) — Z(CC/)2 595995 }jes€@jcs Hj

jedJ

is called the synthesis operator for the (C, C’)-controlled *-g-frame {A;};c .

The adjoint operator T(*C,C') :H — ®jeJ H; given by

1
~ e, (35
Tinon(f) = (ay(0'0) 273D

is called the analysis operator for the (C, C’)-controlled *-g-frame {A;};c ;.
When C and C’ commute with each other, and also commute with the
operator A;Aj for each j, then the (C, C’)-controlled x-g-frame operator
S,y H — H is defined as:

Scent =TieenTioent =Y C'AACH. (3.6)
J€j

For the above result one is referred to Hua and Huang [15].
From now on we assume that C' and €’ commute with each other, and
commute with the operator A7A; for all j.

Proposition 3.5. Let {A; : j € J} be a (C,C")-controlled x-g-frame
for the Hilbert C*-module H with respect to {H;}jcj. Then the (C,C")-
controlled *-g-frame operator S(c,cry is positive, self adjoint and invert-

ible.
Proof. The frame operator S ¢y for the (C,C”)-controlled *-g-frame

is Soonf =22,¢; NN Cf. As {A;j : j € J} is a (C,C")-controlled

x-g-frame, from the identity,

Zj€J<Aij7 A]C/f> = <Ej6] C/AjAJCf> = <S(C’,C’)f7 f>7
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we clearly see that S(c vy is a positive operator. It is clearly boundded
and linear.

(Sccenfrg) = <Z C'N;A;CF,g)
JjeJ
=D _(C'AjACF.g)
Jj€J
=Y (f:CA5A;C'g)
JjeJ
= (£, Scrc)9)-
Jje€J
Hence SE*C oy = S(cr,c) is positive and hence self adjoint. Also as C

and C’' commute with each other and commute with A;TA]-, we have
Sic,cry = S(cr,¢)- From the controlled *-g-frame identity we have

A<f7f>A* < <S(C,C’)f7 f> < B<f7f>B*
So
A IdH A* < <S(C,C’)f7 f> < B IdH B*u

where Idpg is the identity operator in H. Thus the controlled *-g-frame

operator S(c cv) is invertible.
O

Theorem 3.6. Let {Aj}jes € Endy(H, H;), and >, ;(A;Cf, A;C'f)
converge in norm A. Then {A;}jcs is a (C,C")-controlled x-g-frame for
H with respect to {Hj}jey if and only if

FATH 20 CA A<D GCHEMC I BIPIE DT (3.7)
Jj€J
for all f € H and strictly nonzero elements A, B € A.

Proof. By the definition of (C, C")-controlledx-g-frame we conclude that
(f, ) < A NSc.onf, (A~ and (Sic,on f, f) < B(f, f)B*.

Hence

FAT 1720 <D A CHAC D <I BIPIE O (3:8)
JjeJ
for all f € H. Conversely, suppose that
A2 DI INCEMC O BIPIE DL (3.9)

jeJ
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From Proposition 3.5, the (C, C’)-controlled x-g-frame operator is posi-
tive, self adjoint and invertible. Hence

1
1 SD=(8(c.on B N=Sei005.0;0'1).(3.10)
(S 2 e

(c.cn

Using inequality (3.10) in inequality (3.9), we get

1
B —[I<IBlIf11,(3.11)
AT £ I (Seery) 2

According to Theorem 2.5 and inequality (3.11), {A; : j € J} is a
(C, C")-controlled *-g-frame for H with respect to {H;}jc.
U

The following theorem shows that any *-g-frame is a C2?-controlled
x-g-frame and vice versa.

Theorem 3.7. Let C € gl™ (H). The family {A;}jc; € Endy(H, Hj),
is a *-g-frame if and only if A = {A;};es is a C*-controlled *-g-frame.

Proof. Let A is a C%-controlled %-g-frame with bounds A, B. Then
> (A CFACE) < B(f, f)B*,  Vfe€H.
Jj€J
For f € H we have
A(f, fYA* = A(CCTIf,COT A" < A||CH(CTH el p AT
<|ICI?Y_(A,CCTHACCT ) = ICI2 Y (A f, A5 f)-
Jj€J Jj€J
Hence
ACITHEHACIT <D (A f A ).
jeJ
On the other hand for every f € H,
STNGE A =D (A CCTHL A, CCT ) < BICTH, 0T )BT
= jeJ
< B|CTHX(f, /)B* = BI|CTH[Kf, /)BT IC7HI.
These inequalities yield that A is a *-g-frame with bounds A||C||~, B||C||~*.

For the converse, assume that A is a *-g-frame with bounds A’, B’. Then

for all f € H,
Af, HAY <Y N f A f) < B (B

jeJ
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So for all f € H,
> _(A,CFACT) < BCIP(S (B
Jj€J
For lower bound, since A is a *-g-frame for any f € H,
AU AN = ACTICF,CTIO) A < |CTYP ) (MO F, AC ).
jeJ
Therefore A is a C?-controlled #-g-frame with bounds A’|C~!||~t, B'||C]|.
O

Proposition 3.8. Assume that {Aj : j € J} is a x-g-frame for the
Hilbert C*-module H with respect to {Hj}jcy . Let Sy be the x-g-frame
operator with the x-g-frame {A; : j € J}. Let C,C" € gl*(H). Then
{A; :j € J}is a (C,C")-controlled x-g-frame.

Proof. {Aj : j € J} is a *-g-frame for the Hilbert C*-module H with
respect to {H;}jes with bounds A and B . By inequality (2.7), we have:

AT IO <0 DG F AT <IEBIPE O (312)
jedJ

Again we have

1 225es (85 C L MC ) =11 (Sc.onfs )

and

1D ACHACH) =1 C I C N (Safs f) - (3.13)

JjEJ

From (3.12) and (3.13), we have

FATS 12 C UG I F 1P <Y (A AC ) |

J€J
<I[ BIPIC I CIINF 112,

for all f € H. So {A; : j € J} is a (C,C”)-controlled *-g-frame with
bounds | A= [T C I C" [, | Bl C Il € . O
Theorem 3.9. Suppose that C,C" € gi* (H), {A; : j € J} C End*(H, H;)
and C,C" commute with each other and commute with AZA;j forallj € J.
If the operator T : ®j€J H; — H given by

1
50395749} jes €@, s Hi(3.14)
T(C,C/)({gj}jej) = Z(CC/)Q 393 itics €D e Hj

jeJ
is well defined and bounded operator with || Tic.cry [|<[| B ||, then the
sequence {A; : j € J} is a (C,C")-controlled -g-Bessel sequence for H
with respect to {H;}jes with bound || B ||.
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Proof. Let {A; : j € J} be a (C, C")-controlled *-g-Bessel sequence for
H with respect to {H,}c; with bound B. As a result of Theorem 3.6,

1D ACHA,C D < B PN - (3.15)
jeJ
For any sequence {g;};es € @ ,c; Hj,
I Tie.on(gitien) I? = supyey o | (TicenUgitien) £) I

1
—Akgi, D2
= SUP ey <Z(CC/)2 “

JjeJ
1/\* HIF
~595,
= SUDjsepgi= | Z«CC/)Z ’
J€J
1f>||2
= SupfeH,HfH:l H Z<<gj’Aj(CC/)2
Jje€J
< SUP s pif)=1 [ Z(gj,gj> |
Jj€J
1
lfA-(CC’)im‘
1> (a0C)27
Jj€J
= SUP ey if1=1 [ Z(gjagj> I
JjeJ
1> (ACFAC ) |
Jj€J
< SU}%GH’WH:I H Z(g]ag]> HH B ||2H f H2
Jj€J
=\l B I/l {g;} II”
noigi
Therefore, the sum 3, ;(CC”)2 is convergent and we have

I Tie,onUgitien) 12<I B 12N {95} 117
So
I Tic.ory 12<1 B |I*.
Hence the operator T{¢ cry is well defined, bounded and

I Tie,en I B -
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4. MULTIPLIERS OF CONTROLLED *-G-FRAMES

In this section, we define the multiplier of a controlled *-g-frame for C-
controlled *-g-frames in Hilbert C*- modules. The definition of general
case (C,C")-controlled x-g-frames is similar.

Lemma 4.1. Let C,C" € gt (H) and
A={A; e Endy(H,Hj):j€J} ,©={0; € Endy(H,H;):jc J}
be C? and C?-controlled x-g-Bessel sequences for H, respectively. Let
m = {m;}jes € {>°(R).The operator
My, conc - H— H,
defined by
Muconcf =Y miCOAC'S,

Jj€J

is a well-defined bounded operator.

Proof. Let A,© be C”? and C?-controlled *-g-Bessel sequences with
bounds B, B’, respectively. For any f,g € H and finite subset I C .J,
2

> mCOTACf| = sup  ||> (mAC'f,0,C9)|
jeI g€H, [lgll=1 jeI
< sup || (miAC fmAC ALY (©5C9,0,Cq)],
get llgll=1 57 jel
since
> (mAC fmACF) = [ my P (A CTF A CF)
JjeI jel
< |lmll3 D _(A;C'f, 0,C f) < |2 B(f, f) B
jel
Hence

1> mCOsnCfIP < sup  [ImZIBIPI L1 BP gl
< 9€H,gll=1

< [ mli3IBIPIFIPI B
This shows that M,, ce.a,c’ is well-defined and

[Mm,concrll < mllsol BIIIB'I- O
Definition 4.2. Let C,C’ € gl (H) and
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A={A; € End’(H,Hj) :j € J}
and

©={0; € End(H,H;):je J}
be C”? and C?-controlled *-g-Bessel sequences for H, respectively. Let
m = {m;}jes € {>°(R). The operator

Mpnceonc : H— H,
defined by

My concf =Y miCOIAC'f,
JjeJ
is called the (C, C”)-controlled multiplier operator with symbol m.

5. CONCLUSIONS

In this article, the concept of multipliers from g-frames to *-g-Bessel
sequences and *-g-frames is extended. Controlled frames and controlled
Bessel sequences are extended to controlled *-g-frames and controlled *-
g-Bessel sequences. At the end of this paper, the concept of a multiplier
for C%- controlled and C"?-controlled *-g-Bessel sequences is defined.
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