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ABSTRACT. The paper is an attempt to represent a study of limit
points, boundary points, exterior points, border, interior points and
closure points in the common generalized topological space. This
paper takes a look at the possibilities of an extended topological
space and it also considers the new characterizations of dense set.
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1. INTRODUCTION

There has been a significant body of literature that has dealt with the
study of generalization of the topological space and the open sets. In this
paper, however, we have attempted to accumulate them in a frame. We
have considered a type of sets in the topological space which are empty
or contain a nonempty open set. These types of sets may be referred
to as A-open. This is also a generalization of open sets, implying that
each open set in a topological space is a A-open set. It also follows
that its converse may not be true in general. This paper suggests that
this is an extension of the topological space. Some examples of such
A-open sets are semi-open set [3], a-set [7]. On the other hand, ¢ —
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C set [6], 1-set [2], preopen set [4], semi-preopen set [1], 1)*-sets [5]
cannot be categorized as such sets. The complement of a A-open is
called A-closed, and for a topological space, each closed set is a A-closed
set. Therefore we arrive at two optimal cases, one being the discrete
topological space and another being the indiscrete topological space.
In these two topological spaces we do not have an extension due to A-
open sets. Now if we accumulate the A-open sets of finite complement
topological space and countable complement topological space, then we
arrive again to the finite complement topological space and countable
complement topological space respectively. In fact the reader will be
interested to A(R) # RUR;UR,,, where R, R; and R,, denote the standard
topology on real line lower-limit topology on real line and upper-limit
topology on real line respectively and A(R) denotes the set of all A-open
sets in R. If A is a subset of a topological space X, then we define
Int\(A) by the union of all A-open sets contained in A and Ciy(A)
is defined by the intersection of all A-closed sets containing A. These
operators ‘Inty’ and ‘Cl)’ satisfy the following results:

Proposition 1.1. For subsets A, B of a topological space X, the fol-
lowing statements are true:

(1) Inty(A) C A.

)

) if A C B, then Inty(A) C Int)(B).
) Int)\(IntA(A)) C Int,\(A).
) Int)\(A U B) = Int/\(A) @] Int)\(B)
) A is A-open if and only if Inty(A) = A.
) AC CIl\(A).

) Int)\(A) CAC CZ)\(A)
) Clx(A) C Cl(A).

) if A C B, then Cl\(A) C Cl\(B).

) Cix(A)UCI\(B) C Clx(AU B).

) if A is closed, then Cly\(A) = A.

) if © € Cly(A), then U, N A # 0 for all U, € Ax), set of all
A-open sets containing x in X.

(14) Inty(A) = X\ ClL (X \ A).

2. A-CLOSURE AND A-INTERIOR

Definition 2.1. Let A be a subset of a topological space X. A point
x € X is said to be A-limit point of A if each A-open set U containing
x, UN(A\ {z}) # 0. The set of all M\-limit points of A is called the
A-derived set of A and is denoted by Dy(A).
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Theorem 2.2. For subsets A, B of a topological space X, the following
statements hold:

(1) Dy(A) C D(A) (D(A) denoted as the set of all limit points of A
in X).
IfA C B, then D)\(A) - D/\(B)

Dy (A )UD)\(B) D)(AUB) and D\(ANB) C Dx(A)NDy(B).
Dx(Dx(A)) \ A C Dx(A).
DA(A U D)\(A)) C AU D)\(A)

Proof. (1) It is obvious from the fact that O(X) (set of all open sets in
X) C A(X)(set of all A-open sets in X).

(2) Obvious and hence omitted.

(3) From (2), we have Dy(A) U D\(B) C Dx(A U B). For reverse
inclusion, suppose x € Dy(AU B). Then each A - open set U containing
z, UN(A\{z}) #Dand UN(B\{z}) # 0. Thus UN (AU B\ {z}) # 0.
Therefore © € Dy(A U B). Hence the result.

Second part: It is obvious from (2).

(4) If x € Dx(Dx(A)) \ A and U is X - open set containing z, then
UN(Dx(A)\{z}) #0. Let y € UN(Dx(A)\{z}). Then since y € Dy(A)
andy € U, UN(A\{y}) #0. Let z € UN(A\ {y}). Then z # x for
z€ Aand x ¢ A. Hence U N (A\ {z}) # 0. Therefore x € Dy(A).

(5) Let = € Dx(AU Dy(A)). If z € A, the result is obvious. So let
x € DyN(AUD)(A))\ A, then for X - open set U containing x, U N (AU
Dy(A)\{z}) # 0. Thus UN(A\{z}) # D or UN(Dx(A)\{z}) # 0. Now
it follows similarly from (4) that U N (A \ {z}) # 0. Hence x € D)(A).
Therefore, in any case Dy(A U Dy(A)) C AU D) (A). O

(
(
(
(

~— — — —

2
3
4
5

The reverse inclusion of 1 of the above Theorem need not hold in
general:

Example 2.3. Let (R,R) be the standard topological space, where R
denoted set of reals. Suppose A ={1: n € Z*} C R. Then 0 € D(A).
Now for any € > 0, (—¢,0] is A - open set as (—¢,0) C (—¢,0]. Then
(A\{0}) N (—€,0] = 0, then 0 ¢ Dy(A).
Theorem 2.4. For a subset A of a topological space X :

(1) Clix(A) C Dy(A)UA C CI(A).

(2) Dx(A) C A, if A is closed.

(3) If A is closed and \-closed, then Cly\(A) = AUD)(A) = Cl(A) =

AUD(A) = A.

Definition 2.5. Let X be a topological space, then by(A) = A\ Inty(A)
is said to be that A-border of A.

Theorem 2.6. For a subset A of a topological space X, the following
statements hold:



102 S. Modak

bx(A) C b(A) where b(A) denote the border of A.

A= Int)\(A) U b)\(A)

Int\(A)Nby(A) = 0.

A is a M-open set if and only if by(A) = 0.

Inty(br(A)) = 0.

bA(bA(A)) = bA(A).

b,\(A) AﬂCl)\(X\A)

Proof. (1) It is obvious from the fact that Int(A) C Inty(A).

(2) It is obvious from the fact that by(A) = A\ Int\(A).

(3) It is obvious from the fact by(A) = A\ Int)\(A).

(4) Suppose A is A-open. Then A = Inty(A), so by(A) = 0. Con-

versely suppose that by(A) = 0, then A C Inty(A). Thus A is A-open.
(5) If possible suppose that Inty(bx(A)) # 0. Let x € Inty(br(A)),

then © € by(A). Since by(A) C A, then x € Inty(A) (since x €

Inty(bx(A)) C Inty(A)). Thus we have, x € Inty(A) N by(A) which

contradicts (3). Thus Inty(by(A)) = 0.
(6) b)\<b)\(A)) = b)\(A) \Int)\(b)\(A)) = b)\(A) (since Int,\(b)\(A)) = @)
(7) bx(A) = A\ Intx(A) = AN (X \ Inty(A) =ANCI(X\A). O

Reverse inclusion of (1) of the above Theorem need not hold in gen-
eral:

Let (R,R) be the standard topological space. Then for any e > 0,
Inty([—e€,€]) D Int([—e€,€]). Thus € € Inty([—¢,€]) but € & Int([—¢,€]).

Definition 2.7. Let A be a subset of a topological space X, bdy(A) =
Clyx(A) N Cl\(X — A) is said to A-boundary of A.

Theorem 2.8. Let A be a subset of a topological space X, the following
statements hold:

(1) bdx(A) C bd(A) (bd(A) is denoted as the set of all boundary
points of A in X ).
(2) Cl)\( ) = Intx(A) Ubdy(A).
(3) b(A) C by (4).
(4) bdr(A) = bdx(X \ 4).
(5) X\ bdr(A) = Inty(A)U Intr\(X \ A).
(6) bdx(A) = CIN(A) \ Intx(A) = CI (X \ A) \ Intx(X \ A).
(7) bdx(A) is the set of all x € X such that x ¢ Int\(A) and x ¢
Inty(X \ A).
(8) AUbdy(A) C Clx(A) C Cl(A).
((9; Int)\( ) C A\bd)\< ) C Cl)\<A)
10
(11) A is A-open if and only if ANbdy(A) =

0.
Proof. (1) Let « € bdx(A). Then z € Cl\(A) NCI\(X \ A) C CI(A)N
CIl(X \ A) = bd(A). This implies that bdy(A) C bd(A).

A is A-closed when bdy(A) C A.
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(2) bdr(A)UInt\(A) = (CI\(A)NCUL(X\A))U(Intr(A4)) = (CIA(A)N
(X \ Intr(A)) U (Intr(A)) = CI\(A).

(3) We know A\ Inty(A) C X \ Inty(A) and A\ Int\(A) C Cl\(A).
Thus A\ Inty(A) C Clx(A) N (X \ Intx(A)) = CIA(A) NCIN(X \A) =
bdy(A). Therefore by(A) C bdy(A).

(4) Given that bdy(A) = CIN(A)NCIN( X\ A) = CIA(X\A)NCIL(X\
(X \ A)) = bdy (X \ A). Thus bdy(A) = bdy(X \ A).

(5) X\ bdx(A) = X\ (CLL(A)NCIK(X\ A4)) = (X\CI(A4)U X\
Cl)\(X \ A)) = I’)”Lt)\(X \ A) U I’)”Lt)\(A).

(6) bdxr(A) = CI\(A) N CIN(X \ A) = CIL(A) N (X \ Intr(A)) =
Clx(A) \ Inty(A).

Second part: We know bdy(A) = bdx(X \ A). Then we replaced A
by X \ A in the above relation and we get bd)(A) = bd)(X \ A) =
CUL( X\ A)\ Int\(X \ A).

(7) bdr(A) = Cly(A) 0 CL(X \ A) = Cly(A) 1 (X \ Tnta(4)) = (X \
Inty(X\A))N(X\Inty(A)). Then for z € bdy(A), x € (X \Intr\(X\A))
and x € (X \ Intyx(A)). Thus z ¢ Int\(X \ A) and = ¢ Inty(A).
Therefore bdy(A) is the set of all x € X such that = ¢ Inty(A) and
x ¢ Intyx(X \ A).

(8) Since bdy(A) C Clx(A), then AUbd)(A) C CIN(A) (.- Clx(A)UA =
Clx(A)).

(9) Given that Clx(A) D AUbdy(A). Then ClH (X \A) D (X \A)U
bdy(X\A) = (X\A)Ubdy(A). Thus X \Inty(A) D (X\A)Ubdy(A), and
Intr(A) € (X\ (X A))1(X\bdy(A)) = AN (X \ b (A)) = A\ b (A).

(10) We have bdyx(A) U A C Ciy(A) = A as A is A-closed. Thus
bdx(A) U A C A, and hence bdy(A) C A.

(11) Suppose that ANbdy(A) = (. Then AN(CI\(A)NCIN(X\A)) =
and ANCI)\(X \ A) = (. This implies that AN (X \ Inty(A)) =0, and
hence A\ Inty(A) = 0. So A C Inty(A), and A = Inty(A). Therefore
A is A-open.

Suppose A is A-open in X. If possible A N bdy(A) # 0. Suppose
x € ANbdy(A), then z € A and = € CIl\(A) N Cl\(X \ A). Then
x € X\ Aas Ais Mopen set in X, a contradiction to the fact that
x € A. Thus ANbdy(A) =0. O

The reverse inclusion of (1) of the above Theorem need not hold in
general.

Example 2.9. Let X = {a,b,¢}, 7 = {0, X,{a},{b},{a,b}}. Then
AMX) = {0, X, {a}, {b},{a,b},{a,c},{b,c}} and C(A(X)) (all A-closed
sets in X) = {0,X,{b,c},{a,c},{c},{b},{a}}. Let A = {b}, then
b (4) = OO (6 1Cl ) = 0 b W(4) = U NG c) £
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Definition 2.10. Exty(A) = Int\(X \ A) is said to be a A-exterior of
A.

Theorem 2.11. For a subset A of a topological space X, the following
statements hold:

(1) Ext(A) C Exty(A) where Ext(A) denotes the exterior of A.
(2) Exty(A) is open.

(3) Exty(A) = IntA\(X \ A) = X \ ClL(4).
(4) Exty\(Exty(A)) = IntA(CI\(A)).

(5) If A C B, then Exty(A) D Exty(B).
(6) El‘t)\(A U B) C E:L‘t)\(A) U El‘t)\(B).
(7) Exty(AN B) D E:Et)\(A) N El‘t)\(B).
(8)

(9) Batr(0) =

10) Exty X\ExtA(A)) - ExtA(A).

11) Int)\( ) - Eth(ExtA(A)).

12) = Int)\(A) @) El‘t)\(A) @) bd)\(A)

(
Ext\(X) =
@
( (
(
(

Proof. (1) Obvious and hence omitted.

It is obvious from Ezty(A) = Inty\(A) = Inty(X \ A).
It is obvious from Ezty(A) = Inty\(A) = Inty(X \ A).
) = IntA(X\ (X \ CI\(A))) =

Inty(CIl\(A))
Since (X \A) D (X \B) as A C B. Then Inty(X\ A) D Intx(X\
B). Hence the result.
6) We have from (5), Exty(AU B) C Ext\(A) U Exty(B).
7) It is obvious from (5).
8) It is obvious from the relation Exty(A) = Inty(X \ A).

) It is obvious from the fact that Exty(A) = Inty\(X \ A).
10) Exty(X \ Exty(A)) = Exty(X \ Inty(X \ A)) = Inty(X \ (X \
AX N\ A))) = Intx(Inty(X \ A)) C Inty(X \ A) = Extr(A).
11) Inty(A) C Intx(CIlx(A)) = Intx(X \ Intx(X \ A)) = Int\(X \
Exty(A)) = Exty(Exty(A)).

(12) We have Inty(A) U Exty(A) U bdy(A) = Inty(A) U (Cly(A) N

Clx(X \A))UExty\(A) = Clyx(A)U Exzty(A) = Clx(A) U Inty(X \ A) =
Clix(A) U (X\Cl\(A) =X. O

(2)
(3)
( zExt)\(Ext)\(A)) E.Tt)\(X\Cl)\( )
A
(5)

(
(
(
(9
(
Int
(

The relation ‘C’ can not be replaced by ‘=" of Ext)(AUB) C Exty(A)U
Exty(B), which is followed by the following Example:

Example 2.12. Let X = {a,b,c}, 7 = {0, X, {a},{b},{a,b}}, then
)‘(X) = {®¢ X, {CL}, {b}7 {CL, b}7 {a7 C}7 {b7 C}} Suppose A = {(l, b} and
B ={b,c}, then Ext)\(A) =0 and Exty(B) = {a} but Ext\(AUB) = (.
Thus Exty(AU B) # Exty\(A) U Ezt\(B).
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Theorem 2.13. Let A be a subset of a topological space X. Then fol-
lowing holds:

(1) A is dense in X if and only if ANU # () for every nonempty
A-open set U in X.

(2) If Inty(A) = 0, then X \ A is dense in X.
(3) X\ bxr(A) is dense in X.
(4) If Exty\(A) =0, then A is dense in X.
Proof. (1) Suppose A is dense in X. Then for every nonempty open
subset V of X, VN A # (). Let U be a nonempty M-open set in X. Since
U contains a nonempty open subset of X, then U N A # (.

Conversely suppose that AN U # () for every nonempty A-open sets
U in X. As every open sets is also a A-open set, thus ANV # ) for
every nonempty open set V of X.

(2) ClN(X \A) = X\ Inty(A) = X (as Inty(A) = 0), thus X \ A is
dense in X.

(3) Since Inty(by(A)) = 0 (from Theorem 2.6(5)), then X \ by(A) is
dense in X.

(4) Let Exty(A) = 0. Then from Theorem 2.11(12), X = Inty(A) U
bdy(A) = Clx(A) (from Theorem 2.8(2)) O

3. Conclusion

In this paper, we have discussed the idea of limit points, border,
boundary points, exterior points etc. We have considered extensions of
the topological space with help of a new type of sets which is the gener-
alization of generalized open sets in the topological spaces.
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