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1. Introduction

The concept of fuzzy set theory was first introduced by Zadeh[15]
in 1965 and thereafter, the concept of fuzzy set theory applied on dif-
ferent branches of pure and applied mathematics in different ways by
several authors. In 1984, Katsaras [8] defined a fuzzy norm on a linear
space and at the same year Wu and Fang [14] also introduced a notion
of fuzzy normed space and gave the generalization of the Kolmogoroff
normalized theorem for fuzzy topological linear space. In [4], Biswas de-
fined and studied fuzzy inner product spaces in linear space. Since then
some mathematicians have defined fuzzy metrics and norms on a linear
space from various points of view [3], [6], [7], [10], [12], [13]. In 1994,
Cheng and Mordeson[5] introduced a definition of fuzzy norm on a linear
space in such a manner that the corresponding induced fuzzy metric is of
Kramosil and Michalek type [9]. In 2003, Bag and Samanta [1] modified
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the definition of Cheng and Mordeson by removing a regular condition.
The Banach algebra was studied by Sadeqi and Amiripour[11].
In this paper, we introduce fuzzy Banach algebra and study the proper-
ties of invertible elements and its relation with open sets and we obtain
some interesting results.

2. Preliminaries

In this section at first we define the fuzzy normed spaces and fuzzy
Banach algebras and give several examples of these spaces.

Definition 2.1. [1] Let X be a complex vector space.
A function N : X × R → [0, 1] is called a fuzzy norm on X if for all
x, y ∈ X and all s, t ∈ R,
(N1) N(x, t) = 0 for t ≤ 0;
(N2) x = 0 if and only if N(x, t) = 1 for all t > 0;
(N3) N(cx, t) = N(x, t

|c|) if c ∈ C− {0};
(N4) N(x+ y, s+ t) ≥ min{N(x, s), N(y, t)};
(N5) N(x, .) is a non-decreasing function of R and limt→∞N(x, t) = 1;
The pair (X,N) is called a fuzzy normed vector space.

As an example of fuzzy normed space,

Example 2.2. [1] Let (X, ‖‖) be a normed space. Define,

N(x, t) =

{
0 t ≤ ‖x‖
1 t > ‖x‖

Then (X,N) is a fuzzy normed space.

Definition 2.3. [1] Let (X,N) be a fuzzy normed vector space.
(1) A sequence {xn} in X is said to be convergent or converge if there
exists a x ∈ X such that limn→∞N(xn − x, t) = 1 for all t > 0.
(2) A sequence {xn} in X is called Cauchy if for each ε > 0 and each
t > 0 there exists a n0 ∈ N such that for all n ≥ n0 and all p = 1, 2, 3, ...,
we have N(xn+p − xn, t) > 1− ε.

Definition 2.4. [1] Let (X,N) be a fuzzy normed space. The pair
(X,N) is said to be complete if each cauchy sequence in (X,N) be a
convergence sequence in (X,N).

Definition 2.5. [1] Let (X,N) be a fuzzy normed space and x ∈ X, t ∈
R+, 0 < r < 1. Then the set

B(x, r, t) = {y ∈ X : N(x− y, t) > 1− r}

is called an open ball in (X,N) with x as its center and r as its radius
with respect to t.
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Definition 2.6. [2] Let (X,N) be a fuzzy normed linear space and G ⊂
X. We say that G is open if for every x ∈ G there exist t > 0, 0 < r < 1
such that B(x, r, t) ⊂ G.
then G is called an open set in (X,N).

Definition 2.7. [11] Let A be an algebra and (A,N) be complete fuzzy
normed space, the pair (A,N) is said to be a fuzzy Banach algebra if
for every x, y ∈ A and t, s ∈ R,

N(xy, ts) ≥ min{N(x, t), N(y, s)}

Example 2.8. [11] Let (A, ‖‖) be a Banach algebra. Define,

N(x, t) =

{
0 t ≤ ‖x‖
1 t > ‖x‖

Then (A,N) is a fuzzy Banach algebra.

Theorem 2.9. [1] Let (X,N) be a fuzzy normed linear space satisfying
(N6) that is for every t > 0, N(x, t) > 0 implies x = 0. We define
‖x‖α = ∧{t > 0 : N(x, t) ≥ α}, α ∈ (0, 1).
then {‖.‖α : α ∈ (0, 1)} is an ascending family of norms on X and they
are called α-norms on X corresponding to the fuzzy norm N on X.

Proposition 2.10. [1] Let (X,N) be a fuzzy normed space satisfying
(N6)and {xn} be a sequence in X.
then limn→∞N(xn − x, t) = 1, ∀t > 0 if and only if
limn→∞ ‖xn − x‖α = 0, for every α ∈ (0, 1).

3. Main results

Let A be a fuzzy Banach algebra with the unit e. the set invertible
elements of A is denoted by G.

Lemma 3.1. Let (A,N) be a fuzzy Banach that satisfying (N6), then
multiplication is continuous respect to ‖.‖α.

Proof. Let {xn} and {yn} be sequence in A and x, y ∈ A such that
limn→∞N(xn − x, t) = 1 and limn→∞N(yn − y, t) = 1 for all t > 0.
By proposition 2.10 limn→∞ ‖xn − x‖α = 0 and limn→∞ ‖yn − y‖α = 0
for all α ∈ (0, 1). it follows that limn→∞ ‖xnyn − xy‖α = 0, for every
α ∈ (0, 1) and again by proposition 2.10 limn→∞N(xnyn−xy, t) = 1 for
all t > 0. �

Theorem 3.2. Let (A,N) be a fuzzy Banach algebra satisfying (N6),
let x ∈ A be such that x ∈ B(0, r, t), 0 < r < 1 then e − x is invertible

and (e− x)−1 = e+
∞∑
i=1

xi.
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Proof. Since x ∈ B(0, r, t) we have for any t ∈ R+, N(x, t) > 1− r. Let
sn =

∑n
i=1 x

i, we have

N(sn+p − sn, t) = N(xn+1 + xn+2 + ...+ xn+p, t)

≥ min{N(xn+1, t1), N(xn+2, t2), ..., N(xn+p, tp)}
≥ min{min{N(x, t11), N(x, t12), ..., N(x, t1n+1)},

min{N(x, t21), N(x, t22), ..., N(x, t2n+2)}, ...,
min{N(x, tp1), N(x, tp2), ..., N(x, tpn+p)}}

> min{(1− r), (1− r), ..., (1− r)} = (1− r),
where t1 + t2 + ...+ tp = t and

∏n+i
j=1 tij = ti , i = 1, 2, ..., p.

Thus {sn} is Cauchy-sequence and since A is complete, series
∑∞

i=1 x
i

is convergent. Let s = e +
∑∞

i=1 x
i. Now (e − x)(e + x + ... + xn) =

(e+ x+ ...+ xn)(e− x) = e− xn+1. On the other hand

N(xn+1, t) ≥ min{N(x, t1), N(x, t2), ..., N(x, tn+1)}
> min{(1− r), (1− r), ..., (1− r)} = (1− r),

where t1 + t2 + ... + tn+1 = t. So, xn+1 → 0 as n → ∞. Since multi-
plication on A is continuous, we obtain (e− x)s = s(e− x) = e. Hence
s = (e− x−1). �

Corollary 3.3. Let (A,N) be a fuzzy Banach algebra satisfying (N6),
let x ∈ A be such that e − x ∈ B(0, r, t), 0 < r < 1 then x is invertible

and x−1 = e+
∞∑
i=1

(e− x)i.

Corollary 3.4. Let (A,N) be a fuzzy Banach algebra satisfying (N6)
and x ∈ A, 0 6= λ be a scaleler such that x

λ ∈ B(0, r, t), 0 < r < 1. Then

λe− x is invertible and (λe− x)−1 =
∞∑
i=1

λ−ixi−1.

Proof. Since x
λ ∈ B(0, r, t), for every t ∈ R+ we have N(xλ , t) > 1 − r.

Now λe−x = λ(e− x
λ) and N(e− (e− x

λ), t) = N(xλ , t) > 1−r, by above

corollary (e− x
λ)−1 exists and so λe− x is invertible.

(λe− x)−1 = (λ(e− x

λ
))−1 = λ−1(e− λ−1x)−1 =

λ−1(e+

∞∑
i=1

(e− (e− λ−1x))i = λ−1(e+

∞∑
i=1

λ−ixi) =

∞∑
i=1

(λ−ixi−1

�

Theorem 3.5. The set of all invertible elements of a fuzzy Banach
algebra (A,N) that satisfying (N6), is an open subset of A.
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Proof. Let G be the set of all invertible elements of A. Let x0 ∈ G and
r ∈ (0, 1) such that N(x−10 , t) > 1− r. Let x ∈ B(x0, r, t), put y = x−10 x
and z = e− y.

N(z, t) = N(e−y, t) = N(y−e, t) = N(x−10 x−x−10 x0, t) = N(x−10 (x−x0), t) ≥

min{N(x−10 ,
√
t), N((x− x0),

√
t)} ≥ min{(1− r), (1− r)} = 1− r.

Thus z ∈ B(0, r, t) and hence e− z is invertible, that is, y is invertible,
so y ∈ G. Since x0 ∈ G then x0y = x0x

−1
0 x = x, hence x ∈ G. It follows

that B(x0, r, t) ⊂ G, so G is open. �
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